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IIpeaucJioBue

[onsTue Konmo20posckoll cioxcHocmu (WY, KaK el TOBOPST, aI20PUMMUYECKOl
sHmponuu) NosBUI0Ch B 1960-¢ TOMEI HA CTHIKE TCOPHM UITOPUTMOB, TCOPHU MHGDOP-
Mallu¥ ¥ TEOPUU BEPOATHOCTEN.

Unes A.H. Konmoroposa, ormy0iMkoBaHHast UM B 3BHAMEHHUTO#H cTathe 1965 roma [62],
COCTOSUTA B TOM, 9TOOBI M3MEPATH KOJIMYECTBO MH(OPMAINH, 3aKIIOUCHHON B VH/IVBU-
JyaJIbHBIX KOHEYHBIX OOBCKTax (a4 HE B CJAyYaiHBIX BEIMYIMHAX, KaK B IICHHOHOBCKOI
tTeopur uHpopmaimn). OKa3ajIoch, 4TO STO BO3MOXKHO (XOTsl JIMIIb ¢ TOYHOCTBIO JIO
OTrPaHUYEHHOI'O CJIAracMoro).

Ha nHeckombko JieT paHblile cxomHble uaen BbickasbiBay P. CosiomoHOB (cM. [158]
U JIpyTHE €ro CTaThi, CCHUIKM Ha KOTOpHIE MaHbl B [$3])!. OH MCXOMAT M3 HECKOJIBLKO
JIPyTOif MOTUBHPOBRKH, TIHITASCh BRBECTH TIOHSITHE «AITPFIOPHOM BEPOSITHOCTI» — C KaKVIMH
BEPOSITHOCTSIMU MBI 0KHIA€M TOSIBJICHUS TeX WM UHBIX 0OBEKTOB, €CJIM HUYEro He 3HaeM
0 MopoxaIeM ux npotecce? Oka3aloch, YTO BOIPOCH TU TECHO CBs3aHHEL B camom
TIepBOM TIPHOJIVDKCHUM MOKHO CKasaTh TaK: €CM OOBEKT MPOCTOH, TO OH MMEET OOJIb-
IIYIO AlPUOPHYIO BEPOSITHOCTE, A €CJIHM CIOXKHBIN — To Mautylo. (K coxanenmo, paboTs
CosoMOHOBa IIPHOOPENN M3BECTHOCTh B OCHOBHOM JIMIIIb ITOCJIE TOTO, Kak KosmMoropos
YIIOMSIHYJI X B CBOCIH CTaThe.)

B 1965 rony amepukanckuii MmaTeMaTrk [. YeitTuH (TOrAa TOJIBKO UTO OKOHYMBIIIVIA
TIKOJTy) TIPEACTABIII K IyOIMKAIM JIBe CBOMX cTaThl [18] u [19], Hameyatanusie B 1966
u 1969 romax. Bo BTOpOIt M3 HUX OH JaJl TO K€ OTPE/ICICHIE AITOPUTMITIYCCKOM CIOXK-
HoctH, uTo U Kosmoropos.

OCHOBHBIC CBOMCTBA KOJIMOTOPOBCKOM CJIOXKHOCTH OBLIM MccieoBaHbl B 1970-¢ To-
Jel. K. IL uopp u JI. A. JleBun (yuenuk KoJsmoroposa) yCTaHOBWJIM CBSI3h IIOHSITHS
CJIOKHOCTH C QJITOPUTMUYCCKUM OIPEISICHICM CJIyYaifHOCT (IIPEJIONKEHHBIM YUCHU-
koM Kosimoroposa wsesncknm maremaruxoM I1. Maprun-Jlédom). Ilpu 3tom oHu BBE/M
HEKOTOPBI HOBBIA BapUAHT MOHSITUS CJIOKHOCTA (TaK Ha3bIBAa€Myl0 MOHOTOHHYIO CJIOX-
HocTh). Mnen ColloMOHOBA 00 allpHOpPHOIN BEPOATHOCTH IIpHUBEIH K (BBeACHHOMY JleBm-
HBIM ¥ No3/Hee YeHTUHBIM) IOHATHIO NPE(hUKCHON CJIOKHOCTH, KOTOPOE OKA3aJIOCh HE
TOJIbKO (PUIOCO(CKN BaKHBIM, HO M TEXHUYECKH Y/IOOHBIM. BBUTH HalleHBI IPUMEHEHMUSI
MOHATHSI CJIOKHOCTH KaK B TEOPHY AJTOPUTMOB, TAK U B TEOPHU BEPOSTHOCTEH.

HHTepec K KOJIMOTOPOBCKOH CIIOKHOCTH (3aCITy KEHHBIA — 3TO, O€3YCJIOBHO, O/THO 13
OQ3VICHBIX TIOHATHI TEOPUH AJITOPUTMOB, MMeloniee (hyH/TaMEHTAJIBHOE 3HAUYECHHUE) BO3POC
B IIOCJIEIHUE JIECATWIETUS, KOrJa nosisuiack MoHorpapus Jlu u Buransu [83] (nepsoe
u3ianre BeiuIo B 1993 roay). bes npeysesnuyenna MOXHO CKa3aTh, YTO NPAKTUYECKU

25| TIpHILeS K aHAJIOTHYHON KOHLIETIINY, ele He 3Has paboT CojoMoHOBay, mrcas Kosmoropos B Ha3BaH-
HO¥1 BHIIE CTaThe [67]
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BCE M3BECTHOE K TOMY MOMEHTY O KOJIMOI'OPOBCKOI CJIOKHOCTH BOLIJIO B 3Ty KHHUTY (B
OCHOBHOI TEKCT WM B ynpaxHeHus1). Kanra Brmodaer B ce0st OIPOOHBI pacckas 00
UCTOPUHM OOJIACTH, CCBHIJIKA HA MEPBbIE MyOJMKALIMM U TaK Aajdee. 3aTeM BBIIIM KHUTH
K. Kamone [15], A. Huca [125], a Taxxe P. loynn u J1. Xupmdenasara [36]; B HUX BOIUIH
MHOTOYHCJICHHBIE PE3YJIbTATHI, TIOJyUYeHHBIC B ITOCJICAHNAE TOABl (B YaCTHOCTH, CBS3BIBA-
OIIVE TOHSTHS CI0KHOCTH M CIIyYallHOCTH C KJIACCMYECKON T€OpHEH BBEIYVCJIIMOCTH).

Haura xHura npezacrapiifer coOoif yueOHMK, HM B KOefl Mepe He ILpeTeHIyIOLIUH
Ha TOJHOTY (W, B YaCTHOCTU, HE BKJIOYAIOIMI YMOMSHYTHIE PE3YJIbTAThI ITOCICAHIX
JieT). MBI nbrTanuck 0To0paTs Hanbosee BaxHble (PuIocodCKn U TEXHUYECKH) (DAKTHL O
KOJIMOI'OPOBCKOM CJIOXKHOCTH 1 JIOCTYIIHO O HUX PACCKa3aTh. 3a PEAKUMU UCKJIIOUCHUSIMU,
MBI [IOYTH HAYETO He FOBOPUM 00 HcTOpHU Borpoca. Kak u B JmoboM yueOHHUKe, MHOIHE
yTBepx/IeHua (opMysmpyloTcsa 0e3 ykasaHMd aBTopcTBa (M 3TO HM B KOGl Mepe He
03HAYACT, YTO MBI MBITAEMCS TIPUITHCATh X cede).

B caenyromem pasaesie («O 4ém 5Ta KHUTA?») MBI ITBITAEMCS] KPATKO OYEPTUTH KPYyT
BOIIPOCOB, OTHOCSIIIMXCS K KOJIMOTOPOBCKOH CJIOKHOCTH. Ipy0o roBopsi, OH NpeaHa3Ha-
YeH g TeX, KTO X04eT IIOHATh, Y4TO 3TO 3a 00JIACTh M CTOMUT JIU 3HAKOMUTLCSA C HEIO
TIO/IPOGHO.

B KOHIle KHUI'M B KaueCTBe IIPUJIOKEHHS BOCIPOM3BENEH TEKCT HeOOJIBLION OpoLmo-
PBI OJHOTO W3 aBTOPOB (B.Y.), HanMCcaHHOI MO MaTepuaaM ero JIEKLAU JJIsl CTY/IEHTOB
MJIJIIAX KYypPCOB M CTapiuiekyaccHuKkoB (23 moss 2005 roga B sretHeit mkose «Co-
BpeMeHHasi MaremMaTuka» B JlyOHe; nepsoe m3gaHue Opounope! Beuio B 2006 r. B u3-
nmaresetee MIIHMO). Ha 5To# Jilekim OBIIO paccKas’aHO O PA3IMYHBIX TMOAXOMaX K
MaTEMaTHYCCKOMY OIIPE/ICJICHAIO TIOHATHSI CJIYYallHOCTH, W MBI TIPUBOIUM €€ TeKCT (c
HEOOJIBIIMMI M3MEHEHUSAMU), YTOOBI UMTATe)Ib, HE UMEIOLUI BO3MOXKHOCTU WA OXOTBI
MOZIPOOHO M3ydaTh COOTBETCTBYIOLIME PA3JE/IBl OCHOBHOIO TEKCTA, MOI COCTABUTh HEKO-
TOPOE MPEJICTABJICHUE 00 3TOH TeMe.

K coxajenuio, ¢ Ha3BaHusIMU, OOOBHAUEHUSIMM M TEPMUHOJIOTUEH B 3TOH 00JacTu
OoJibllIag IyTaHMIA — OTYACTH U II0 BUHE aBTOpoB 3Toil kumru. Hampumep, B Ilpuito-
*KEHUU 2 ACIIOJIb30BAaHA TEPMUHOJIOIYS, OTJIMYHASA OT TEPMUHOJIOI Y, IIPUHATON B OCHOB-
HOM TeKCTe. Tam, B 9aCTHOCTH, MOSIBJISIIOTCSI TEPMUHBI XA0MUYECK U, MUNUYecKuil N He-
npedckazyemoiii' . Ho cyTh, KOHEUHO, He B TEPMUHAX, 4 B CTOSIIMX 33 HUMM TIOHSITHSX.
Kax/1pli1 U3 Ha3BaHHBIX TEPMMHOB OTPAXKAET HEKOTOPOE CIIELIU(PUIECKOE CBOWCTBO Cily-
YajHOro 00BEKTa; Xa0TUYHOCTD OIMpAeTCs Ha IIpeJCTaBIeHUE O KOJMOTOPOBCKOM CIIOX-
HOCTH, TUIIMYHOCTh — Ha IIPEJCTABJICHHE O MEPE MHO)KECTBA, HEIPEICKa3yeMOCTh —
Ha IPE/CTABJICHNE O BBIMIPHIBAIOLIEM IUIaHE UIPHL. ITOHATHSA XaOTMYHOCTH, TUIIMYHOCTU
M HETIPEACKAa3yeMOCTH [IOMYCKAIOT CTPOTHE ONPEAEICHUsS, KAKAOC U3 KOTOPBIX MOXKET
MPETEHI0BATh HA TO, YTO OHO-TO M €CTh MCTUHHOE ompejesieHne ciydaitHoct. Cosria-
JeHue 10 00bEMY MOHATHI XaOTHYHOCTH M TUITITYHOCTH JJI ABOMYHBIX IIOCJIE0BaTE Ib-
HOCTel, ycraHoBjleHHoe TeopeMolt Jlesuna —IIHOppa, ABiisercs INIyOOKHM (pakToM, He
OYEBU/IHBIM AlIPHOPU U JEMOHCTPUPYIOLIUM a/IeKBATHOCTb COOTBETCTBYIOIUX OIIpeieie-

! Te PMUHE «Xa0THIECKMITy T « THITITIECKAI» OPOTH aBTOPY TIPHIIOKEHHAS TeM, 9To OBLTH ogo0pers Komvo-
TOPOBBLIM U BIEPBbHIE I1y0aM4HO npo3Byyaau B 1986 r. na otkportuu [lepsoro Beemupnoro xourpecca Obuecrsa
MaTeMaTHIECKOH CTATHCTUKU U TEOPUH BEPOSTHOCTEN uM. BepHYy U B TOKIaze « ATTOPUTMEL U CIIydaiffHOCTE»
A. H. Kosvoroposa n B. A. Y. Onn ke OBHIJIH WCTIOJB30BAHEl B CTAThAX [06, s s 1.
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Hrit. CaMO OCHOBHOE TIOHSITHE HA3BIBAIOT Gl20PUMMUYECKOU CHOJICHOCMbIO, KOJIMOTO-
POBCKOIT CIIOKHOCTBIO, a TAK)K€ AJITOPUTMUYECKOI (MM KOJIMOTOPOBCKOI) SHMmponuet.
Ms1 OyeM CUMTaTh BCE ITU CJIOBA CHHOHUMAMH.

TepMuH «3HTpONUS» B PACCMATPUBACMYIO TEMATUKY ObLI BBeIEH KoIMOropoBsiM 1 He
ObLT 7T Hero cirydaiiHeM. OcHoBaTes s Teopry uabopMaryy Kitoa [eHHoH ocTpownt
et Ha BeposTHOCTHOM (pyHIaMeHTE. KOJIMOropoB MMesT aMOWITMO3HBIA IUIAaH TIOCTPOUTH
MapaJlJIeJIbHYIO TCOPHIO, 3aMEHMB BEPOSTHOCTHBII (DYH/TAMEHT aJTOPUTMAYCCKUAM. [
Hero ObUIO €CTECTBEHHBIM COXPAaHUTh OCHOBHON TEPMUH HICHHOHOBCKOM TEOPUM, TEPMUH
«IHTPOIMS», HO HAIIOJHHUTE €T0 HOBHIM cofiepykanueM. B croeit cratee [63] Komoropos
TIicast:

OOBIYHO TTOJIB3YIOTCSI BEPOSITHOCTHBIM OIPEACTICHHEM DHTPOMHHU, KOTOPOE
OTHOCHUTCS, OJHAKO, HE K UHAUBUIYAJIBHBIM OOBEKTAM, 4 K «CJIyYafHBIM»,
T. €. IO CYLIECTBY K PACHPEIC/ICHUAM BEPOSTHOCTEH B KaKMX-JIMOO KJIaccax
00BEeKTOB. (. ..) Jla/ieko He BCe MPUMEHEHUS TCOPHU MH(OPMAITIHN YKIIaIb-
BAIOTCSl Pa3yMHBIM 00pa3oM B Takyl0 MHTEPIPETAIIO €€ OCHOBHBIX ITOHS-
it (. . .) HacKosIbKo 1 3HAI0, TIEPBOIt IIEYaTHON Iy O THKALICH, COAepIKaIIeit
3aMBICEsT TIEPECTPONKH TeOPUM MH(POPMALIUK, YIOBJCTBOPSIOLICH BHICKA3AH-
HOMY IOXeJIAHUIO, siBJjiseTcs cTaThst CostoMoHOBaA [158], omyOnrkoBaHHAs B
1964 r. 4 mpuries K aHAJIOTUIHON KOHIISHIINY, eflie He 3Has padot CosoMo-
HOBa B 1963 —1964 1T., 1 omyOIMKOBaJ IIEPBYIO 3aMETKY Ha 2Ty TeMy [62]
B Havase 1965 r. (...) 3aMbices Ompeme/ieHAss OYEHb IIPOCT: DHTPOIMS
H (x\y) €CTh MUHUMAJIBHAS JJIMHA 3aIIMCAHHOM B BUAE ITOCJICAOBATEIBHOCTA
HyJIEll M €JIMHML] «IIPOrPaMMbl» P, KOTOpasi 1o3BOJISIET [TOCTPOUTH OOBEKT
X, IMesI B CBOEM PaCOpPsDKEHIN OOBEKT y:

Hx\y) = A(I}glgl:x [(P).

TouHoe TpOBEICHME STOTO 3aMBICJIA ONMPAECTCS HAa OOIIYI0 TEOPHIO «BHI-
YUCIAMBIX» (JaCTUYHO PEKYPCUBHBIX) (DYHKIIMIA, T. €. Ha OOIIYI0 TEOPHUIO
AJITOPATMOB BO BCEH MX OOIIHOCTH.

Emé 66mpimas myTaHWIIa MPOUCXOTUT ¢ OOO3HAYCHWSIMU. B OpWrmHANBHON cTaThe
Kommoroposa [62] cinoxkHOCTS cjioBa X obo3Havarack K (x). B apyrux paborax (mampu-
Mep, y Jlu u Buranpn) K (x) obosHauaeT npedMKCHYIO CIIOKHOCTh, A JIJIsi UCXOHOTO
MOHATUS MUCTIOJIb3yeTcst obosHaueHue C(x). YUToObl m30exkaTh NyTaHUIBI, MBI BOOOIIE
He Oyjaem ucnosib3oBath obo3nHavenue K (x), a nmcars KS (X) Ui MCXO/HOIO BapuaHTa
cioxuocty 1 KP (x) nns npedykcHOU CIIOXKHOCTH. ECTh W Apyruie BapUaHTH TTOHATHS
CJIOKHOCTY; MOHOTOHHYIO CJIOKHOCTH (B €€ HamboJiee eCTeCTBEHHOI (hopMe) MBI OyaeM
obosHauath KM (x), a cimoxHocts paspenreHus — KR (x). (Ilpu aToM HekoTopas my-
tanuia ocraércs — y Jlu v BuraHpM MOHOTOHHAsI CJIOKHOCTH HasbiBaercs Km(x), a
obo3naueHue KM (x) ucnojbsyercs ajs jgorapudma alprOpHO BEPOSTHOCTH, KOTOPBIE
Mbl o0o3HauaeM KA (x). Hameemcs, 9T0 He cOOBET YUTATENS C TOJIKY.)

Ectp u mpyrue, MeHee CYIIECTBEHHBIC, PA3IMIMs B HA3BAHWSIX W OOO3HAYCHUSIX; JIJIA
ya00CTBAa B KOHIIE KHUTW IIPUBEACH CIIVICOK MCIIOJIB3YEMBIX 0003HAYCHUIA W TIPEIMCTHBIA
yKa3aTeb.



Ilpeducnosue 7
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B navasre 1980-x rogoB Ha MeXaHUKO-MaTeMaTHYeCKOM (pakysiprere MI'Y no uHuLmM-
atuse A.H. Kosmmoroposa u ipu yuyactuu A.JI. CeménoBa Havas1 paboty cemuHap «Ci10xk-
HOCTB OIIPE/ICJICHUI ¥ CJIOKHOCTH BBIUVICICHMI (€r0 HacJeHUKOM sBjusieTcs «Kommo-
TOPOBCKMI CEMHUHApP», PAOOTAIONIVIA U TIOHBIHE). ABTOPHI KHUTH INIyOOKO IIPH3HATEIIHHEI
BCEM CBOVIM KOJIJIETaM TI0 3TOMY CEMMHApy, 0e3 KOTOPHIX 3Ta KHWIa HE MOTJa Ol BO3-
HUKHYTb, B TOM uucje A. 3BoHkuHy, E. Acapuny u B. BoBky (yuenukam Kosmoropo-
Ba), C.®.ConpyHoBy, B.Brroruny, A.Pomamienko, M. Bsutomy, C. Tapacosy, A. Uep-
HoBy, M. Brioruny, C. Iocuniesasckomy, K. MakaporueBy, FO. MakapeiueBy, M. Yiiakosy,
M. Ycrunosy, C. CanpaukoBy, A. Pymsmiieny, [I. Mycarosy, B. IojoJisckomy, . Mexu-
posy, IO. Ilputsikuny, M. Packuny, A. Xoxpipey, I1. Kapnosuuy, A. Munacsiny, E. Ka-
JmnuHOM, ['. YesHokosy, U. Pazenmreriny, M. Anapeery, A.Casuny, M. JlekTspény,
A. CaBuuky, A. Kymky, B. Apsymansny, A. MaxiinHy.

Jlarymky u e€ mpoekimm (7T 00JI0KKH) HapricoBasia Mapura ®eiretbMaH; 00JI0K-
Ky odopmmta Oipra Jlextonen. Kak Bcerya, Ml GrarogapHsl (B 9aCTHOCTH, 32 ITOMOIITH
IIpU [IOJITOTOBKE opurvHai-Makera) Bukropy Illysasosy.

Bo Bpems HanmmMcaHWs KHUTY aBTOPHI ITOJIB30BANACH (DIIHAHCOBOM MOAICPKKOI PoHAa
Copoca, mseackoro ¢gorga STINT, Poccuiickoro honaa pyHAaMEHTAIbHBIX UCCIEI0BA-
Huit o rpantam PO®OU 01-01-00493-a, 01-01-01028-a, 03-01-00475-a, 06-01-00122-a,
09-01-00709-a, 12-01-00864-a, CNRS, a Ttaxxe ¢panirysckoro Agence National de
Recherche no rpanty ANR-08-EMER-008 NAFIT.

Knanra ne Oputa OBl HammMcaHa, €CJIM OBl HE MOJ/EPXKa (HAyvHAas W YeJIOBEUecKas)
3apyOexHEIX KOJLIer, B ToM uucjie bproHo baysHca, Jlopana beensento, Iappu Bropma-
Ha, Ceprest BopoOsésa, [losa Buranen, [Turepa l'ava, bprono [lropana, Kpuca Kamoze,
Muxana Koyiiku, Jleonnna Jlepuna, Bossgranra Mepkie, ko Mwuiepa, Auape Hu-
ca, fAuna Paitmana, Maiikina Cuncepa, Crusa Cumriicona, Jdennuca Xupienbara, MaThé
Xolipyna ¥ MHOTHX JApPYIHX.

ABTOpHI OJIaroJapHBI CyAp0€ 32 MPETOCTABICHHYIO BO3MOXXHOCTh HAyYHOTO U 9eJI0-
Beueckoro ooumeHus ¢ Auapeem Myunukom (1958 —2007), BEIAIOIIMMCS MATEMATHKOM,
TJIyOOKAM MBICTIUTEJIEM W 3aMEYATEIHBIM UeJI0BEKOM, MHOTHE OBl YIACTBOBABIIAM B
paboTe KOJIMOTOPOBCKOTO CeMUHApa. MBI MOCBSIAEM Halll CKPOMHBI TPY/ €ro IMaMsITH.

H. K. Bepewazun, B. A. Ycnenckuii, A. Ilens 2 Hosbpsa 2012 ..



O 4yém >1a KHMTa?

Y10 TaKoe KOJMOIOpPOBCKasA CJI0XKHOCTbH?

«Ha maneiiax» 570 mporie Bcero oObICHUTH Tak. CyIecTBYIOT IIPOTpaMMBbl, KOTOPHIE
CKAMAIOT (afiirel (7711 SKOHOMIH MECTa B apxuBe, 6e3 noTepu napopmarmn). BosmoxHo,
BBl BCTPEYAINCH C HAMH: HanOoJice paCIIPOCTPAHEHHBIC HA3HBAIOTCA Zip, gzip, bzip2,
compress, rar, arj (ecTb u Jpyrue).

[IpuMmenuB Takylo IIporpaMMmy K HEKOTOpoMy (haily (C TEKCTOM, JaHHBIMU, IIPO-
IpPaMMOI1), MBI TIOJIYYaeM €r0 CXKATYIO Bepcrio (KOTopas, Kak MPaBIIIO, KOPOYE HCXO[-
Horo (aitna). ITo Helt MOXHO BOCCTAHOBUTL MCXOAHBIN (Daiiyl (C MOMOIIBIO MApHON MpO-
I'PaMMBI-«/IEKOMIIPECCOPA»; 9acTO CXKAaTHE M BOCCTAHOBJICHHE OOBEIMHCHBI B OTHY IIPO-
rpaMmy).

Tak BOT, B IepBOM HPHOIDKCHIN KOJMOTOPOBCKYIO CIIOKHOCTP (haiijza MOXKHO OIF-
caTh KaK [UIMHY €70 cXaToi Bepcru. Daiiil, UMEeIoNil peryJIsipHyIo CTPYKTYPY U XOPOLIO
CKIMaeMBIit, IMEeT MAJIyI0 KOJIMOTOPOBCKYIO CJIOKHOCTH (B CPAaBHEHUM C €TO JIIFHOI).
Hanporus, mioxo cxumaemslii (aityl MIMEET CIA0KHOCTb, OJM3KYIO K JJIMHE.

OTo0 omucaHue BeChbMa MPUOIM3UTE/IBHO U HYJAeTCS B YTOYHEHUSIX — KaK TEXHU-
YeCKHX, TaK M NPUHLMNUAIBHHX. Hauném ¢ Texnmueckoro: BMecTo (haiios (mocmeno-
BaTEJIFHOCTE 0ATOB) MBI Oy/eM pacCMATPUBAThH TBOMYHBIC CJIOBAa (KOHEYHBIE TOCIIe-
JIOBATEJIFHOCTH OWTOB, TO €CTh HyJell W efuHWIT). JIMHOM Takoro CJIOBA HA3BIBACTCS
YuCIo 3HAKOB (Tak 4To cjioBo 1001, ckakeM, uMmeer UIMHY 4, a MyCTOE CJIOBO UMEET
JHy 0).

Bostee cyIiecTBEeHHE! APYTHE OTINIMS:

e Mbl paccMaTpyBaeM TOJIBKO IIPOTPaMMbI BOCCTAHOBJICHHs (Daiiia U3 apXuBa U HE
paccMaTpuUBaeM HpOrpamMmbl cxatus (aityioB B apxuB. TouHee, Ha30BEM Oekom-
npeccopom NPOU3BOJILHBINA AJIrOpUTM (ITPOrPaMMy), KOTOPBIHA IOJYUYaeT HA BXOJ
JBOMYHBIC CJIOBA M BHIIAET HA BBIXOJ TakKe JBOMUHBIE cI0Ba. Ecm gexoMipeccop
D na Bxoge x ga€r y, Mpl meM D(x) = y ¥ TOBOPUM, YTO X ABJIACTCSA ONuca-
Huem y 1pu JaHHOM D (oTHOCUTENIBHO JaHHOIO D). JIeKOMIIPECCOPLL MBI TAKXKE
OyZieM Ha3BIBATh CNOCOOAMU ONUCAHUSI.

e Meul He TpeOyeM, 4TOOBI AEKOMIpeccop ObLT OmpenesiéH Ha Bcex ciosax. Ilpu
HEKOTOPHIX X BhIUMCIeHHE D (X) MOXKET 3aIliKIMBATLCS (HE OCTAaHABJIBATHCS) U HE
JlaBaTh pe3yJibTaTa. MBI Takke He HAKJIA/IBBAeM HUKAKAX OrPAaHMYCHUI HA BpeMs
paboTsl D: Ha HEKOTOPHIX BXO/aX HporpamMMa [) MOXET JaTh OTBET JIMIIG ITOCTIe
OYEHb JI0JITOI PabOTHI.
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Hcriopsyst TepMAHOIOTHIO TEOPUY BBIUMCIMMBIX (DYHKIIAI, MOKHO CKa3aThb, 9TO CIIO-
€00 OMMCaHNst €CTh BEIYMCIMAs (DYHKIMS U3 = B =, I/ie = — MHOXECTBO BCEX JBONYHBIX
cs10B. HarmoMHuM, 4TO C KaX/(bIM aIropuTMoM [, BXOJaMU U BHIXOJIAMH KOTOPOTO SIBJIsI-
I0TCSL JIBOMYHBIC CJIOBA, MBI CBsI3bIBAeM (PyHKLMIO d, KOTOpasl OIpe/e/IeHa Ha CJIOBE X
TOIJIA U TOJIBKO TOIMa, Koria D JaéT pe3ysbTar Ha CJIOBE X; IIPH 3TOM 3HadeHHE d (X)
PABHO pe3yJIbTaTy npuMeHeHrs D ko Bxony x. OyHKINK d , TIOJIy9aeMble TAKIM 00pazoM
W3 BCEBO3MO>KHBIX JITOPUTMOB [}, HA3BIBAIOTCS 8bIYUCTUMbBIMU (DYHKYUsMU U3 = 8 =.
OOBIYHO WCITOJIB3YIOT OfIHY U TY K¢ OyKBY JJIsI 0003HAUCHUS aJITOPUTMA U BBIYUCJISIEMOM
uM pyHKUUY, U BMeCTO d (X) nuiiyT D(x). Mbl takke OyaeM clie/JoBaTh STOM TPanLIUK
B TeX CJIydasX, KOTJa 3TO He BHI3LIBACT ITyTAHUIIEL

IMycTh GukcHpoBaH HEKOTOPHIN crocod onwmcanus (exomipeccop) D. it manHOrO
CJI0OBa X PAcCMOTPUM BCE €r0O OIMCAHMS, TO €CTh BCE CIOBA y, /IS KOTOpeIX D(y)
OIpE/EJIEHO U paBHO X. JJIMHy caMOro KOPOTKOTO W3 HUX U Ha3bIBAIOT KOIMO20POBCKOU
CIOJCHOCMbIO CI0BA X TIPU JAHHOM criocode ommcanus D:

KSp(x) =min{l(y) | D(y) = x}.

3necy u nanee [(y) obosnauaer /umHy cioBa y. Uuaekc D nopu€pkusaer, 4To oripe-
JieJieHue 3aBUCUT OT Bbhibopa criocoba D. MUHMMYM IIyCTOrO MHOXKECTBA, KaK OOBIYHO,
CUMTAETCH PABHBIM o0, Tak 4T0 KS p(x) GECKOHEUHO JJIA TeX X, KOTOPHIE He BXOJAT B
o0macTp 3HaYeHV QYHKIM [ (He MOTYT OBITh Pe3yJIbTaTaMU JEKOMIIPECCHN, He UMEIOT
OIIMCAHMIT).

Dr0 orpesiesieHre KaXeTcst Oecco/iepyKaTeIbHbIM, MTOCKOJIBKY Uit pasHbix D rosty-
YAIOTCSl Pa3HbIE ONpe/e/ieHus, B TOM uucie abcypanbie. Harpumep, ecsiiu D Hurne He
onpenesién, o KSp Beerna 6eckoneuno. Ecim D(y) = A (1iycroe cjioBo) npu Bcex
¥, TO CJIOXKHOCTh TyCTOTO CJI0BAa paBHA HyJ0 (Tockoiibky D(A) = A u [(A) =0), a
CJIOKHOCTD BCEX OCTAJIBHBIX CJIOB OCCKOHEUHA.

Bonee ocMpIcieHHBI TIpUMeEp: €C/ MPOrpaMMa-JeKOMIIPECCOP KOMMpPYeT BXO7 Ha
BBIXOJ 1 D (X) = X TIpU BCeX X, TO KAK/I0€ CJIOBO MMEET e/IMHCTBEHHOE OITMCaHue (Camoro
ceos) u KS p(x) = [(x).

EcrecrBenHo, ajis1 JI000T0 €J10Ba X MOXKHO 110A00paTh crnocod onvcanus D, npu ko-
TOPOM X UMEET MAJIYIO CJIOKHOCTE. JlocTatouro nosoxkuth D(A) = x, u Torga KS p(x)
OymeT paBHO HY/II0. MOXHO TakKKe IOT00paTh CHOCOO OMNWCAHWS, OJArolpHUsTCTBYIO-
IV 11eJI0MY KJIacCy CJIOB: HAIIPEMEp, JJIsI CJIOB M3 OHUX HYyJIell XOPOII TaKoi criocod
OIMMCaHU4:

D(bin(n)) =000...000 (n nysei),

rae bin(n) — nBowdHast 3ammch uncaa n. Jlerko TpoBepHTH, UTO JJIMHA CjIoBa bin(n)
npuMepHo pasHa log, n (He npesocxoaut log, n + 1). MbI moJsiyuaem, 4To JJIs IOCTPO-
€HHOI0 croco0a OIMCAHUS CJIOKHOCTh CJIOBA U3 N HyJiel Onuska K log, n (M MHOro
MeHblIIe JJIMHBL CI0BA, TO €CTh 71). 3aTo BCe ApYyrue cjioBa (cojepsKallye XOTs Obl OJHY
e[JMHULLY ) UMEIOT OECKOHEUHYIO CJIOKHOCTD.

Ha nepBrpIil B3IJISA KaXKETCsl, YTO OIIpeieJIEHHe CJIOKHOCTH HACTOJIBKO CHJIBHO 3aBU-
CHUT OT BBHIOOpa CIIOCO0A OMUCAHMSI, YTO HHUKAKasi O0Iast TeOPUsl HEBOZMOXKHA.
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OnTuMaJbHbIE CIIOCOOBI OIMCAHHAA

Crioco0 OMHMCAHUsT TeM JIydllie, YeM KOpode omucaHus. [103TOMy eCTECTBEHHO JaTh
Takoe onpeaesienue: crocod Dy He xyoce criocoba Ds, ecan

](SD1 (X) < KSDZ()C) +c

MIPY HEKOTOPOM C U IIPU BCEX X.
B sTom onpenesiennn TpedyeT MOSICHEHUs KOHCTaHTa ¢. MBI coraiaeMcs npeHeope-
raTh YBEJMYCHUEM CJIOKHOCTU He 0ojiee 4eM Ha KOHCTAHTY. KoHedHO, MOXKHO CKazath,
YTO STO JIAIIACT OIIPE/Ie/ICHIE IIPAaKTHYCCKOTO CMBICJIA, TaK KaK KOHCTaHTa C MOKET OBITh
CKOJIb YTO/IHO BEJIMKA — OJIHAKO 0€3 TAKOTO «OrpyOJICHUSI» OOONTHCH HE YAaéTCs.

IMpumep. IlycTs maHBl Ba MPOM3BOJIBHBIX criocoba ommcanus Dy u D,. Tokaxkem,
YTO CyHIECTBYET CII0c0o0 ormcanvist [, KOTOPHI He XyKe UX OOOHX.
B camom jniesie, 1oJ1oskumM

D(©Oy) = Di(y),
D(1y) = D>(y).

JpyruMm cjoBaMu, IEpBBIA OWT OMMCAHWMS MBI BOCIIPHHIMAECM KaK HOMEpP CI0co0a Omnu-
CaHWA, 2 OCTAJIFHYIO YacTh — KaK COOCTBEHHO ONWCAHWe. SICHO, UTO €CJH y SBIIACTCS
orcanvieM x tipu Dy (wum D,), 10 Oy (cooTBeTcTBeHHO 1y) SIBJISETCS OIMCAHUEM X
npu D, v 3T0 onMcaHue BCEro JIMIIb HA OJuH OuT [yiuHHee. [lodTomy

KSD()C
KSD(X

KSD, ()C) + 1,

) <
)< KSp,(x) +1

TIpH BCEX X, TaK 4TO crocod D He Xyxke obomx crocoboB Dy u D,.

JToT NpuéM UCIOJB3YyeTCs Ha IipakTrke. Hanpumep, gopmar zip-apxuBa npemycma-
TPHBACT 3ar0JIOBOK, B KOTOPOM YKAa3BIBACTCS HOMEP HCIIOJL3YEMOIO METOMA CKATHS, a
3aTeM WIET caM CoKathiil (ait. T1pu 5Tom ncnosbzoBanne N pasIMYHBIX CIIOCOOOB OIMH-
CaHUs MPUBOJUT K TOMY, YTO HavajbHble 10g, N OUTOB (MM OKOJIO TOTO) IPHXOAUTCS
3ape3epBUPOBATD ISl YKa3aHUsI MCIIOJIB3YyEMOrO CHOCO0a.

Heckonpko 0600ImB ATy e HACI0, MOXKHO JIOKa3aTh TaKylo TCOPEMY:

Teopema 1 (CoJsiomonosa — Kousimoroposa). Cywecmeyem cnoco6 onucanus D, o-
mopulil He xyaice 1106020 Opy2020: Onsl BCSIK020 cnocoba onucarnus D' naiioémes maxas
KOHCmauma ¢, 4mo

KSp(x) <KSp(x)+c¢

ons mobo20 cnosa x.

Crrocob OIMCaHNI, 06.7121,1[3.10]_[[1/11‘/11 YKa3aHHBbIM B TCOPEME CBOMCTBOM, HA3BIBAIOT ONmMu-
MATbHBIM.

<« HaHOMHI/IM, 4qTO 10 HallEeMy OIIPCACJICHUIO CIIOCOO0AMHI OITMCAHKS SIBJISIOTCS BBI-
YCJIMMBIC (t)yHK]_[I/II/I HpOFpaMMbI, HX BBIYMCJIAIOIINE, MOXHO CUUTATh ABOUMYHBIMU CJIO-
BaMU. By,ueM IIpU DTOM TIpEAroJIarath, 4YTo 1o IrporpamMme MOXKXHO OITPEAECJINTD, IA€ OHA
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KOH4YaeTcs (Takoil Criocol 3ammcy Mo-aHIJIMNACKU HasbiacTcs self-delimiting; mogxoms-
LIETO PYCCKOTO CJIOBA, TOXKAIYH, HET, ¥ MBI OY/IeM Ha3bIBATh TAKVE TMPOTPAMMEI «CaMO-
OTpPaHUYEHHBIMI»). DOpMaIBHO TOBOPS, CAMOOTPAHMYCHHOCTh O3HAYAET, UTO HUKAKAS
IPOrpaMMa HE MOXKET OBITb HAYaJIOM APYroi mporpammbl. Ecyin BbIOpaHHBIN CrIoco0
3aIVICH TIPOTPaMM HE TaKOB, TO €ro MOXKHO MojauduimpoBats. Harmpumep, MOXHO 1Ipo-
JIyOJTMPOBATh KaKIbIA 3HAK B 3armich mporpamMmbl (3ameHmB O Ha 00 m 1 Ha 11), a B
KOHIIE IIPOTPaMMEl 00aBuTh rpymry O1.
Teneps onpenesanM HOBHIA CIOCO0 ormvcaHust [, TTOJIOXKVB

D(py) =pQ),

IA€ p — NPOM3BOJIBHAS MporpamMma (IIpU BEIOPAHHOM CrIOcOO€ 3amucu), a y — Jdoe
JABOUYHOE CJIOBO. Jlpyrumu cjioBamu, D unraer CJI0BO CJIeBA HAIIPABO, BBLAC/ISS U3 HEI'O
Havajo-iporpamMmy. (Ecimm TakoBoit He okasbBaeTcst, [ /ieaeT 910 yrojHo, HAIpUMED,
sarmkyMBaeTcs.) Janee D npuMeHseT HalileHHYIO IIporpamMMmy (p) K oCTaTKy Bxoma (y)
M BBIAAET MOJIyYeHHBIN pe3yabTaT. CaMoOrpaHMYEHHOCTh TAPAHTHPYET, YTO BXOJ AJIro-
purMa D OJHO3HAYHO pa3IaracTcs Ha NPOrpamMMy M OCTaTok: ecm py = p'y’, To oxHa
U3 [IporpamMm p, p’ sBJISCTCS HAYAJIOM JPYTOH, 4TO IPOTUBOPEYMT CAMOOIPAHUYCHHOCTH.

[Mokaxxem, uro D He Xyxe modoro apyroro cmocoda ommcanuss P. Ilycts p —
HpOrpamMMa, BeIMUCIsIomas GyHKumio P, npuuéM 3anmcaHuas B BRIOGPAHHON Hamu (popme.
Eciiu1 cj10BO y ABiIsleTCsl KpaTyaliliiM OMUCAHUEM CJIOBA X OTHOCUTEJIbHO P, To py Oyner
OIIICaHVeM X OTHOCUTeNEHO D (He obs3areapHo KpaTyaimmM). [TosToMy mpu mepexose
or P x D juymna ormcanus yBeamaurcs He 6osiee yeMm Ha [(p), u

KSp(x) < KSp(x)+ ](p)

Buso, uto KoHcTaHTa (TO ecTh /(p)) 3aBUCHT JIMIIL OT BRIOOpA criocoba orvcanus P,
HO HE OT X. b

Io cymecTBy 37€Ch MCHOJIB3YEeTCSl TOT K€ MPUEM, YTO U B NPEIBIIYIIEM IIPHUME-
Pe, TOJBKO BMECTO [IBYX CHOCOOOB OIMCAHHSI COEAUHSIOTCSI BCE MBICJIMMBIE CIIOCOOBI —
KOKIBIN cO CBOMM IpedrkcoM. VIMEHHO Tak yCTpPOCHBI TaK HA3bIBacMbIC «CaMopasap-
XuBUpyIonmecs» apxupl (self-extracting archives). Takoit apxuB mpencTapiiseT coboit
WCIIOJTHSIEMBII (haiil, B KOTOPOM, OJHAKO, COOCTBEHHO IIPOTPaMMa 3aHMMAET JIMIIb He-
00JIBIIOI HAYAIBHBIM KyCOK. JTa MPOrpaMMa 3arpy’kaeTcs B IIaMATh, II0CJIE YEro YNTAET
U Pa3apXUBUPYET OCTATOK apXMBa.

3amMeTrM, 9TO MOCTPOCHHBII HAMM ONTHMAJIBHBIA CIIOCOO ONMCAHWS Ha HEKOTOPHIX
BXOJaX PadOTaeT OUYEHH JOJTO (TIOCKOIBKY OBIBAIOT OO PadOTAIONIE ITPOTPAMMEI),
Ha HEKOTOPHIX BXOJAaX M BOBCE HE OINPEIEIEH.

KOJIMOFOPOBCKEISI CJIOKHOCTD

OukcrpyeM HEKOTOPBIA ONTAMAJIBHBIN criocod omvcanust D u 6y7eM HashBaTh KoJl-
M020po8cKoil cnojcHocmpio cioBa x sHadenvie KS p(x). B obosnauenun KS p(x) Oynem
oryckarth uHjiekc D u mcars npocro KS (x).
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3aMeHa ONTHMAJIFHOTO CHOCco02a Ha APYTOM ONTHMABHBIA CIIOCOO MPUBOINAT K M3Me-
HEHHUIO CJIOKHOCTH He 00JjIee YeM Ha KOHCTAHTY: [JIsl JIOOBIX ONTUMAJIBHBIX CIIOCOOOB Dy
u D, naiinérea taxkas xoucraurta ¢(Dy, D), uro

|KSp, (x) — KSp,(x)| < c(Dy, Dy)
HpI/I BCECX X. 3TO HepaBCHCTBO B3AITUChIBAIOT KaK
KSp,(x) = KSp,(x) + 0(1),

noHnmast 1107, O(1) IPOU3BOIBHYIO OIPAHUYECHHYIO (DYHKIIMIO OT X.

MMeeT s CMBICTT TOBOPUTH O KOJIMOTOPOBCKOM CJIOHOCTH KOHKPETHOTIO CJIOBA X CO-
IJIACHO 3TOMY OIPEE/ICHUIO, He YKa3bIBasl, KAKOM ONTUMAJIBHBII CIIOCOO MBI UCIIOJIB3YyeM?
Her — Jsierko HoHATH, YTO MOAOOPOM MOAXO/SILETO ONTUMAIBHOIO CII0CO0a MOXKHO Clie-
JIaTh CJIOKHOCTH JTAHHOTO CJIOB2 J060#1. TOUHO Tak ke HeJb3sl TOBOPUTH, 9TO CJIOBO X
rpolre ¢j1oBa y (MMEET MEHBIIYIO CJIOXKHOCTB): BHIOMpAsl TOT WJIM MHOIM ONTHMAaJIbHBII
Cr1oco0, MOKHO C/IEIaTh JI000€ W3 JIBYX CJIOB 0OJIee MPOCTHIM.

KaxoB sxe Tor/a CMBIC KOJIMOTOPOBCKOM CJIOMHOCTH, €CJIH HA PO KAKOE KOHKPETHOE
CJIOBO HMYETO HEJIb34 CKa3aTh?

B 3ammTy 3TOr0 moHATHA MOXHO cKazaTh cieayioniee. CBONCTBA ONTAMAJIBHOTO CIIO-
coba, IOCTPOEHHOTO TP J0KazaTeabcTBe TeopeMbl CostoMoHOBa — Koomoroposa, 3aBu-
CAT OT MCHOJIB30BAHHOIO CLIOCO0A 3aIIMCH IPOrpamMM (TO €CTh OT BBIOOPA sI3bIKA IIPOIPaM-
MHUpPOBaHUs). J[Ba TakMX Crioco0a MPUBOAST K CJIOKHOCTSM, OTJIMYAIOIIUMCS HE Oojee
9YeM Ha KOHCTAHTY, KOTOpas €CTh JUIMHA MHTEPIPETAaToOpa OAHOrO SI3bIKAa MPOrpaMMU-
POBaHMS, HAMMCAHHOTO HA JIPYroM si3bIke. MOXHO HaJeAThcsl, 9TO IIPU €CTECTBEHHOM
BHIOOPE SI3HIKOB 3Ta KOHCTAHTa Oy/JET M3MEPSITHCS THICSIAMU WM JIKE COTHAME. TeM
CaMBIM, €CJIA MBI TOBOPUAM O CJIOXKHOCTSIX ITOPSAKA COTEH THICSIY (CKaXEM, JJIs TEKCTa
pomaHa) nan MIUTMOHOB (ckakeM, st JJHK), To yke He Tak BaKHO, KakoW MMEHHO
SI3bIK TIPOTPaMMUPOBAHUS MBI BHIOPAJINL.

Ho Tem He MeHee HAJI0 BCEr[a MOMHUTH, YTO BCE YTBEPXKJICHUS O KOJIMOIOPOBCKOM
CJIOKHOCTH HOCSIT aCHMIITOTAYECKU XapakTep. YTo0bl yTBEp:K/ICHIE MMEIIO TOYHBIN Ma-
TEeMaTUYECKUIA CMBICJI, B HEM JIOJKHA UITH PEYb O CII0KHOCTH He M30JIMPOBAHHOTO CJIOBA,
a TIOCJICAOBATEIRHOCTH CJIOB. JIJIsT TEOpUH CJIOKHOCTHM BBIYMCJICHUIT TaKOTO POJia CHUTY-
alyd THUIHYHA: CKAXKEM, OLCHKM HA CJIOKHOCTb PEIICHHS] KAKOM-IMOO0 3a7a4y OOBIYHO
TAKKE MMEIOT aCUMITOTUYECKUI XapaKTep.

Ci10:HOCTD H HH(pOpMaLUs

KoIMOropoBckyIo CIIOKHOCTD CJIOBAa X MOKHO HAa3BaTh TAKKE KOIUYECMEOM UHGDOp-
Mayuu B cjoBe X. B caMoMm Jieste, CJIOBO U3 OJHUX HYJICH, KOTOPOE MOKET OBITh OIFICAHO
KOPOTKO, COJACPKUT MaJIo MHGOPMAIVH, a KaKOe-TO CJIOKHOE CJIOBO, KOTOPOE He IMO[-
JAETCA CRATUIO, COACPKUT MHOTO MHpopManmu (MycTh Jaxke U OECIIOIe3HOM — MbI He
TIBITAEMCSI OT/ICJIUTH OCMBICJICHHYIO MH(POPMAIMIO OT OECCMBICJICHHOM, TaK 9TO Jnodas
abpaka/adpa /I Hac COACPKHUT MHOT'O MH(POPMAITAH, €CJIH €€ HeIb3s 337aTh KOPOTKO).

Ecimu ¢cJ1oBO X MMeeT CJIOKHOCTD k, MBI TOBOPHM, UTO X COZICPKHUT k OUTOB MHGOP-
Maii. ECTeCTBEHHO OKMIaTh, UTO YMCJIO OMTOB MH(OPMALIMY B CJIOBE HE ITPEBOCXOTUT
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ero =B, 1O ecTh 9T0 KS (x) < [(x). Tak u oxaspBaeTcs (HO TOJBHKO HAJAO JOOABUTH
KOHCTaHTy, O UY&M MHI y’Ke TOBOPILIN).

Teopema 2. Cywecmgyem makas KOHCMAHmMa ¢, 4mo
KS(x)<Ix)+c¢

onst 106020 cnosa x.

<« M1 yxe ropopwiiv, uro ecii P(y) =y npu Bcex y, To KSp(x) = I(x). B cuny
ONTUMAJIPHOCTH HAMAETCS TAKOE C, UTO

KS(D)<KSpx)+c=I1x)+c¢

npu BCEX X. P

YTBEpK/ICHUE DTOM TeopeMbl 00buHO 3anmchiBaoT Tak: KS(x) < 1(x) + O(1). Us
HEro BBITEKAET, B YACTHOCTH, YTO KOJMOI'OPOBCKAs CJIOXHOCTb JIIOOOI0 CJI0BA KOHEYHA
(TO ecTh UTO JIIOOOE CIIOBO MMEET OMUCAHUE).

Bor emg o/uH mpuMep CBORCTBA, KOTOPOTO €CTECTBEHHO OXKMJIATH OT MOHSITUS KKOJIM-
4ecTBO MH(GOPMALIMKY: [IPY AJITOPUTMUYECKUX MPE0OPa30BaHUsIX KOJIMYeCcTBO MHpOpMa-
LK HE YBEJIMUMBACTCS (TOYHEe, yBEIMYMBACTCs He 00JIee YeM Ha KOHCTAHTY, 3aBUCSILYIO
0T aJI'OpUTMA 11PeoOPa3OBAHMS).

Teopema 3. /s 1106020 ancopumma A cywecmeyem makast KOHCMAHMA ¢, Ymo
KS(Ax) < KS(x)+c¢

Oiist @cex x, npu Komopwix A(x) onpedeiieHo.

<« Ilycrs D — onrruMasibHBINA JIEKOMIIPECCOP, UCIIOJIB3YEMBIA IIPU OIPEIE/ICHUN KOJI-
MOTOPOBCKO#1 cJI0%kHOCTH. PaccmorpumM pyroit gekommpeccop D'

D'(p) = A(D(p))

(D' npumenser cravana D, a 3ateM A). Ecim p sBiseTcst ONMCAHAEM HEKOTOPOTO X
otHocutesibHO D, tipuuém A(x) ompesiesieHo, TO p SBIsETCsa ormmcanueM A(x) OTHO-
cutesibio D', B3dB B KauecTBe p Kparyaiilliee OIMCAHUE X OTHOCUTENbHO D, HaXOuM,
4YTO

KSp(A(x) <I(p)=KSp(x) = KS(x),

a B CWIy ONTUMAJIBHOCTY
KS(AX) KKSp(Ax) +c<KS&x)+¢

IIPY HEKOTOPOM C U IIPU BCEX X, YTO U TPEOOBAJIOCH JI0KA3aTh. B

OTa TeopeMa rapaHTHUPYET, UTO KOJIMICCTBO MH(OPMAIIMI «HE 3aBHCUT OT KOAHPOB-
KID» — €CJIM MBI, CKa)KeM, 3aMEHVM B KaKOM-TO CJIOBE BCE HYJI HA WHUITH 1 HA000POT
(U pa3daBUM BTO CJIOBO HYJISIMH, JI0DABHB ITOCJE KKAOM MUADPH 10 HYJIO), TO IIO-
JIyYEHHOC CJIOBO OyJeT MMETh Ty K¢ CJIOKHOCTh, YTO U VCXOOAHOE (C TOYHOCTHIO /IO
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KOHCTAHTHI), ITOCKOJIPKY IIPEOOpaz0BaHysl B TY U JPYI'YIO CTOPOHY BBIIOJTHSIIOTCS HEKO-
TOPBIM AJITOPUTMOM.

Emé omun npumep. Ilycts x u y — aBa ciioBa. CoelMHMM UX B OJJHO, TIPUITUCAB ¥
K x crpaBa. CKoJbKo OUTOB MHGbOpPMAITMI OY/IeT UMETh MOJTy9IeHHOE CIoBo? EcTecTBeH-
HO OKU/ATh, 4TO KOJIMYECTBO MH(POPMALIMM B HEM HE IPEBOCXOJUT CYMMBI KOJIMYCCIB
ua(popMalK B X U B y. W AECTBUTEIFHO 3TO TaK, — MPaBJA, C HEKOTOPOI HOITPABKOM.

Teopema 4. Cywecmeyem makasi KOHCMAHMA C, YMO NP TOGbIX X U Y bINOHEHO
HepageHcmeo
KS(xy) < KS(x) +2logKS(x) + KS(y) + ¢

(Baecy m masee log obo3HauaeT JBOWYHBIA JoraprdM, €CAM WHOE OCHOBAaHWC He
YKa3aHO SABHO.)

<« [onpoGyem ju1st HavasIa jiokasarh TeopeMy Oe3 jobasouHoro wieHa 2log KS(x),
e€ ocuabsisioiiero. JT0 €CTeCTBEHHO Jesiarh Tak. Ilycts D — onrumaiibHblil criocod
OLIMCAHMSI, UCIIOJIB3YEMBII 1IPY OLPE/ICJICHNN KOJIMOTOPOBCKO# CJiosKkHOCTH. PaccMmorpum
HOBBIA crioco6 ormicanust D'. menno, ecimm D(p) = x u D(q) = y, OyaeM caurats pg
OIMCAHMEM CJIOBA Xy, TO eCTh 110J10%uM D' (pq) = xy. Toraa cioKHOCTb CJI0Ba Xy OTHO-
cutesibio D' He MPeBOCXOAUT IJIMHBL CIIOBA pg, 10 ecth [ (p) + [(g). Eciu B xauectse
P ¥ ¢ B3sTH Kparvadinve orucanusi, To nosayuurcs KSp(xy) < KSp(x) + KSp(y),
U OCTalTCs BOCIIOJIB30BATHCS ONTMUMAIbHOCTHIO D u nepeittn or D' k D (mipu 31om
BOBHUKAET KOHCTAHTA C).

Yr0 HEBEPHO B 3TOM paccy:kaeHrn? [{esio B TOM, uTo onpeeierue D' HEKOPPEKTHO:
mbl ioJaraeM D' (pg) = D(p)D(q), Ho D’ He uMeeT CPeJICTB pasjie/MIb p U ¢. Brosme
MOXET OKa3aThCsl, YTO €CTh /IBA PA30OMEHMs CJIOBA HA YACTH, JAIONIME PA3HBIE PE3YJIbTATHI:
Piqi = pagp, Ho D(p1)D(qn) # D(p2)D(q).

Ectp 1Ba criocoba ucrmpaButh STy onmoOKy. [lepBbril, KOTOPHII MBI W TIPAMEHIM,
COCTOMT B TOM, UTOOBI TIepe]] CJIOBOM p HAMNWCATH JIIMHY CJIOBa p B JBOWYHON 3aIVCH.
[Ipu »TOM B ATO1 TBOMIHOM 3aIIMCH MBI YJIBOMM KaXK/TbI OUT, a mociie He€ HarmeM 01,
4TOOBl AJTOPUTM MOT TOHSITh, IJI€ KOHYAETCS [BOMYHAS 3AITUCh M HAYHUHAETCS CaMo p.
boJsee TouHo, 0003HauMM uepes bin(k) ABoHUHYIO 3amuch unca k, a yepe3 X pesyJibTar
yaBOeHUsl Kaxjoro oura B ciaose x. (Hampumep, bin(5) = 101, a bin(5) = 110011.)
Terepp TOJIOKUM

D' (bin(1(p))01pq) = D(p)D(q).

D10 omperesieHrHe KOPPEKTHO: aiaroput™ D’ cHadaia gutaer bin(/(p)), moka mmdpst
wiyT mapamu. Koryma nosmisiercs rpymma 01, on onpesensier [(p), 3aTeM OTCUUTHIBACT
[(p) 1madp u nosydgaer p. OCTATOK BXOJA €CTh ¢, HOCIE YEro YK€ MOXHO BBIYUCIIATH
D(p)D(q).

Besmuuna KS p(xy) ouenupaercs rereps unciaom 21 (bin(I (p))) +2 4+ 1(p) + 1(g);
JABOMYHAA 3aich yucia [ (p) umeer nimny He Gosibine log [ (p) + 1, nosromy D’-ormca-
HIe CJIOBA Xy UMeeT JunHy He Oomee 2log [ (p) + 4 + [(p) + [(g), OTKy/na U BHITEKAET
YTBEPK/ICHUE TEOPEMBL. B>

AJIbTepHATUBHBIN CHIOCOO UCIIPABJICHUS MOIYLIEHHON OLMOKMA COCTOUT B TOM, YTOODI
MoAUGULIPOBATh OLPECICHUE CJIOKHOCTY, IIOTPedOBaB, YTOOL OIUCAHUS OBUIN CaMo-
orpanmdeHHbMA (self-delimiting); mMer oOcyxaem ero B riase 4.
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3aMeTHM Takke, UTO B TeOpeMe MOXXHO IIOMEHSATh MECTaMH p W ¢ W JIOKa3aTh, YTO
KS(xy) < KS(x)+ KS(y) +2log, KS(y) + c.

HackoJibko HepaBeHCTBO TeopeMbl 4 0Jm3Ko K paseHCTBY? Moxker jt KS (xy) ObITh
cylecTBeHHO MeHbie cyMMbl KS (x) + KS (y)? B mosiHOM coriiacuu ¢ Hallleil HHTYHITIeit
STO BO3MOXKHO, €CJI X M ¥ colepKaT MHOro oo0mero. Hanpumep, TIpr x = y MBI IMeeM
KS (xy) = KS (xx) = KS(x) + O(1), TIOCKOJIbKY XX QJITOPUTMUYECKU TOJyYaeTcs U3 X
u oOpatHO (Teopema 3).

UToOBl YTOYHUTH >TO HAOMIONEHUE, MBI OTIPEIC/IIM TIOHSITHE KOJIMYecTBa MH(pOpPMA-
1M, KOTOpast COACPKUTCS B X, HO OTCYTCTBYEeT B ¥ (JIJI1 TIPOM3BOJIBHBIX CJIOB X W ).
DTy BeJAWYMHY HA3BIBAIOT YCAOBHOU KOJIMO20POBCKOL CHONCHOCMbIO X NPU YCI08UU Y
(TOBOPAT TAKXKE «IIPH U3BECTHOM y», KOTHOCUTEBHO y»). EE onpenesieHne aHAIOTUYHO
orpesiesieHnIo 0ObIUHOI (6e3yCJIOBHOM) CJIOXHOCTH, HO JiekoMmiipeccop D umeer jloctyr
HE TOJIKO K C)KATOMY OITMCAHMIO, HO W K CJIOBY y. MBI Oy/ieM TOBOPUTH 00 3TOM TIO-
npobHee Toxke (I1aBa 2), CKaKEM JIFIb, YTO JJIS YCJIOBHOM CJIOXKHOCTH CIIPABEIIIBO
PaBeHCTBO

KS(xy) = KS(y) + KS(x|y) + O(logn),

€CJIA X W y — CJIOBA CJIOKHOCTH He 0osiee n. UnTaeTcs OHO Tak: KOJMIECTBO MH(pOpMa-
IIMH B Xy PABHO KOJMYECTBY MH(POPMALIH B ¥ TUTIOC KOJIMIESCTRBO HOBOI (OTCYTCTBYIOIIEH
B y) uHbopMaLUK B X.

Pasaocts KS (x) — KS(x|y) ecrecTBeHHO Ha3BaTh KoMuU4ecmeom uHpopmayuu o6 x
8 ¥: Ta Pa3HOCTH ITOKA3BIBACT, HACKOJIPKOZ 3HAHVE CJIOBA ¥ YIIPOINACT OMVCAHKE CJIOBA X.

IonsTHE YCJIOBHOM CIOKHOCTU MO3BOJISIET MPUAATH CMBIC BOIIPOCY O TOM, CKOJIBKO
Hopoll mHpopMamu B JIHK onHoro opranmsma no cpasHeHmio ¢ JIHK apyroro: ecim
dy — nBouanoe citoBo, koupyoiiee JIHK mepBoro opranmsma, a d) — JBOMYHOE CIIOBO,
komupyiomee JTHK Broporo, To nckomas BesmumHa ecth KS(d)|dr). AHamormdssiv
00pazoM MOKHO CITPAlINBATh, KAKOI MPOLICHT WHGOPMAIMI OBLIT TOTEPSH MPH TEPEBO/IE
pOMaHa Ha APYToM SI3BIK: B 3TOM CJIyyae HAC MHTEPECYeT OTHOLICHUE

K (opurunasi | nepeson) / KS (opurunan).

Borpockr 0 xoymrgecTBe MH(POPMAIAN B PA3IMYHBIX OOBEKTAX M3YJAINCh WU JI0 aJl-
TOPUTMAYECKON TEOPUH MH(OPMALINK, C TIOMOIIBIO TIOHSITHSI NIEHHOHOBCKOM SHTPOTINM.
Hanomuum e€ onpegesenue. [lycts ciyuaiinas BeJMuuHA § NPUHUMACT N 3HAYCHMIA C
BEPOSITHOCTSIMU D1, . . . , Pp. lOrma €€ wieHHOHOoGCKast snmponusi onpeaesiercs: hopmy-
JIon

H(&) =Y pi(—log, pi).

ToBopAT, 4TO HCXO[, UMEIOLINIT BEPOATHOCTD p;, HecET B cebe (— log, p;) = log,(1/p;)
outoB mH(bopMaruy; Torna H () MOXXHO MHTEpIpPETHPOBATh KakK CpeTHee KOJIMYCCTBO
vH(pOPMAIIMK B UCXOJIE CJIyYaliHON BCJIMUMHBL.

UToOB! MPUMEHUTH MOHSATUE HMIEHHOHOBCKOM SHTPOIMH, CKAXEM, K OLCHKE KOJIMYe-
CTBa MH(MOPMAIIMK B JAHHOM TEKCTE HAa PYCCKOM SI3BIKE, HY>KHO BKJIIOUUTH DTOT TEKCT
B KaKON-TO aHCAMOJIb TEKCTOB, CUMTasl €T'O «THIIMIHBIMY» 3HAYCHHEM HEKOTOPOI CiTydaii-
HOI BEJIMYIMHBI. JTO MMEET CMBICJI IS KOPOTKOW IIO3/PaBHUTCJIBHOI TEJIErpaMMbl, HO
JUIS TEKCTa POMaHa TPY/IHO BOOOPA3UTh cebe MOXOASMMit aHCamMOuIb. CTOJIb K€ CIIONHO
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c/leNlaTh 3TO TIPH OlleHKe KoJjmdecTsa uHpopMaimu B JHK: ecm cuurars ancamoiem
MHOX)eCTBO Bcex cymectsopanimx JJHK Bcex opraHMsMoB, TO UMCIIO DJIEMEHTOB JTO-
ro aHcam0Jisi MOKHO OLIEHHTh CBepXy, ckakeM, unciom 2'%9° u nmosyunrcs abeyprno
MaJIoe UMCJIO0 — MEHbIIE THICSYM OUTOB.

BuiHO, UTO B YTHX CUTYALIMSIX KOJMOTOPOBCKAsS CJIOKHOCTh SBJIAETCS 0oJlee ajleKpaT-
HBIM SI3BIKOM, YeM IIEHHOHOBCKAsS SHTPOIHS.

CJ107KHOCTb B CJIYYaHHOCTH

Bepuémes k mepaBerctBy KS(x) < I(x) + O(1) (reopema 2). [liis GOJIBIIMHCTBA
CJIOB JIAHHOW JIJIMHBI 9TO HEPABEHCTBO OJIM3KO K PaBeHCTBY. B camoM Jelie, CripaBe/iIMBoO
TaKOE YTBEPXK/IEHHUE:

Teopema 5. /[ns 1106020 HamMypaabHO20 YUCTA N KOTUYECME0 CI08 X, Ol KOMOPbIX
KS (x) < n, menvwe 2".

<« [lycts D — onmuMansHbIN cocod onvcanus, (PUKCUPOBAHHBINA TIPY OIIpe/IeICHIN
KOJIMOT'OPOBCKO# CyiokHocTH. Torma Bee ciosa Buia D(y) mpu [(y) < n (4 TOJBKO
OHH) HIMEIOT CJIOKHOCTh MEHEe N. A TAKWUX CJIOB HE OOJIBIIE, YeM PA3IMYHBIX CJIOB Y,
HMMEIONIVX JUTHHY MEHBIIE 1, KOTOPBIX BCEro

1424+44+8+... 42" 1=2"_1

wrryk (Besh c10B Aymanbl k posuo 2F). »

OT1ciofa JIETKO 3aKJIOYUTh, YTO JIOJISI CJIOB CJIOKHOCTH MEHBIIE 11 — C CPENU BCEX
CJIOB UIMHB 1 MeHblue 2" € /2" = 27¢, Hanpumep, [0Js CJIOB CIOXHOCTH MeHee 90
cpe/m Beex cio bl 100 menpie 2710,

Takum 00pa3oM, OOJIBIIMHCTBO CJIOB HECKUMAEMbl IUIA IOYTH HEC)KMMAeMHL. JTO
MOKHO BBIPA3UTh W Tak: ITOYTH HABEPHSKA CJIYJAliHO B3SITOEC CJIOBO JAHHOM JJIVHHI OKa-
*eTcs (TMOUTH) HEC)KUMAEMBIM. PaccMOTpUM ClIefylommii MBICJIEHHBIA (MM JlasKe pe-
aJIbHBIA) DKcriepuMenHT. bpocum monery, ckaxem, 80000 pa3s u cresaeM uU3 pesyJ/IbTaToB
Opocanmit daitn mmroit B 10000 6aitToB (8 OMTOB 00pa3yIOT oVH 6aiiT). MOKHO cMe-
JIO JiepKaTh Mapy, YTO HU OJVH CYIICCTROBABIIMI /10 MOMEHTA OpPOCAHU apXWBaTOp He
CyMeeT CXath ATOT ait 6osee yeM Ha 10 OaitroB. (B camoM fesie, BEpOSITHOCTh DTOTO
menbie 2780 14 kaKAOro KOHKPETHOTO apXMBATOPA, A YMCJIO PABIAYHBIX APXMBATOPOB
HE TaK YK BEJIMKO.)

Boo01ie ecTecTBEHHO CUATAThH CITyYAHBIMA HEC)KUMACMBIC CJIOBA: CIIYYalHOCTH €CTh
OTCYTCTBHE 3aKOHOMEPHOCTE, KOTOPHIE TO3BOJISIIOT CXAaTh €10BO. KoHeuHO, 4éTKoi rpa-
HULIBI MEXIY CJIyYalHBIMH U HECJIyJaliHBIMH OOBEKTAMH IPOBECTU Helb3s. [ymno uHTe-
pecoBaThCsl, Kake UMEHHO M3 BOCBMH CJIOB JUMHBL 3 (TO ecTh u3 caoB 000, 001, 010,
011, 100, 101, 110, 111) ciuyyvaiiHBl, a Kakae HeT. Jpyroil IpUMep: HadaB CO «CJIy-
gaiiHoro» cjioa aymHoi 10000, OyaeMm 3aMeHATh B HEM MO OYepeIu eIUHUIIH HA HYJIH.
B KoOHLIE MOJIy4nTCSsl SIBHO HECJIy4YaifHOE CJIOBO (M3 OJHHUX HYJIEH), HO MUMEET JIU CMBICII
CMpAlIMBATh, B KaKOW MMEHHO MOMEHT CJIOBO MEpEeCTaIo OBITh CiIydaiHbIM? Bpsg mm.

Boutee ectecTBeHHO onpe/ie/uTh Oehekm CiyuaiitHOCmu TBOUIHOTO CIOBA X KAK pas-
Hocth [(x) — KS (x). VcrioJib3yst 3Ty TEPMHUHOJIOIMIO, MOXHO CKa3aTh Tak: Teopema 2
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YIBEPKAACT, YTO Je(eKT CIyIaliHOCTH IIOYTH YTO HEOTPUIATEJIEH (He MEHBIIE HEKOTO-
POt KOHCTAHTHI), 4 TEOPEMA 5 TAPAHTUPYET, UTO JJI CJIYYAHO B3ATOrO CJIOBA JAHHOMN
JJAAHBL 7 (MBI CUMTAEM BCE CJIOBA JUIMHBI 11 PABHOBEPOSTHBIMUA) BEPOATHOCTH HMMETh
nedexr Gosbuie d He npesocxoaut 1/24.

Teneps 3axoH OOJBIIX YHCeT (YTBEPK/IAIONHIL, YTO Y OOJIBIIMHCTBA JBOUYHBIX CJIOB
JaHHOI JUIMHBL 71 J0JIs1 eAVHHL OJii3Ka K 1/2) MOXKHO IONBITAThCS NEPEBECTH HA SI3BIK
KOJIMOT'OPOBCKOH CJIOKHOCTH TaK: y JIIOOOTO CJI0BA C MaJIbIM Ae(EKTOM CJIy4aiiHOCTH
Josis equHuL Oamska K 1/2. U3 5T0ro «11epeBojay BhITEKAeT UCXOqHAas GOpMYJ/IPOBKaA
3aK0oHa (TIOCKOJIBKY MBI YK€ 3HAEM, 4TO CJIOBA C MaJbIM Je(PEKTOM CIIYYAHOCTH CO-
CTaBJIIIOT OOJIBIIMHCTBO); KaK MBI BIIOCJIC/ICTBUM yOEMMCSI, B HEKOTOPOM CMBICIIC DTH
(popMyJIMPOBKM PAaBHOCHJIBHBI.

Ecsin MBI XOTMM NIPOBECTU YETKYIO I'DAHMLlYy MEXy CJIyYalHbIMM M HECJ1y4YalHBIMU
OOBEKTAMH, MBI JIOJDKHBI OT KOHEYHBIX OOBEKTOB MIEPEUTH K OeCKOHEUHBIM. OIpe/iesieHre
CJTy9aliHOCTH /17151 OECKOHEYHBIX [IOCIIE/IOBATEIFHOCTEN HYJICH M CIMHUIT, JTAHHOE YUCHU-
koM KosiMoropoma msencknm matematnkom Maptua-JIédom, moapodHO 0OcyskmacTCs
Hamu B riase 3. Brnocnencrsuu JlesuH u LlIHOpp HalmM KpuTepuii CiyyaiftHOCTU B TEp-
MUHAX CJIO)KHOCTHU: TI0CJIEJOBATE/ILHOCTD CJIydaiiHa TOI/A M TOJIBKO TOr/a, Korza Jedexr
CJIy9ailHOCTH €€ HadaJbHBIX OoTpe3koB orpaHudeH. (IlpaBja, Hy>XHO HCIIOJIB30BaTh APY-
roif BAPHAHT KOJIMOTOPOBCKOM CJIONHOCTH, TaK HA3LIBACMYIO MOHOMOHHYIO CJIOXKHOCTE. )

Hesbruncomumocts KS n mapagokc beppn

[Ipeskie 4eM TOBOPUTH O IIPUMEHEHUIX KOJIMOTOPOBCKOM CJIOKHOCTH, CKQXKEM O IIpe-
[ISTCTBUU, ¢ KOTOPBIM CTAJIKUBACTCS JHOOOE TAKOE MPUMEHEHUe. YBbI, (pyHkimsa KS He-
BBIYMC/IMMA: HE CYIIECTBYET AJIrOPWUTMA, KOTOPHIA IO JAHHOMY CJIOBY X OIpEAesIseT
€r0 KOJIMOTOPOBCKYIO CJIOXKHOCTb. BoJjiee TOro, He CyleCTBYeT HUKAKONH HEeTPUBUAJIBHOM
(HEOI'DAaHUYECHHOI) BBIYMCJIUMOIM HUKHEN OLEHKU ISt KS, Kak nokasbiBaer CJIeAyIoLast
TeopeMa.

Teopema 6. [lycmv k — npousgonvnas (He 06si3amenvHo 800y onpedenéHHas)
soruucaumas ynkyus uz = 6 N. (Jpyeumu cnosamu, evruucasowuti e€ anzopumm
NPUMEHUM K HEKOMOpPbIM OB0UYHBIM COBAM U 0Aém 8 Kauecmae pe3yibmanos Hamy-
panvible yucna.) Ecnu k asnsemcs nuscheil oyenxoil 0nst KOIMO20pO8CKOil CNONCHOCMU
(mo ecmv k(x) < KS(x) ons mex x, dns komopwix k(x) onpedeneno), mo k oepamu-
YeHa: gce e€ 3HAUeHUs] HEe NPEedOCX00sim HEKOMOPOi KOHCMAHMBbL.

<« Jloka3aTebCTBO 3TOM TEOPEMBI MOBTOPSIET TAK HA3BIBAEMBIN «I1apafokc beppuy.
OT0T napaJjoKC COCTOUT B IIPE/JIOKEHUU PACCMOTPETH

HauMeHbvilee YUCI0, KOmopoe Heiv3st onpedenums ppasoii usz He bonee
yem mpuHaoyamu pyccKux Cioe.

Orta q)pasa KaK pa3 COACPNKUT TPUHAALATE CJIOB 1 ONPEACIIACT TO CaMO€ YMCJIO, KOTOPOE
HEJIb34 OIPEACJINTD, TAK UTO IOJIy4acTCA IPOTUBOPEUME.

CJ'IC,Z[yH 3TON ujee, 6yI{€M HUCKATh nepeoe nonasueecst odsouunroe C/l080, KOJIMO20-
POBCKAst CNOJNCHOCNb KOMOpOo20 bonviue HEeKomopozo N.C OJTHOM CTOPOHBI, 3TO CJIOBO
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10 TIOCTPOCHHIO MMEET CJIOKHOCTH OoJiblie [N, ¢ Ipyroil CTOPOHBI, MBI IIPABEIIN €r0 KO-
poTKoe ormcanve (OHO BKJIIOYaeT B cedst urcisio N, HO JUIMHA JIBOMYHOM 3arvicy ynciia N
ropazjo mensiie N). Ho kak uckarh 310 cjioBo? [l 3TOro-To U HY»XHA BBHIYMCJINMAS
HIDKHSISE OLIGHKA KOJIMOI'OPOBCKOM CJIOXKHOCTH.

Tepeitném k popMasibHOMY M3JIOKEHHMIO JoKazatesibeTBa. [lycth dyHkims k sBisier-
Cs1 BBIUMCJIMMON HIDKHEN OLICHKOIN KOJIMOTOPOBCKOM CJIOKHOCTU. PaccMoTpum (yHKLIMIO
B(N), aprymeHroM KOTOPOH siBJISIETCSI HaTypa/bHOE 4uCj0 N, BHIUMCIISIEMYIO CJIE/LY-
oM anropurMom: «Ilapasutesnsao Boramcsars k(0), k(1), k(2) ... 1o Tex mop, mmoka
HE OOHAPYKUTCSI HEKOTOPOE X, JIJIs KoToporo k(x) > N. IlepBoe u3 Takux x U Oyaer
Pe3yJIbTaToOM».

[MpeanooxnM, 9T0 BOIPEKU YTBEPKICHUIO TeopeMbl (DYHKIMS k He OrpaHddeHa.
Torma ¢yuxius B ompepenena it Bcex N, u k(B(N)) > N no nocrpoetuo. o
TMPEJIIOJIONKEHHIO k SIBJISIETCS HMDKHERH OLIGHKOM CiIoskHOCTH, Tak uyto 1 KS(B(N)) > N.
C npyroit cropousl, B(N) addekruBHO roydaercs: 1o JBOoMYHOMN 3anucu bin(N) uu-
cia N, mostomy

KS(B(N)) < KS(bin(N)) + 0(1) < I(bin(N)) + 0(1) <log, N + O(1)

(rIepBOE HEPABEHCTBO CJIE/IyeT U3 TeOopeMbl 3, a Bropoe — u3 teopemsr 2; O(1) 0bo3Ha-
4aeT orpaHuueHHoe cjaraemoe). [losyuaercs, 4ro

N< KS(B(N)) <log, N + 0(1),

Y10 TpH OOJIBIIIX N TIPUBOUT K IIPOTUBOPEUMIO. B

IIpuMeneHns KOJITMOTOPOBCKO# CJIOYKHOCTH

Hpemae BCETO OTOBOPUMCH: PCUb HOﬁHéT HE O TPAaKTUYCCKUX IIPUMEHECHHAX, a4 O
CBA3U KOIIMOFOpOBCKOfI CJIOXKHOCTU € JIPDYTUMU BOIIPOCAMU.

bpurBa Oxkkama. Hauném c Takoro guiiocockoro BoIpoca: 4To 3HAUWUT, YTO Te-
OpHSI XOPOIIO OOBSICHSET PEe3yjabTaTHl dKcrepuMenTa? [lycTe mMeeTcs Kakoi-To Habop
OKCIICPUMEHTAIBHBIX JAHHBIX M pa3HBIE TEOpUH, ero oObsacHsomue. Hampumep, skc-
MEPUMEHTAILHBIMI JAHHBIMU MOTYT OBITH TOJIOXCHMS IJIAHET HAa HeOecHOi cdepe. Mx
MOXHO 00bACHATH B Jyxe [lTosiemest, paccMaTpuBast 3MMLMKIIBL U AU HepeHTsl (1 BHOCS
JIOTIOJTHATEJIFHBIC TIOITPABKH ITPYA HEOOXOANMOCTH), @ MOYKHO CCBIJIATHCS Ha 3aKOHBI COBpE-
MCHHOI MexaHuky. Kak oOBSICHHTH, YeM COBpeMEHHas Teopus Jrydnie? MoXHO cKasath
TaK: COBPEMEHHAsI TEOPHSI ITO3BOJISIET BBIYMCIIATH ITOJIOXKEHHMS IUIAHET C TOH Ke (U Jaxke
JIydlleil) TOUHOCTBIO, MMEsT MEHBIIE MapaMeTPoB. YCJIOBHO roBops, AocTikeHue Kerute-
Pa COCTOMUT B TOM, UYTO OH Haiuéj 0oJiee KOPOTKOE ONMCAHUE AJIsS IKCIIEPUMEHTAJIbHbIX
JaHHbIX. CoBceM Ipy0o MOXKHO CKa3aTb, YTO IKCIEPUMEHTATOPHI MOJIYYalOT BOMYHBIC
CJIOBA, TIOCJIC 9ET0 TEOPETUKY HIYT /UL DTHX CJIOB KOPOTKUE ONMMCAHMS (M TEM CaMBIM
BEPXHYE OICHKW Ha CJIOXHOCTP), U JIyqllle TOT TEOPETUK, Y KOTOPOTO OIVCAHUE KOpode
(OLIEHKA MEHBIIIE).
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OTOT 10AX0 Ha3bIBAIOT MHOIZA «OpurBoil OKKaMay 110 uMeHH (uIocoda, KOTOPbIi
TOBOPIJI, 4TO HE CJIEAYyEeT MHOXWTH CYIIHOCTH 0Oe3 HeoOxoammocT. Hackosbko Takoe
TOJIKOBAaHHUE 000pua Obl cam OkkaMm, ckazaTe TpyzaHo. (MHoraa rosopst o MDL-nipus-
e, ot cjioB Minimal Description Length.)

MoxHO HCIOJIB30BaTh Ty ke UJelo B OoJsiee MpakTHYeckoi curyanuu. IlpencraBum
cebe, 4TO MBI COOMpacMCcsl aBTOMATHYECKU YATATh HaJIMCH HAa KOHBEPTAaxX U MILEM IIpa-
BIWJIO, OT/JE/IsIoLIee 300paXKeHus HyJlell 0T u3o0paxkeHuil equauil. (Bynem cuurars, 4ro
M300paKEHNE JITAHO B BUJIE MATPHIBI OMTOB, 3aIMCAHHON KaK JIBOMYHOE CJIOBO.) Y HAC
€CTh HECKOJIBKO THICSY OOPa3loB — KAPTUHOK, PO KOTOPBIE MBI 3HAEM, HYJIb 3TO WJIH
equauia. [To >TiM oOpasiiaM MBI XO0TUM c(hOPMYJIPOBATh KaKoe-TO PasyMHOE pasiesis-
olee npapmwio. Uro o3HadaeT B 3TOM KOHTEKCTE CJI0BO «pasyMHoe»? Ecim MBI mpocTo
NEPEYUC/IUM BCe 0OpasLibl TOI0 MMM APYToro THIIA, HOJIyYMTICs BIIOJHE AeficTByIOLIee
MPaBUJIO — JIEWCTBYIOIIEE IO TEX MOP, [I0KA HAM HE MPUHECYT HOBBIN 00pasel], — HO
OHO OyZIET CJIMLIKOM JIMHHBIM. ECTECTBEHHO CYMTATh, YTO PA3yMHOE MPABMUJIO IOJTK-
HO MMEThb KOPOTKOE OIIMCAHME, TO €CTh 10 BO3MOXHOCTHA MEHBIIYIO KOJIMOI'OPOBCKYIO
CJIOKHOCTD.

O0ocHoBaHue TeopuM BeposiTHOCTEN. Peub WAET HE 0 caMOil MATEMATUYECKOI TEO-
Y BEPOSITHOCTEN (KOTOPYIO MOKHO PAcCMATPHUBATH KaK YacTh TEOPUHM MEPHl M KOTOpast
He TpeOyeT HUKAKOro 0co00ro 000CHOBAHHS), 4 O MEXaHM3Me ITPUMEHEHHs] TEOPUU BEepo-
sarHocTelt. TlpencraBum cede, 4TO MBI OpOCaeM MOHETY THICSAYy pa3 (wu, 0oJiee peanu-
CTUYHO, TIPOBEPSIEM KaueCTBO CIICIMAIIBFHOTO DJICKTPOHHOIO JIATIMKA CJIyJalHBIX YHICET,
JIAIOIIETO TOCJICOBATEIFHOCTD HyJICH 1 ¢TMHMIT) . ECi MoJTy9uTest I0CJ1e/10BaTeIbHOCT
W3 THICSIYM HyJsel (mim riocaenosareasHocts 0101010101 .. 1), To MH couTéM, YTO Jat-
4y 1iox. Ho, cobcTBeHHO roBops, nodyemy?

YacTo roBOpST, YTO BEPOSTHOCTL CJIYYANHOrO IOSIBJICHUS TBHICSYM HYJICH HCUE3alo-
me Mana (papHa 27 1%99) ecym MoHera decTHas, ¥ TOTOMy THIIOTE3a YECTHON MOHETHI
otBepractcsi. C /Ipyroif CTOPOHBI, MBI K€ HE BCET/[a OpaKyeM /IaTYMK: BO3MOXHA Ta-
Kas ITIOCJICOBATCIBHOCTD ¢ U3 THICSAYM HYJIEW M €TUHUI, KOTOpas HE BBI3OBET y HAC
MPeTEH3MI K JATYMKy. 3aMETHM TEHephb, UTO BEPOSITHOCTH TOSBJICHHS IOCJICIOBATCIb-
HOCTM « TIPU OPOCAHMU YECTHOI MOHETHI Takxke pasHa 27 1°°° — rak nouemy xe Mbl B
ATOM CJIydae He BosMymiaeMcs? B uém pasHmiia Mexy MmociesoBaTeIbHOCTRIO M3 THICS-
Y1 HyJICH U TIOCIIETOBATEIRHOCTRIO ¢? ECTECTBEHHO yCMOTPETH ATy pasHUILy B TOM, 4TO
TIOCE/TOBATEIIFHOCTD M3 THICSYM HYJIEW MMEET MEHBIIYIO CJIOKHOCTD, 9eM Q.

Jloka3aTeJIbcTBO TeOpeM TEOPHH BeposiTHOcTeil. PaccMOTpyM B KadecTBe IpuMe-
Pa YCHJIEHHBI 3aKOH Oosblmx uyucesl. OH YTBEP)KAAET, UTO MOYTH BCE OECKOHEYHBIC
TIOCTETOBATEIFHOCTY HyJIell 1 eMHMIT (110 PaBHOMEPHO OEPHYJUIMEBON Mepe, COOTBET-
CTBYIONIEH HE3aBUCHMMBIM OPOCAHVISIM CHMMETPUYHOM MOHETHI) MMEIOT IIPe/iel YacTOTH
€/TMHMI], paBHBIA 1/2.

bosee moapodHo. O003HAUMM uepe3 {2 MHOXECTBO BCeX OSCKOHEUHBIX MOCJIE0BA-
TEJBHOCTEH HyJIel U eAuHUL. Ha 3TOM MHOKECTBE BBOAMTCS PABHOMEpPHAs! OCpHYJLIMEBA
Mepa. DTO JIeTaeTcsl Tak: JUIS KaK/0TO JIBOMYHOTO CIOBA X PACCMOTPUM MHOXECTBO {1,
BCeX OECKOHECUYHBIX TIPOMOJLKeHMi »Toro ciora. (Hampumep, Q) = €2.) Mepy MHOXe-
crBa {2, IIOJIOKAM PaBHOI 2~ 1) (Haripumep, mepa mHOXecTBa {201, COCTOSIIETO U3
HOCJIEA0BATEJIBHOCTEH, HaunHalonyxcst Ha 01, pasHa 1/4.)
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Z[IIH KOK/I0M IIOCJIEOBATCIIBHOCTA W = WoW{W3 - - . paccMOTpyM IIPEACII YaCTOThI
CIVHUII B HAYAJIBHBIX OTPE3KaX, TO €CTh TIPEAECJI

. wWotwpt ... t+wy
lim .

n—oo n

ToBopAT, 4TO MOCICAOBATEIBHOCTh YAOBJICTBOPSCT YCUNEHHOMY 3AKOHY OOMbWUX HU-
cel, €CIA STOT TpPeAesl CYIecTByeT W paBeH 1/2. Hampumep, mocieqoBaTesbHOCTD
010101 ... (c nepuosioM 2) eMy YAOBJIETBOPSET, a nocenoarepnocts 011011011 ...
(c mepuoioM 3) — HeT.

YCUICHHBIN 3aKOH OOJIBIIMX YKMCE/I TJIACUT, UYTO MHOXKECTBO TMOC/IEIOBATEILHOCTEM,
HE YJIOBJICTBOPSIOIIMX ITOMY 3aKOHY, UMeeT Mepy HyJib. HanomHum: MHoskectBo A C
UMeeT Mepy HyJIb, €CJM JUIS BCSIKOTO € > 0 MOXKHO YKa3aTh IOCJIETOBATEILHOCTD CJIOB
Xo, X1, X2, ..., JJISL KOTOpPOH

ACQ,UQ, UQ, U...

U CyMMa psijia
o7t gl opnlle)

(cocrosiero u3 Mep MHOXKeCTB €1, ) He LIPEBOCXOJUT €.

YcraeHHBI 3aK0H OOJIBIMAX 9MCET MOXKHO J0Ka3aTh C ITOMOIIBIO ajTOPUTMIYCCKOI
Teopyn UH(GOPMAITNX, UCTIONB3YS OHATUE CiIydaiHoi 1o Maptun-JIEdy rocieioBareiib-
HOCTU (O KOTOPOM MBI YK€ yHoMUHAJIM). Jloka3aTesbcTBO (CM. pasfesi §.4) COCTOUT U3
JByx vacreit. CHauaIa MBI TIOKa3BIBAEM, UTO BCAKAs ciydaiiHas no Maprtun-Jlédy nocie-
JOBATEJIHOCTb YJOBJIETBOPSIET 3TOMY 3aKOHY. JTO MOXKHO C/EJATh C UCIHOJIB30BAHMEM
kputepus ciiydaiHocTd Jlepuna — [[IHoppa (ecimmt Iipesies1 9acTOT He CYIECTBYET WU He
paseH 1/2, ToO HEKOTOPHIC HAYAJFHBIEC OTPE3KH MMEIOT CJIOKHOCTh MEHBIIE, YEM JI0JDKHO
OBITh TSI CJIyYaiHOHN IOCJIETOBAaTeIbHOCTH; cM. TeopeMy 90 Ha c. 166) Bropas gacts
JOKa3aTe/IbCTBA HOCUT OOLIMI XapakTep M HE 3ABUCHT OT TOTO, KaKOW 3aKOH TEOPUH
BEPOSITHOCTEN paccMarprBaeTcsa. MBI JOKA3bIBAEM, YTO MHOXKECTBO HECTyYalHBIX (IO
Maptus-JIédy) mocsenoBaTebHOCTEH MMeeT Mepy HyJib. Ilocse 3TOro MBI TOBOPHM,
YTO MHOXXECTBO ITOCJICTOBATEIBHOCTEH, HE YIOBJICTBOPSIONINX 3aKOHY OOJIBIIMX YHICET,
COZIEPYKUTCS. B MHOXKECTBE MEPHI HyJIb U IIOTOMY CaMO AMEET Mepy HYJIb.

[TonsaTre ciry4aiiHOM NMOCIEA0BATEILHOCTA UMEET W CAMOCTOATENILHBIN (HUITOCOGDCKUIA
untepec. B Havane XX Beka Puxapa (on Musec nmpeasioku1 MOJIOKUTb 5TO MOHSTHE
(on nasbiBas ero no-Hemenku Kollektiv) B ocHOBYy Teopuu BeposiTHOCTEH (B TO Bpems
emé He OBUIO MJEW paccMaTpUBaTh TCOPHIO BEPOSTHOCTEN B paMKax TCOPUM MEPHI).
IMoaxon Museca K OIIPeAEICHUIO CJIyYalHOI IOCIeA0BATEILHOCTA (OH CUMTAIT TJIABHBIM
CBOICTBOM TAK HA3BIBAEMYIO YCTOMUMBOCTb 9aCTOT») U €r0 COBPEMEHHBIE BAPUAHTHL MbI
paccmarpuBaeM B Iv1aBe 9.

HmKHHE OIIEHKW B TEOPHH BBHIYUCJHUTEJBHON CJ0KHOCTH. KoJIMOrOpOBCKast CIox-
HOCTb OKA3aJ1aCh TIOJIC3HBIM TEXHUYCCKUM CPEICTBOM JIJIS1 OKA3ATE/ILCTBA HIDKHUX Olle-
HOK B TCOPUM CJIOXHOCTU BBIUKCJICHMA. MBI ommiieM e€ IpHMeHeHWe Ha MOJIEIbHOM
TIpuMepe.

PaccMoTpuM cienyronyto 3aj1a4y: Ha JICHTE OIHOJICHTOYHOM MalMHbI ThIOpHHra Ha-
NICAHO HEKOTOPOE CJIOBO X JIMHBEI M. Tpefyercs CKOMMPOBAThH ITO CJIOBO CHPaBa OT
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HEro, TO €CTh MOIYYUTh Ha JieHTe cIoBo xx. C cepemuusl 1960-x To/10B H3BECTHO, YTO
5T0 TpebyeT BpeMeHH, TIPOTopLoHaIkHoTo n2. Tounee TOBOPS, MOKHO J0KA3aTh, 4TO
Jutst oGoi MaiuHbl ThiopuHra M, pemiaroomeit 3ty 3aj1ady Ul BCeX CJIOB X, HAAAETCs
TaKoe umucyio € > 0, 4ro AJis JIDOOTO 7 CYIIECTBYET CJIOBO X JJIMHBI 1, KONMPOBAHUE
xoToporo (¢ ToMompio M) JumTes obie en?.

NmeeTcs caemyroniee MHTYUTUBHOE OOBsICHeHME SToro hakrta. ManmHa TrropuHTa
AMEET OIPaHMYCHHOC YHMCIO BHYTPECHHHX COCTOSIHHIA, TO €CTh MOXET 3allOMHHTH (I10-
MIMO JICHTHI) OTpPaHMYEHHOE YMCJI0 OUTOB. KpoMe TOro, CKOpoCTh IepeIBIbKeHUA e
MO JICHTE OIPAHMYEHA: 34 OJVH IIAI OHA MOXET CMECTHThCSl He 0oJjiee ueM Ha OAHY
kjaeTKy. CJeoBaTe/bHO, CKOPOCTDh MEpeHOca MHGOPMALMK C MTOMOIBIO MAIIUHBI ThIO-
puHra (eTUHMIA VM3MEPEHUs: 6um - kiemka/ waz) orpaHmdeHa KOHCTAHTOM, 3aBHCSIICH
OT YMCJIA COCTOSIHUI MalIMHBI (IIPOIOPIMOHAIBHON Jorapugmy auciaa cocrosauit). Ko-
MMPOBAHKE CJIOBA X JUIMHBL 11 TPeOyeT MepeHoca n OMTOB MHGOPMAIH, COIEPKAIIXCS
B CJIOBE X, HAa PACCTOSIHUE B N KJIETOK, ¥ MOTOMY YMCJIO IIATOB MPOMOPLIMOHAJILHO 112

OTO paccyXAeHUE MOXKHO CACJATh BIOJHE CTPOTHM, MCHOJIB3YS MOHSATHE KOJIMOTO-
POBCKOI1 CIOKHOCTH. BUaHO cpa3y ke, YTO TPYAHBIMU /IS KOIMHPOBAHUS OyIyT CJIOBA,
cofiepKanivie MHOTO MH(popMarmy (CJI0KHOCTh KOTOPBIX OJIM3Ka K MakCIMyMy, TO €CTh
K n).

MpH1 paccMOTpHM STOT TIpuMep IojipodHee B paszfene 8.2 (c. 261).

KomOuHaTOpHDIA CMBICJI YTBEPKAEHUIA 0 CA0XKHOCTU. MBI IPUBEIEM OJMH IPUMED
Takoro poma (mogpoOree cM. riaBy 10, c. 348). CymrecTByeT HEpaBEHCTBO IS CJIOK-
HOCTeI TPEX CJIOB M MX KOMOWHALIMI:

2 KS (xyz) < KS(xy) + KS (x2) + KS(yz) + O(log n)

JUISL JIOOBIX TPEX CJIOB X, Y, Z JUIMHBI HE OOJIBLIE 71.

OKkasbIBaeTCs, YTO 3TO HEPABCHCTBO UMEET €CTECTBEHHBIC NHTEPIPETAIMH, B KOTOPBIX
0 CJIOKHOCTH Y€ HMYEro He TOBOPUTCS. B 4acTHOCTH, U3 HETrO MOXHO BBIBECTU TaKOM
reoMeTpuueckuil pakr [51].

[lycts umeercst T€10 B TPEXMEPHOM IPOCTPAHCTBE C IEPHEH/IMKYJISIPHBIMU OCSIMH
OX, OY u OZ, umeioniee 06péM V. PaccMOTpUM Tpu €ro OPTOTOHAJIBHBIE TIPOEKITAN
Ha wiockoctd OXY, OXZ u OYZ. Ilycts Sy, Sy 1 Sy, — IUIOMA/M STUX TIPOEKIIMIA.
Toraa uMeeT MeCTO TaKoe HEPABEHCTBO:

V2< Sy - S+ Sy

A BOT anreOpamdeckoe CJICICTBIE TOTO K¢ HEPABEHCTRA: JIJIS IIPOU3BOJIBHOM TPYIIIIHI
G u e€ noprpynnt X, Y u Z crpaBe/yiiBO HEPABEHCTBO
IXNnY|- | XnZ|-|YNnZ|
19

XNYnZzP=

(rae |H| obosHagaer 4mciio 2yeMeHTOB B rpymme H ).

Teopema o HenoJsiHOTe. [Tokaxkem, cienyst I'. UelituHy, Kak MOXKHO HCIOJIb30BATh
TeopeMy 6, UTOOBI TOKa3aTh M3BECTHYIO TeopeMy ['émesist o HermosnHoTte. JTa Teopema
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[JIACHT, YTO HE BCC WICTMHHBIC YTBEPKICHUS JTOCTATOYHO OOTATOMl MATEMATHYECKOH Te-
opru (CKaxkeM, (popMasIbHOM apr(METUKH WUIM TEOPHUM MHOXECTB) MOKHO JOKa3aTh B
STOI TEOPUH.

Bysem cuurarb, yTO B Hallel TEOPUM MOXHO 3armcarh yreepxjeHue KS(x) > n
IS JIOOOTO JIBOWYHOTO CJIOBA X W JI00OT0 HATypaibHOTO umcia n. (YTBep:KIIcHUE
KS (x) > n, mocTpoeHHoOe /IS JIAHHOTO CJIOBA X W JUIA JIAHHOTO YKMCNA N, TJIACUT, 4TO
BBIOpaHHBIA jAekomrpeccop D He maéT x HM HA KaKOM BXO/E JUIMHBL HE 0OJiee 115 ero
JIETKO 3ammcath B (popMasIbHOIM apudMeTHKe U TeM 0oJiee B TEOPUM MHOXKECTB. )

bynem nepedupats Bce (popMasbHBIC BBIBOJABI M UCKATh CPEIM HUX JOKA3aTEIbCTBA
yTBepkaennit Buma KS (x) > n (/U1 BCEBO3MOXHBIX CJIOB X U uuces n). Haiins takoe
YTBEPKACHNE, MBI CMOTPHM, KaKOBO B HEM 3HAUcHME n (9eM OHO OOJIBIe, TEM JIyd-
nre). Ecimm n mpeBOCXOmUT TIPeXXHUIT PEKOp/I, TO MBI 3a[IOMHMHAEM B TaOJIMIIE PEKOPIIOB
STO N W COOTBETCTBYIOIIEE €My 3HAUYEHHE X,. Tereph ecTh Be BO3MOXKHOCTH. JInbo Ta-
OJIMLIa PeKOpAAOB OyAeT pacTH HEOTPAHWYEHHO, JIMOO HAYMHAS C HEKOTOPOTO BPEMEHH
HOBBIX PEKOPJOB He Oyier U kakoe-1o yrsepxkienue KS(X) > N rtak u ocranercs He-
TIpeB30HIEHHBIM. Bo BTOpOM cilyyae IIEJIBI KJIACC MCTUHHBIX YTBEPKIICHUI, a UMECHHO,
BCE UCTHHHBIC yTBepxkjcHUs Bujia KS(x) > n npu n> N, SBISIOTCS HEJOKA3YEMBbI-
vu. (HarmomuHmm, 4TO 10 Teopeme 5 Takue MCTUHHBIE YTBEPXKIEHUs CYHMIECTBYIOT, W UX
OECKOHEYHO MHOIQ.)

B nepBoM ci1y4ae MBI IOJTyYUM BBIUMCJIUMYIO TTOCJIEIOBATEIBHOCTD CJIOB Xo, X1, X2 - - -
u uncen ny < m < m < ..., IJIS KOTOPHIX JoKazyeMbl yTBepskiaerus KS (x;) > n;.
MBI ipejioiaraeM, 4To B TCOPUM J[OKA3yEMBI JIMIIIb UCTUHHBIE YTBEPXKJICHUS, TaK 9T0 U
Bupasiay KS (x;) > n;. BRIOpocHB U3 3TOH [OCIEIOBATEIBHOCTU IOBTOPEHNUS CJIOB, MOK-
HO CYMTATh, YTO BCE X; PA3INYHBEI (KaX/I0€ CJIOBO MOXET BCTPEUYATHCS JIMIID KOHCUHOE
4UCIIO pa3, Tak Kak 7; — oo npu i — o). [locsie 3toro BeruucamuMas GyHkuus k, aag
KOTOPO k(x;) = n, 6y/:[eT HEOI'paHUYECHHOM HIDKHER OLIEHKON JJI KOJIMOIOPOBCKOM
CJIOKHOCTH, YTO MPOTHBOPEIUT TeopeMe 6.



1. HpOCTaH KOJIMOI'OPOBCKasa CJOXKHOCTb

1.1. OnpeneJieHde H OCHOBHBIE CBOMCTBa

HanomumM (1aHHOE BO BBEIICHWM) OIIPEIEICHUAE KOJIMOTOPOBCKOM CIOXHOCTH. JTOT
BapUAHT OIPE/IC/ICHAS CIOKHOCTH OB TIpe/iIoxKeH B cTathe Kommoropora [62]. UToOs
OTJIMYNUTh €T0 OT JPYTuX, ONPEACTCHHYI0 TaKMM O0OPA30M CJIOKHOCTh HA3BIBAIOT HPO-
Ccmoil, W1 00bIKHOBEHHOT, KOJIMOTOPOBCKOM CJIOKHOCTBIO. JIpyrue BB CJIOXHOCTH
(npeduKcHast, MOHOTOHHAs1) Oy/lyT pacCMAaTPUBATHCS, HAYMHASL C [JIABBI 4, TaK YTO I10OKA
MBI MOKEM TOBOPUTH O KOJIMOTOPOBCKOU CIIOXHOCTH (0€3 yTOUHSIONIECTO SIHTETa), He
OIIacasiCh 1Ty TAHWIIHI.

Cnocobom onucanus, ijm 0eKOMNPeccopoM, Mbl HA3bIBAJIN TIPOM3BOJIFHOE BRIYUC/IV-
MOe 4YacThyHOe oToOpaxkeHue [ M3 MHOXKECTBA JIBOMYHBIX CJIOB = B ceOst. (Burunciiu-
MocTh oToOpaxkeHust D o3Havyaer, 4ro eCTb ajJropuTM, KOTOPHIM IPUMEHUM K CJIOBAM U3
o0acTr ompeieicHns. oToOpakeHUs D M TOBKO K HUM; Pe3yJIbTaT MPUMEHCHUS ajro-
putMa K cioBy x ecth D(x).) Ecim D(y) = X, TOBOpSAT, UTO y SBIACTCS ONUCAHUEM X
npu cnocobe onucanusi D.

Jlis kakaoro criocoda ornucanust D Mbl ONpEIeIisieM CRONCHOCTb OMHOCUMENbHO
amozo cnocoba onucanust, noJiarast €€ paBHOM JIJIMHE KPaT4yailliero OnvucaHusl:

KSp(x) =min{l(y) | D(y) = x}.

ITpu 5TOM MUHMMYM ITyCTOTO MHOXKECTBA CUMTAETCsl PABHBIM oo,

ToBopsit, uro criocod orvcanust Dy ne xyowce criocoba onvcanust Dy, ecsin Haluagrcs
Takast KOHCTaHTa ¢, u9To KSp, (x) < KSp,(x) + ¢ s Beex cyo x. (Kparkast 3armice:
KS p, (x) < KSp,(x) + O(1).)

Croco0 oImcaHus HA3bIBAIOT ONMUMATbHBIM, €CIIA OH He XyKe JIF00O0T0 JIPYroro Co-
coba ormmcanms. Teopema Kommoroposa —CoJiomonoBa (c. 10) yTBep:kaaeT, 4To cylie-
CTBYIOT ONTUMAJIBHBIC CIOCOOBI ormmcaHus. EE moka3aTesbeTBO (MOAPOOHO M3JIONEHHOE
BO BBEJCHMU) IIPOXOAUT TaK. BpibepeM Kakoi-/1M00 yHMBEPCAJIbHBIN SI3BIK IIPOIPAMMU-
posarua. [lycts U — wmTepmperatop 3Toro seika: U(p, x) ecTh pesysbTaT paboThI
TIPOrpaMMBbl p Ha BXOjie X (IIporpaMMa M BXOJl — JTBOMYHBIC CJIOBA). Jlamee MBI ojiaraeMm

D(px) = U(p, x),

IJie BEIYUCIUMOE OTOOPAXKEHHE p — P BHIOPAHO TAK, YTOOBI IO CIIOBY P MOXHO OBLIO
OIIPEJICJIUTh P, 4 TAKKE MECTO, Iyie P KoHdaercs. (B »ToM cilyuyae ClioBO p He MOKET
OBbITh HAYAJIOM CJIOBA § TIPU P 7 ¢, ¥ OTO CBOACTBO I'apaHTUPYET, YTO [ KOPPEKTHO
onpenesieno.) Torga s juoboro criocoba ormcanus D' umeem

KSp(x) <KSp(x) +1(p),

23
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Il p — IporpaMma, COOTBETCTBYIOMad croco0y ormcanus D’. (B camoM nelte, ecim
¥ €CTb ONKUCAHUE X OTHOCUTEJILHO D', T0 Py ecTb onmcanue X OTHOCHTENbHO D.)

MsI (prKcHpyeM HEKOTOPBIN ONTHMAJIBHEIN CIIOCOO OMUCAHUS U CJIOXKHOCTb CJIOBA X
OTHOCHTEJIBHO DTOro criocoba ormcanust obo3Hayaem KS(x) (6e3 mnjiekca). B nepsoii
crathe Kommoroposa [62] ucrosb3oBasioch obosHadeHre K (x); Bo Bropoit [63] Ta ke
BeJmurHa oOo3Hauamach H (x). Ceiidac B aHIVIOS3BIYHOM JINTEepaType HAMOOJIee 9acTo
ucroibzyercst odosuadenue C(x).

CpaBHeHue OITHMAJIFHOTO CII0co0a OITUCAHUSI C TOX/IECTBEHHBIM (IIPH KOTOPOM CJIO-
BO fBJISETCSI CBOMM COOCTBEHHBIM OMUCAHUEM) MOKA3LBAaeT, 4yto KS(x) < I1(x) + O(1)
(c. 13).

CpaBHHBAsS OIITUMAITBHBII CIIOCO0 ormcanus D co ciocobom y — A(D(y)), e A —
MIPOM3BOJIbHAST BhumcmMast GhyHKims, HaxoquM, 910 KS (A(x)) < KS (x) + O(1) (me-
BO3PACTAHUE CJIOKHOCTU IIPU AJITOPUTMUYESCKUX IIPEoOpa3oBaHusx, c. 13).

[MocsieiHee CBOWMCTBO TO3BOJISIET 'OBOPUTh HE TOJIBKO O CJIOXHOCTH CJIOB, HO M O
CJIOHOCTH APYI'MX «KOHCTPYKTUBHBIX OOBEKTOB» (HATYPAJIbHBIX UMCEJI, PALIMOHAIBHBIX
qrcesl, MePeCTAHOBOK, KOHEUHBIX MHOXKECTB CJIOB U T.IL.) — JIOOBIX OOBEKTOB, KOTO-
phIe MOKHO €CTECTBEHHBIM 0OPA30M 3aKOMPOBATh JBOMYHBIMU CJIOBAMU. A UMEHHO, MBI
OLIPEJIEIISIEM CIIOKHOCTh OOBEKTA KAK CJIOKHOCTh KOJMPYIONIEro CJIOBA IPU HEKOTOPOM
(O/IHO3HAYHOM BBHIYMCIMMOM) KOJIMPOBAHHU.

[MosicHuM Ccka3aHHOE Ha NMPUMEPE HATYPaIbHBIX urces. HarypaibHoe unucio n Mox-
HO 3aI11MCaTh B JBOWYHOM CUCTEME — IIOJYYUTCsl JBOMYHOE CJIOBO. MOXHO BHIOparh u
JPYTOii cocod TPEeICTABJICHAS HATYPAJBHBIX YKCeJ JIBOMYHBIMU clioBamu. Harpumep,
MOKHO 34IMCATh JBOUYHBIC CJIOBA TOJPS/ (B MOPSJIKE BOSPACTAHUS JIJIMH U B JICKCUKO-
rpadUICCKOM TOPSJIKE JIsE CJIOB OJTHOM JIJIHHBI):

A,0,1,00,01,10,11, 000,001, 010,011, 100, . ..

U COTMOCTABUTH UX (B OTOM MOPsAJAKE) ¢ HATypaJbHbiMK unciamu 0,1, 2, 3, . .. (Takoe oTo-
IECTBJICHNE YACTO YAOOHO, MOCKOJIbKY, B OTJIMYME OT ABOUYHON 3AIIUCH, OHO SIBJISCTCS
B3AVIMHO OTHO3HAYHBIM). HakoHerr, HaTypajbHOe 9rCiIo 71 MO>KHO M300pakaTh CJIOBOM 13
n equHAI. Tak BOT, Kakoil OB M3 DTHX CIIOCOOOB HY BHIOPATH /IS ONIPE/ICICHIS CIIOKHO-
CTW HATYPAJIBHBIX YHICEJI, MBI TIOJIyYnM (PYHKIMH CIOKHOCTH, OTIMYAONAECS He OoJiee
9YeM Ha KOHCTaHTy. B camMoM jeJie, CyLIeCTBYIOT ajrOPUTMBI, TICPEBO/ISIINIE HATYPATLHEBIC
YUCJIa W3 OIHOH 3alUCU B APYIYIO, a MPUMEHCHUE AJITOPUTMA YBEJIMUYMBACT CJIOKHOCTD
He 0oJIee 4eM Ha KOHCTAHTY.

3amMeTHM, 9TO KOJIMOTOPOBCKASI CJIOKHOCTh M TaK OHpe/eJieHa ¢ TOYHOCTHIO 10 Orpa-
HUYECHHOTO CJIaraeMoro, Tak 4TO JIOHNOJHUTEIHBIA IPOM3BOJI TAKOTO POJa HAM HE CTpa-
TIeH.

OTmeTnM emé, 4TO JBOMYHAS 3AMHCh HATYPAJIBHOTO YMCIA 711 UMeeT JUMHY logn +
+ O(1), 1 noToMy ero CJIOKHOCTb TaKKe He npesocxoaur logn + O(1). (3aech, Hano-
MHUM, log 0603HAYaeT MBOWYIHKIN JIOTapra(M. )

Jlpyroe mpocToe IpUMEHEHNE CBOMCTBA HEBO3PACTAHII CJIOKHOCTH IIPU AT OPUTMI-
YECKHUX IIPe0OPA30BaHMAX: ITOKKEM, YTO /I00aBICHUEC WM yJAJICHHE HYJIS WIN €/UHU-
[l B KOHIIE CJIOBA MEHSIET €ro CJIOXKHOCTh He 0oJiee ueM Ha KOHCTaHTy. B camom nere,
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dyrinm x — x0, x — x1, a Takke QYHKIMS, YIAIMIONAS TOCJICHII OUT CJIOBA, BHI-
YKCJIAMBI.

Pazymeercs, TO e caMoe BEPHO JJis j100aB/ieHus Oura B Hauajie cjioBa. Ho msmene-
Hye OUTa B IPOU3BOJILHOM MECTE CJIOBA MOXKET M3MEHUTH €10 CJOKHOCTb 0OJIEe YEM Ha
KOHCTaHTy. Harmpumep, ecii CJI0BO COCTOMT 13 2" HyJIe, TO €ro CIOKHOCTh He GOJIBIIE
KS(n)+ 0(1) <logn + O(1). 3amMeHuB k-1 Hy/b Ha equamty (pu k =1,2,...,2"),
MBI TIOJTy9UM 2" PasiIMUHbIX CJIOB, IIOPTOMY CJIOKHOCTD XOTsI OBl OJHOTO U3 HUX HE MCHb-
we 7. (Kak mbl Bujesm Ha ¢. 16, YHC/IO CJIOB CJOKHOCTH MEHDIIE 11 HE IPEBOCXOAUT
4KCsIa BCEX ONKCAHMI JIJIMHBL MEHBIIE 71 U [IOTOMY MeHbile 2".)

[MpubGapienye eMHAIB K HATypabHoMy aucity n MenseT KS(n) ue Gojee ueM Ha
KOHCTAHTY, TaK 9TO CJOKHOCTh, paccCMaTpUBacMasi Kak (DyHKIIUS HATYPaJIbHOTO apryMeH-
Ta, 00magaetr «cpoicreoM Jlummmiay (910 3uaunt, yro |[KS(m) — KS(n)| < ¢|m — n|
JJISL HEKOTOPOT'O € U JIOOBIX HATYPAJIbHBIX YKCEJ M W ).

Joxaskure GoJjiee cuibHoe HepaseHcTpo: |KS (m) — KS(n)| < |m — n| + ¢ (nna
HekoToporo ¢ u s Beex m, n € N) u paxe |KS(m) — KS(n)| <2log|m — n| + ¢
(upu m # n).

BepuéMmcst Kk yTBepKJICHMIO O TOM, 4TO umcio cioB x ¢ KS(x) < n mensiie 2".
3amMeTrM, YTO B OTOM YTBEPX/ICHUM HET HUKAKUX KOHCTAHT (4TO HECKOJIbKO HEOOBIYHO).
Ho Bcé paBHO 3aBHCHMOCTB OT BBIOOPA ONTUMAJIBHOIO CIIOCO0A OMHCAHMS B HEM HESBHO
TIPUCYTCTBYET: €CJIM MBI 3aMEHUM O[IMH CIT0CO0 OIMCAHWS HA JIPYTO#l, TO KOJIMICCTBO
CJIOB CJIOKHOCTM MEHBINE 7 TO-TIPeXXHEMY OyaeT MeHble 2", HO 3T0 OyAayT Jpyrue
cJiopa!

Iokaxxute, 4TO UKCJIO CJIOB CJIOKHOCTY MCHBILE N 3aKJIIOUCHO Mexay 2" ¢ m
2" (Ipu HEKOTOPOM C M BCeX n). [Yka3aHue: O BepxHell oleHke 2" M yske TOBOPWIIH,
a HIDKHSIS BHITEKaeT 3 Toro, uro K (x) < /(x) 4+ ¢ 1Ipu HEKOTOPOM C U IOTOMY BCe
CJIOBA JIJIMHBI MEHBIIE 71 — € AMEIOT CJIOKHOCTh MEHBIIE 71.]

[Moxaxxure, 9TO YKUCJIO CJIOB CJIOKHOCTU POBHO 1 HE IIPEBOCXOIUT 2", HO JIJIS HEKO-
TOPBIX CIIOCOOOB OMHCAHMST MOXKET OBITh CHJIBHO MEHbIIE (HAIIPHIMEDP, TAKUX CJIOB MOJKET
He ObITh BOBCE [JIs1 OECKOHEYHO MHOTUX 7). [YKazaHue: MoAu(UUMPYEM ONTHUMAJIBHBIHA
cnoco® ormcanus, 100asus O uian 11 Ko BCEM OIMCAHMSIM U C/EJIAB UX JJIMHY YETHOM.]

[Mokaxkure, 4TO cpeaHEe apu(PMETHUECKOE CIIOKHOCTEN BCEX CJIOB JIMHBL 71 PABHO
n+ O(1). [Ykazanue: psn Y. k/ 2k cxomuTest, a M0JIs CIIOB JUTHEL 1, CIIOKHOCTD KOTOPBIX
paBHa n — k, paBHa mpuMepHo 2 K]

Iponomxkas 3Ty TeMy (CBSI3b OLICHOK CJIOKHOCTHU C OLICHKAMH KOJIYECTBA), JOKAKEM
TaKOE BAOKHOE YTBEPK/CHNUE:

Teopema 7. (a) Mnoocecmsa S, = {x | KS (x) < n} obpasyiom nepewucnumoe ce-
Mmeticmeo, npuuém |S,| < 2" npu ecex n. (3decy |Sy| — uucno snemenmos 8 mHoduce-
cmee S,.)

®) Eciu 'V, (n=0,1,2,...) — nepeuucnumoe cemeiicmao MHONICECM8, NPUYEM
| Va] < 2" npu ecex n, mo natioémcs maxoe ¢, umo KS(x) < n+ ¢ ons woboz0 n u
ons mobo2o x € V,.

[MosicHAM, 9TO TaKOE TIEPEUMCIAMOE CEMENCTBO MHOKECTB. [OBOPSAT, UTO MHOXKECTBO
(CJI0B, HATYPAJIBHBIX YKCEJI MJIA UHBIX KOHCTPYKTUBHBIX OOBEKTOB) NEPEUUCHUMO, ECIH
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CYIIECTBYET aJTOPUTM, KOTOPBI ITOPO’KAAET DIIEMEHTHI 3TOI0 MHOXKECTBA (IIporpaMma,
MeYATAIONIAs UX OJMH U3 J[PYTVM, BO3MOXHO C TIepephIBaMH, M HUKOT/[a HE OCTAHABJIMBA-
tomasicst). [ToBTopeHus paspemaloTcsi (HO 3TO HE BAXKHO, TAK KAK MOXHO BBIUYCPKUBATH
HOBTOPSIIOLIMECS DJIEMEHTHI.) EC/IM MHOXECTBO KOHEUHO, 1IPOIPaMMa MOXET C HEKOTOPO-
T'0 MOMEHTA HIYETO HE MevaTath (XOTs HabIofaTe b He Y3HAeT, HACTYIIHII DTOT MOMEHT
WIA HET).

Hanpumep, MHOKECTBO BCEX 71, IIPH KOTOPHIX B JIGCSTUYHOM PA3IOKEHMM \/2 BCTpe-
YaeTCsl POBHO 1 JIEBSITOK IOJPSI/, [IEPEYUCIMMO. [lepeuncIsiomumii ero ajiropuTM Takos:
BHIUMCIIAEM TIOCTIE/I0BATE ThHBIE TA(PE UACTa /2; KaK TOJHKO BCTPETHIIACH TPYTITIA 13
n JIeBATOK TOJPSI/, OKPYXEHHAs He-/IeBATKAMH, II€9ATacM N1 ¥ IIPOIobKaeM paboTy.

[MepeunciammocTth cemeiicTBa MHOKeCTB V), o3HauaeT (110 ONpeesieHUIo), YTO MHO-
sectBo map {(n, x) | x € V,} nepeuncaumo. Ito, Booblie ropopsi, 60Jiee CHITbHOE CBOII-
CTBO, YEM IIEPEUUCIIMMOCTD KaX/[010 U3 MHOKecTB V). Ecim cemeiicTBO liepeunciiumo,
TO K&X/I0€ W3 MHOXECTB ITepedrciinMo (0TOMpaeM Maphl C JTAaHHBIM IIEPBHIM WICHOM),
HO 00parHOE, BOOOIIE TOBOps, HeBepHO. Hamprmep, ecim Bce MHOXecTBa V), KOHCUHBI
(kaK y HAC), TO BCE OHM IIEPEUYNCIIMBI, HO 3TO HE TaPAHTHPYET IIEPEUNCIIMOCTH CEMEH-
ctBa. (MOXHO HPOBEPUTH, UTO NEPEYHUCIMMOCTH CEMENCTBA PABHOCHU/IBHA BO3MOXHOCTH
10 1 JITOPUTMUYECKH 110J1y4aTh airopurM, rnepeducisiommii V,.) O noHstun niepeyn-
CJIMIMOTO MHOXXECTBAa MOXKHO TIPOYECTh B JIIOOOM YYeOHMKE 110 TCOPUM BBHIUMCIMMOCTH,
HarpuMmep, B [173].

<« [MokaskeM, 4TO MHOKECTBO IIap
{(n,x) | x € Sp} ={(nx)| KS(x) < n}

(TIepBBIMM KOMIIOHEHTAMH TIAp SIBJISIOTCS HATYpaJIbHBIC YKC/IA, BTOPHIMA — JIBOMYHBIE
csioBa) nepeuncinmo. B camom jaedie, nycrh ) — ONTUMAJILHBIN CIIOCOO ONMCAHMS, UC-
HOJIB30BaHHBIA 1P omnpeneeHn KS. byznem mapasuienbHo 3amyckate D Ha Bcex JBo-
WYHBIX CJIOBAX, JieJlass BCE OOJIblIe IIATOB HAa KAXJOM CJIOBE M BOBJICKas BCE HOBBIC U
HOBbIe cioBa. (Hampumep, Ha k-M STare MBI IPOBOJHM IO k MIATOB BEIMUCIICHUS JIJIS
MIEPBBIX k JIBOMYHBIX CJIOB.) Kak TOJIBKO OJTHO M3 IPOBOJMMBIX BBIYMCIICHUI 3aKAHYMBA-
ercsl u oOHapyxuBaercs, 4o D(y) = X, nepeuncsioninii AJITOPUTM BBLAAET HA BBIXOJ
napy (I(y) +1,x) (B caMmOM JieJie, Mbl YCTAHOBHJIM, YTO CJIOHOCTH CJIOBA X MEHbILE
I(y) + 1, nockojibky 310 c/10BO mmeer otmcanue y). llocie roro oH Bbyiaér napel
(I(y) +2,x), {I(y) +3,x) ... (epeays ux ¢ IPYIUMH [IAPaMHU, KOTOPHIE HYXKHO BBI-
J1aTh).

JLJ1s1 3HAKOMBIX C TEOpHEH AJITOPUTMOB BCE 3TO OOBSICHEHME MOXKHO 3aMECHUThH OTHOM
CTPOYKOI

KS(x)y<n & FJy d@)<nAD@y)=x)

(MHOXKECTBO B MPaBOil YacTH MEPEUMCIINMO, TaK Kak Ipaduk BeMucIMMOi (yaximm D
TIEPEUNCIINM, 2 MIEPECeUYCHNE W TPOCKIUS COXPAHSIOT MEePEUNCIIMOCTD).

Bosee conepxatebHO oOpaTHOE yTBepskaeHHe. IlycTh mMeeTcs mepeuncimMoe ce-
MECTBO KOHCUHBIX MEPEYNCIMMBIX MHOXECTB V,, ipmaém | V| < 2. TlocTpoum criocod
ommcanus Dy cieyiomumM o0pazoM. 3ape3epBUpYeM CJIOBA JIIMHBI 71 /1L OIIACAHUS DJIe-
MeHTOB MHOxectBa V,. MMenno, Oynem cuutath k- B JieKCUKOrpahMyecKOM MOpsi/Ke
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CJIOBO JUUIMHBL N OIUCAHUEM Kk-TO BiieMeHTa MHOXKeCTBA V), (B HOPS/IKE TOSIBJICHUS HJie-
MEHTOB MHOKeCTBa V), mipu nepeunciiennn). [Tockoseky | V,| < 2", c/ioB 1/mHbI 1 XBa-
AT (ECTECTBEHHO, [TPY [IOBTOPHOM IOSBJICHUM CJIOBA B [IEPEUUCIICHUM MbI HE BBIJIEJISIEM
HOBOr0O onucanus). llocTpoenHsblit TakuM o0pazoM croco® omucanust Dy Oyaer Bbruu-
cmMbIM. B camom fere, 94ToOb BramcauTh Dy (y), MBI HAXOIUM TOPSIIKOBHIT HOMEP
crioBa y cpenu Beex ciioB Jumnbl [ (y). Tlycts o pasen k. IMociie 3TOro Mbl 3aIycka-
€M AITOPUTM, IEPEUUCIISIONINI MHOKECTBO Iap (71, X), Y KOTOPBIX X € V,, u oxuaeM
HOSIBJICHUs. kK Pa3MYHBIX Tap, MepBas KOMIIOHEHTa KOTOpbIX pasHa [(y). Bropas kom-
NOHEHTA nocseHei u3 Hux u oyner Dy ().

[o ompeaenermo KS p, (x) < n g modoro x € V,. CpaBHuBas croco6 omvicaHus
Dy ¢ onTUMaIbHBIM, HaXOAKUM, 4TO HAMAETCA Takoe ¢, 4ro KS (x) < n + ¢ 1i1g modoro
x € V,. Teopema 7 mokazana. »

VHTYVNTUBHBII CMBICJI TOKA3aHHOM TOJIBKO UTO TEOPEMBI MOXHO OOBSICHUThH TAK: OHA
TOBOPHUT, YTO YTBEPXK/ICHUSA «OOBEKTOB ONPEACJEHHOIO BU/A MAIO» (MEHBIIE 21) 1 «00b-
€KTBl DTOr0 BH/Ia IIPOCTH (MMEIOT CJIOKHOCTh MEHBIIIE {) PAaBHOCWIBHBI, €CJIA MBI Pac-
CMATPUBAEM IIEPECUMCIMMBIE CEMEHCTBA U M3MEPSIEM CJIOKHOCTh C TOYHOCTHIO JIO aJIJTU-
THRHOM KOHCTAHTHI (2 9YHCJIO0 DJIEMEHTOB — C TOYHOCTBIO /IO MYJITHILIMKATHBHOIN).

DTy ke TeopeMy MOXHO chopMy/IMpoBaTh B Apyrux tepmuHax. [lycts Gynxums f(x)
OMpe/e/ICHA HA BCEX JIBOMYHBIX CJIOBAX U MPUHUMACT B KAYCCTBE 3HAUCHHI HATYPAJIbHBIC
YICTIa, 4 TAKKE CIICIAATHHBIN CUMBOJT +co. OYHKITHSA f HA3BIBACTCS nepeutciumoll ceep-
Xy, €CII CyMIeCTBYIOT Bhiuncmmas byukiwms (x, k) — F(x, k), onpenenéunas 1is Beex
CJIOB X W BCEX HATYPAJIBHBIX 4uces k, JIJISL KOTOPOit

Fx,OZFx,D=2F(x2)>...

(o) = lim Fx, k).

IIpU BCeX X. 3HaYeHUsIMH (pyHKIMM F Takke MOTYT OBITh HATYypaJbHBIC UHCHa U oo,
Harnm TpeGoBaHusi rapaHTHPYIOT, 4TO 1pH JiodoM k 3Hauenue F(x, k) siByisiercs BepxHe
oueHkoi st f(x). Dra oleHKa yTouHsercst ¢ pocroM k. Ilpu kax/aoM x 31a OUEHKA
B KaKOW-TO MOMEHT CTaHOBUTCSI TOYHOM, HO KOIJ]A MMEHHO, Mbl MOXEM HE 3Harh (ec/u
€CTh aJITOPUTM, YKA3BIBAIOIIMA STOT MOMEHT, TO (DYHKIMSA f BBHIYUCIAMA).

Besikast BprapicimMas (hyHKIHS TIEPEUIMCIIAMA CBEPXY.

HecutosxHo nipoBepuTh, uTO (PyHKIMS [ TIepevnciiMa cBepXy Torja v TOJIbKO TOIa,
KOI'/Ia MHOYECTBO

Gy ={{x.n) |/ (x) < n},

Ha3pIBacMoe MHOINA «Ha/ArpabukoMy GyHKImM [, nepeaucammo. (ITo oObACHIET He-
CKOJIPKO CTPaHHOEC HA3BAHHE «IICPEUHCIIMAS CBEPXY».)

Yoemumcs B oToM. Ecom pyHKIMSA f mepevncimMa cBepxy M £/ — COOTBETCTBYIOIIAs
(yHKIMS BYX apryMeHTOB, TO

fx)y<n & 3k F(x, k) <n

[Mosromy, Boruuciisas F(x, k) mapajuiesibHO Ui BeeX X U k, MBI MOXEM IEepPedrciIsaTh
MHOXECTBO Gy. OOpaTHO, €CIM MBI MOXEM IepeduncaaTh mMuoxkectso Gy, 1o F(X, k)



28 1. Ilpocmas Konmo20po&ckasi CnojicHOCMy

MOKHO OIIPEIe/INTh KaK HAMIYUIIYIO BEPXHIOI OIECHKY /I f, KOTOPYIO MBI MOXKeM J1aTh
nocsie k 1maros mepeunciienus MHoxectBa Gy. (B xozme 3TOro mepeunciieHus MH ycCTa-
HaB/MBaeM, 4to [ (x) < 1 /151 HEKOTOPHIX X M 1, TEM CAMBIM I10JIy4asi BEPXHHUE OLICHKH
Jutst 3HaYeHust [ (X) 1Py HEKOTOPBIX X; JIJIsl OCTAJIBHBIX X MbI nosiaraeM F(x, k) = 4-o0.)

Teriepp MBI MOXEM TIepehOPMYJIUPOBATH TOJIBKO UTO JOKA3AHHYIO TeopeMy 7 clie/ly-
OIIM 00pa3oM:

Teopema 8. (a) @yuryust KS nepeuucnuma ceepxy, npuuém |{x | KS(x) < n}| <
< 2" npu ecex n.

(6) Ecnu ¢hynkyus K nepeuucnuma ceepxy u |{x| K (x) < n}| < 2" npu ecex n,
mo nauoémcs maxoe ¢, yumo KS (x) < K(x) + ¢ ons ecex x.

OT™METHM, UTO B TYHKTE (0) DTOM TEOPEMBI MOXKHO OCJIA0UTH OIEHKY W HAIICATH,
aro [{x | K(x) < n}|=0@2").

TakuM 00pa3soM, KOJIMOTOPOBCKYIO CJIOKHOCTh MOXKHO OIPEICIUTh KAK MUHAMAJIb-
HyIO (C TOYHOCTBIO [0 KOHCTAHTBI) MEPEUMCIMMYIO CBepXy (pyHxumio K, s KOTOPOii
x| K(x) < n}| =00@".

MoskHO czesiath €mé OiuH mar U u30aBUTHCS OT TPEOOBAHMSI MUHUMAJIBHOCTH, IOJIY-
9HB CJIEYIONIEE KAKCHOMATHYECKOEY OIIPe/Ie/ICHIAE KOJIMOTOPOBCKON CIIOKHOCTH [148].

Teopema 9. [lycmv K — ¢hynkyusi ¢ HamypanvHviMu 3HAQYeHUsAMU, onpeoenénHast
Ha ecex 08ouyHblx cnosax. llycmy npu smom:

(a) K nepeuwucnuma cgepxy; [akcMoMa MepeUYNUCIUMOCTH]

(6) Ons 060l svivuCIUMOl PYyHKYUU A, apeyMEHMAMU U 3HAYEHUAMU KOMOPOl
asns0mest 080uyHble €06, 8binonHeHo Hepasercmso K (A(x)) < K(x) + ¢ npu ne-
KOmopom ¢ u 8cex x, Oist kKomopwix A(x) onpedeneno; [AKCMOMA HEBO3PACTAHUS CIIOXK-
HOCTH]

(B) Konuuecmeo cnog x, onsa komopwix K (x) < n, saxkmouero meacoy 2" y 2"+
npu HEKOMOPwIX C1, C; U Npu écex n. [aKkcoMa KaIMOpPOBKY]

Tozoa K (x) = KS (x) + O(1) (Opysumu ciosamu, paznocme K (x) — KS (x) oepa-
HUuYeHa ¢ 0beux CMOPOH KOHCMAHMAMU, He 3A8UCSUUMU OM X).

<« Ipenpirymas Teopema mokassiBaet, uro KS(x) < K(x) + O(1). Ocraéres noka-
3aTh, yTo K (x) < KS(x) + O(1).

Jlemma 1. Cywecmayem Koncmanma ¢ u 8bIMUCAUMAS NOC€008AMETLHOCMb KO-
HEUHBIX MHOMCECME O080UYHDBIX C/IO8

MycMyCM,C...

(2080pst 0 GbIUCAUMOCTU, Mbl UMEEM 8 8UJY, UMO MHOMNCECMBO 3A0AEMCsi CNUCKOM
c8oux snemeHmos), 8 komopoii M; codepscum posHo 2% cnoe u K(x) <i+c onsa
scex snemenmog x € M; (npu nrobom i).

Hokazamenscmeo. CpoiictBo (B) yHkimm K rapaHtupyer, 9ro MHOKECTBO A; =
={x| K(x) < i+ c} conepxur ne metee 2 3j1eMeHTOB (IIPH HEKOTOPOM C, HATIPUMED
¢ = ¢, 1 npu Beex ). CBOICTBO (a) TapaHTUPYET, YTO CeMEHCTBO MHOXKeECTB A; mepe-
yncmo. EC/ oCcTaBUTh OT MHOKECTBA A; TOJTBKO 27 2J1eMEHTOB, KOTOPHIE TIOABJISIOTCS
TIpY TIEPEYNC/IeHIY TIEPBHIMU, TO TIOJYUUTCS MHOXKECTBO B, KOTOPOE COAEPXKUT POBHO 2°
271eMeHTOB. I1py 5TOM CIMCOK JIEMEHTOB MHOXKECTBA B; MOXKHO IOy YUTh AJITOPUTMHIC-
CKU 10 i (JI0%/IaBINCh NOSIBJIEHUs 2! 3JIEMEHTOB TIPU NEPEUNC/IEHUN MHOKeCTBa A; —
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HAIIA TIPEIIOJIOKECHIS TAPAHTUPYIOT, UTO DTO 00s3aTeIbHO TTpom3oieT). [lpapma, MHO-
’ecTBa B; He 00s3aHBI BO3PACcTaTh C POCTOM i, HO PTO MOKHO WCIPABUTh, OIPE/ICJIHB
M; wnpykruBHo. Mmenno, My nonaraem paBubiM By, a M, ectb oOvequnenue M; c
2! snementamu B;q, He Bxomamumu B M;. Jlemma 1 gokasasa.

Jlemma 2. Cywecmayem xoncmanma c, npu komopoit K (x) < 1(x) + ¢ ons 106020
cnosa x (nanomuum, 1(x) — Onuma cnosa x ).

Joxasamenvcmeo. PaccmoTpum mHOXecTBa M; w3 mpenpimymieit temMsl. Paccmo-
TPUM BBIYUCJIUMYIO (DYHKIMIO A, KOTOpast OlpesiesieHa Ha 00be/IMHCHUN BCEX MHOXKECTB
M; v oroGpaskaet M1\ M; Ha MHOXeCTBO Bcex C1oB JUTMHEHI i . (B MHO)ecTBe M; 11\ M;
Kak pa3 2/ CJIOB, TAK YTO €ro MOXHO B3AMMHO OIHO3HAYHO OTOOPA3MTh HA CJIOBA JUIH-
wel i.) [To ycnosmo (6) mbr 3HaeMm, arto K (A(y)) < K(¥) + ¢’ npu uexkotopom ¢’ u
Beex x. [lpmMensist 5T0 cBOMCTBO st y € M;y1 \ M;, Haxommm, uro K(x) < i+ ¢
J71sL JTI00OTO CJIoBa X JUIMHBL [ (IIpH BCeX i W IPU HEKOTOPOM C, HE 3aBHUCAINEM OT i).
Jlemma 2 mokasana.

Temeps yke JIETKO 3aBEPIIUTH JIOKA3aTEILCTBO TeopeMbl. [lycte D — omrmMais-
HBII croco0 omvicanms. Ecom p — kpaTdaifiiee ormcanwe Ui ciaoBa x, To K(x) =
=KWD(p)H <K@+ 0Q)<I(p)+ 0(1) = KS(x) + O(1). (Takum 00Opa3oM, MBI
JIBAX /BT VICTIOJIB30BAJIM CBOMCTBO (0): OIMH pa3 MpH J0KA3aTEIBCTBE JIEMMBI 2 M BTOPOIt
Pa3 TOJIBKO YTO, IIPUMCHSIS €r0 K BbIYMCIAUMOI dyHkuuu D.) »

E Iokaxkute, 4TO €CJIM B KAYECTBE OMMCAHMIN KCIIOJB30BATh CJIOBA B YETHIPEXOY-
KBEHHOM ayi(paBuTe (CKaXKeM, KOHEUHBIE 11ocieoBarebHoctd uudp 0, 1,2, 3), To cinox-
HOCTH (M3MepsieMast KaK JJIMHA KPaTJaillero oIvcaHist) Oy/IeT paBHA II0JIOBUHE OOBIIHO
(C TOYHOCTBIO [I0 AJJAUTHBHON KOHCTAHTEI).

(ITponomkenue.) ChopMyMpyiTe U TOKKUTE aHAJIOTUYHOE YTBEPXKACHUE IS
n-0yKBeHHOTo ajipasura.

@ Iycrs f: N — N — Bciosty onpe/ei€HHasi BblYMC/IMMasl Bo3pacraomasi QyHk-
T, mpuaeM liminf f(n 4+ 1)/ f(n) > 1. Jokaxute, 9ro ecit A, — HepedncInMoe
CEMEHCTBO KOHEYHBIX MHOXKECTB, IIPUYEM UUCIIO SJIEMEHTOB B A, He npeBocxouT f(n)
IIPU BCEX 71, TO HAWIETCS Takasg KoHcTaHTa ¢, uto KS (x) <log f(n) + ¢ nis moboro
n v g Juoooro x € A,.

IMokaxkute, 4TO MpU HEKOTOPOM C AJIS BCAKOTO CJA0BA X JIIOOOHM JJIMHBI N1 Cylie-
CTBYET CJIOBO ¥ TOM %€ JUIMHBI, OTJIMYAoIIeecst OT X He 0oJiee YeM B OJTHOM TIO3VITIH, JJIs
kotoporo KS(y) < n —logn + c. [Ykasanue. [Ipu n = 2k _ 1 MOHO B3Th B KAUCCTBE
¥ KOJIOBOE CJIOBO KoJla XeMMuHra. Ecim 4uciao n He uMeeT BHUJA 2k 1, [IPUMEHSIEM
Te K€ PACCYKIEHUS K UacTh X' CJIOBA X, UMEIOLIEN YA00HYIO (M 10CTATOYHO GOJIBINYIO)
JUIMHY.]

1.2. AJTOpHTMHYECKHE CBOMCTBa

Kak mbr Busiesm, GyHkIms KS aBiseTcs IepedrcIIMOl CBepXy, HO He SIBJICTCS BbI-
YUICJIMMOM 1 JI’Ke HE MMEET BBIUMCJIMMBIX HEOT DAHICHHBIX HIDKHIX OIIEHOK (Teopema 6,
c. 17).
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3amMeTM, 9TO U3 DTOrO BBITCKACT, UTO HUKAKOH ONTHUMAJIBHBIN CHOCOO ONMCAHMS
HE SIBJISIETCSI BCIOJY OMPEJCJEHHBIM (MMEIOTCS CJIOBA, HE SIBJISIONINAECS OMICAHWSMU).
B camoMm zesie, ecsim Obl ONTMMAJIBHBIA CIIOCO0 omucaHust D Obul BCIOy ONpenesieH,
TO Mbl MOIJIM Obl Bhruncuth KS p(x), NpocTo neperpoboBaB BCE ONMCAHUS B HOPSL/KE
BO3PACTaHUS IAH (/IO HAXOKACHVS KpaTJaiIero).

Ilpr 3TOM BO3HMKAET CJlelyIOmuii JIIOOONBITHEIN Mapagokc. C TOUKM 3pEHUs OMNTH-
MQJIBHOCTU HAJIMYUE CJIOB, HE SIBJISIOIIMXCS OIMCAHUSMU, SIBHO HEBHIIOAHO. B camom
nene, ec D(y) He ompeiesieHO, MOXHO PaccCMOTPETh APYroil croco6 ormcanmst D,
1 kotoporo D'(y) paBHO HEKOTOPOMY CJIOBY Z, a B octambiom D' cosmamaer ¢ D.
ITpu 3ameHe D Ha D’ CJI0KHOCTD CJIOBA Z MOKET YMEHBIIUTHCS, 4 CJIOKHOCTh OCTAJIBHBIX
CJIOB HE M3MEHUTCS. TeM He MeHee /ISl ONTHUMAJIBHOTO CHOCO0a ONMMCAHUS BCETAA €CTh
CJI0Ba, HA KOTOPBIX OH HE OIpe/iesieH!

®opMaIBHOTO MPOTUBOPEUMST TYT HET (Takoe JAOOMPEACJCHHUE COXPAHSCT BBIYMCIIV-
MOCTb, JIMIIb €CJIM €r0 CAEIATh B OJHOW TOUKE WM B KOHEYHOM YUCJE TOYEK), HO
Ha0Jro1eHue D10 Jo0oLbITHO (ero caesan 0. Y. Manul B cBoeill KHKKe « Boruuciimmoe
¥ HEBBUUCIIMOEY [94] — TO¥ caMoii, B KOTOPOIt OH 00CY>K/1aT BOSMO’KHOCTH KBaHTOBBIX
KOMITBIOTEPOB 33/I0JIT0 /IO TOTO, KaK MX HA49aJld M3Y9aTh).

Orcroma ciaemyeT, 910 00JaCTh ONMpEAeICHHUST ONTHMAIBHOTO CIIOC00a OIMMCAHUS He
MOKET OBITH Pa3peNMMBIM MHOXECTBOM. (MHOKECTBO CJIOB HA3BIBACTCSI pA3PEUUMbIM,
€CJIM €CTh AITOPUTM, KOTOPBIH 10 JTIOOOMY CJIOBY BBISICHSIET, IPHHA/ICKUT JIA OHO STOMY
MHOXeCTBY.) B camoMm feste, ecam OBl CyIIECTBOBAJI aJTOPUTM, BBISICHSIIONINI, OMpesie-
JeHo yiu D(x) mwiu Her, To D MOXHO ObL10 OBI IPOJOJIKUTDL JO BCIOAY OLPee/EHHOIO
OITUMAJILHOTO CIIocoba ommcaHus (MoJIoKUB, ckakeM D(x) = 0 miIg TeX TOYek, I7e
D(x) 6pu10 HeompeneaEHHBIM).

Tem cambIM MBI NOCTPOWJIM AJITOPUTM C HEPA3PELIMMOI OOJIACTBIO ONPEAE/ICHUS
(3TO — LIEHTpaJIbHBINA (DAKT TEOPUM AJTOPUTMOB, CM., HaripuMmep, [173]).

BooOmie noHsTHE KOJMOIOPOBCKOM CJIOYKHOCTU MPEACTAB/ISIET UHTEPEC C TOYKU 3pe-
HUsL O0LIEH Teopry aJIrOPUTMOB. B 110C/Ie/1HME 1'0/(bl U3YUYEHHE DTUX CBSI3EH /1aJI0 MHOXE-
CTBO MHTEPECHBIX (M TPYJHBIX) PE3yIBTaTOB, O KOTOPHIX MOXKHO IPOYeCTh B [125, 36].
MEI € pacCMOTPUM TOJIBKO /[BAa BOIIPOCA TaKOI'O pojia — O IMPOCTOTE MHOXKECTBA IIPO-
CTBHIX CJIOB M O CJIOKHOCTH OOJIBIIINX YHCEJI.

1.2.1. IlpocTbie CJ10Ba U NPOCTbIE MHOYKECTBA

CJ10BO «TIpOCTHIE» B OTOM pasaejic OyJeT MMETh COBEPLICHHO PA3HBIC 3HAUCHMS B
IPUMEHEHMU K CJIOBAM M MHOXKECTBaM. [0BOPsI O IIPOCTBIX CJIOBAaX, Mbl OylIeM MMETbh
B BUZly CJIOBa MAJIOK KOJIMOIOPOBCKOM CJIOKHOCTH. ITOHSITHE ke IIPOCTOrO MHOXECTBa,
KOTOPOE€ MBI OyZIEM HCIIOJIb30BaTh, BBEJCHO aMEPUKAHCKUM JIOTMKoM OmwieM IlocroMm u
HMKAaKOI'0 OTHOLIEHHUS K KOJIMOTOPOBCKO CJIOKHOCTU He uMeeT. (TpyziHO paxke ckasaTb,
noueMy ObLT BBIODAH TAKOM TEPMUH.)

Onpe;le.lleﬂne. HCPG‘II/ICIII/IMOC MHOXECTBO A ABJIAETCS npocmsim (B cmeicie Tlo-
CTa), €CJIM €10 JOITOJIHCHUE 66CKOH€‘IHO, HO HE COAECPKUT OCCKOHEYHOTO MEPEUNCIINMOTO
TIOAMHOKECCTBA.

BysiemM Ha3bIBaTh CJIOBO X «IPOCTBIMY», ecin KS (x) < 1(x)/2.
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Teopema 10. Muoosicecmao acex «npocmuvix» Cll08 S6IseMCsl NPOCMbIM 8 CMblCTe
Tocma.

<« MHOXeCTBO S BCEX «IIPOCTBIX» CJIOB IEPEYHCIINIMO, TIOCKOIBKY (pyHKIMS KS BbI-
4rC/IMMa CBepXy (MCITOJIB3ys BeE Oosiee M Gosiee TOUHBIC BEPXHHE OLICHKH, MBI PAHO WJIH
MO3HO CMOXEM OOHAPYKUTH M MEPCUUCTIUTh JII000E KIIPOCTOE» CJIOBO).

Kax MBI 3HAEM, UMCIIO CJIOB CJIO)HOCTH MeHee n/2 He npesocxomut 22, Tlostomy
CpeAd CJIOB [JIUHBI N «IIPOCTBIC» CJIOBA COCTABJSIIOT (HHYTOXHOE) MEHBIIMHCTBO, TaK
YTO JIOHOJTHCHUE K MHOXKECTBY S OECKOHEUHO.

Moxer Jiu JIOMOJIHEHUE K MHOKECTBY S MMETh OSCKOHEYHOE MEPEeUrCIMMOE IO/ IMHO-
skectBo? Her. TIpemmonoskiM, 9o Takoe HOOMHOKECTBO C CYIIECTBYET, U IOKKEM, UTO
¢dysxig KS mMeeT HeOrpaHITYCHHYIO BBHIUMCIMMYO HIDKHIOIO OIIEHKY. B camoM jee,
9TOOBI HAITH CJIOBO CJIOXKHOCTH OOJIBIIE 7, IOCTATOYHO IIepeYnciiaTh MHOKecTBO C, TI0-
Ka He OOHApYXUTCsI CJIOBO C; JUTMHBI Ooutbliie 21, Takoe csioBo Haiaércs, nockostbky C
OECKOHEUYHO; 3TO CJI0BO JOIKHO MMETh CJIOKHOCTD OOJIBLIE {, MHAYe OHO ObLIO OBI «IIpO-
CTBIM». MOXHO CUMTaTh, YTO BCE C; PA3/IM4HBbl (OTOPAKOBBIBASI Y€ HCIIOJIb30BAHHBIC
ciosa). Torma ¢yHKIWS, paBHas ! Ha CJOBE Cy, Oy/AET BBIYMCIMMON HEOT PAaHUICHHOM
HIKHEH oreHkoit it KS, a Takoe HEBO3MOKHO 110 Teopeme 6 (c. 17). »

3ameTM, 4TO B ATOM TeopeMa rpanuria [(x)/2 BHIOpaHa NPOU3BOJIBHO: C TEM Ke
yCIIeXOM MOXKHO OBbUTIO OBl HA3bIBATH CJIOBO «IIPOCThIM», eciu KS(x) < I(x) — 1 (wimn,
ckaxeMm, KS (x) <loglogl(x)).

1.2.2. CJ0KHOCTDH GOJIBIIFIX YHCEJT

byaem pacemarpusath ciaokHOcTh KS (m) Kak (PyHKIMIO HATYPAJBHOTO 4uciIa 11,
OTOX/ICCTRJISISI KAK/I0€ JABOMYHOE CJIOBO C €T0 TOPSIAKOBBIM HOMEPOM. JIETKO TIOHSITH,
uro npenest KS(m) npu m — co paBeH OSCKOHEUHOCTH, TaK KaK JIs JIOOOro ¢ JIHILb
KOHEYHOE YKCJIO OOBEKTOB MOTYT MMETDH CJIOXHOCTb MeHblue ¢. Ho 310 crpemiyicHue K
OECKOHEYHOCTH HE SBJSETCS D(D(EKTUBHO BBHIUMCIMMBIM: HET aJTOPUTMa, KOTOPHIA 110
JAHHOMY YHCIIy 1 yKas3hIBaJI Obl TO N, HauMHAast ¢ KOTOPOTO KOJIMOTOPOBCKask CIIOKHOCTh
CTaHOBUTCS OoJiblie 1. (MBI yOEWUIICh B 3TOM, KOI7Ia TOBOPIJIM O BBIYMCJIMMBIX HIDKHIX
ouenxax mus KS, em. ¢. 17.)

B 3ToM paszesie MBI M3YYMM BOIIPOC O CKOpOCTH cTpeMiieHus1 KS K OECKOHEYHOCTH
6osiee nogpodHo. st 3Toro, ciaedys Yeirtnny [21], paccMoTpuM (PyHKLHIO

B(n) =max{m e N| KS(m) < n}

(mauboJIplilee WHICIIO, CJIOKHOCTh KOTOPOTO HE IPEBOCXOAUT 7). DTy (PYHKIMIO MOXHO
HA3BaTh «PEryjsTopoM cxogumoctu» KS(m) — co npu m — oo, nockobky K(x) > n
npu x > B(n). (GopMajabHO roBops, st MaJIBIX 3HAYEHUI N MOXET OKA3aTbCs, UTO
KS (m) > n npn mo6oM HaTypaJbHOM m. B 5ToM cilydae MOKHO CUMTATh, HAIIPHMEp,
uyro B(n) = —1.)

OyHKIIIO B MOXKHO Ha3BaTh B KAKOM-TO CMBIC/Ie o0paTHOi k GyHKmm KS> (N) =
=min{KS(m) | m > N}. 3nasenne KS>(N) MOXHO MHTEpIPETUPOBATH KaK CJIOK-
HOCTB 3a7Ia9M «yKa3aTh KaKoe-JIMOo WHciio, He MeHplree Ny, Oynkrmsa KS > mennenno
pactér, npuHMMas 3HayeHue n Ha yuactke (B(n — 1), B(n)].
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KS(m),

n+lrp-------

n—1f--- :
|
|
|

B(n—1) B(n)=Bn+1)

Puc. 1.1. K onpenesiernio ¢ynkuun B: B Touke m = B(n — 1) 3HavyeHue (pyHk-
uu KS He npeBocxoaut n — 1 (Ha PUCYHKE TIOKa3aH CJy4yail paBeHCTBA), a BCIOY
npasee oHO Gouibiie 7 — 1. B Touke m = B(n) 3uavenune Gynkumu KS ne mnpe-
BOCXO/IMT n (TIOKAa3aH CJIyYail paBeHCTBA), a TpaBee OHO GoJibllie 71 (Ha PUCYHKe
MOKA3aH CJIy4Yail, Koraa oHO faaxe Oosibine 1 + 1, u nosromy B(n + 1) = B(n)).
Ilpu m € (B(n — 1), B(n)] 3nauenue KS 5 (m) pasHO n.

Mennennsiit poct KS'> cooTBeTcTByeT OBICTpoMy pocTy ¢yakmm B. O GwlcTpoTe
pocTa B TOBOPUT Takoil POCTOii (hakKT.

Teopema 11. Ilycms [ — npouseonvHas @ulMucaumas QYHKYUs ¢ HAMypaabHbl-
Mmu apeymenmamu u 3Havenusmu. Toeda B(n) > f(n) ons ecex n, Kpome KoHeuHO20
yucna.

(Bamerum, uro Mbl He Tpebyem, uroObl [ (n) Obulo orpeseseHo npu Beex 7. Toso-
pUTCS JIHIIb, YTO IS TeX JOCTATOUHO OOJIBIIAX N, TIPU KOTOPHIX f (1) ompenesieHo,
BBHIIOJIHEHO HepaBeHCTRO B(n) > f(n).)

<« AJIropuTMHYECKOe [IPEOOPA30BAHKE HE YBEJIUYMBAET CJIOKHOCTH, TIOITOMY
KS(f(n)<KS()+01)<logn+c

JUTS HEKOTOPOTO C U IS BCEX M, TIPU KOTOPhIX f(n) ompeaesicHo. C Apyroi CTOPOHDI,
f(n) > B(n) sueu€r KS(f(n)) > n (1o oupenesienmio pyukuuu B). Ilosyyaercsi, uyro
JUTSL TAKWAX 3HAYEHUIA 71 BHITIOJHSIOTCS HEPABEHCTBA

n< KS(f(n)) <logn+c,

9TO BO3MOXKHO JIMIIL JIJII KOHEYHOT'O 4YKCJia 3HAYCHU 1. B

Onpeaenenue B(n) MoxxHO nepedopMy/MpoBaTh Tak: MyCTh ) — ONTUMAJIbHBII
CHOCOO OIMCAHMSA, UCIIOJIBb30BAHHBINA IIPU OIPEICJICHUU CJIOXKHOCTH; Toraa B(n) ecrts
MaKCHMaJIbHOe 3HaucHve [ Ha Bcex cI0BaxX JUIMHEL He OOJIBIIE 71

B(n) =max{D(x) | I(x) < n}.

HarnoMHmMM, 4TO MBI OTOXKAECTBJISICM CJIOBA C HATYPAJIbHBIMYA YKMCJIAMA M CUATAEM, 4TO
3HaueHUAMH D ABJISIOTCS HaTypaJIbHble unciia. I1py 3ToM MakCMyM IIyCTOro MHOXKECTBa
CJIEZlyeT CUATATh PABHBIM — 1.
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Moxnao BMecTo D paccMOTpeTh JIIOOYI0 BHYMC/IMMYIO (YHKIMIO d, apryMeHTaMu
KOTOPOU SBJISIIOTCS CJIOBA, @ SHAYEHUSIMU — HATYPAJIbHBIE UMCJIA, U PACCMOTPETH (DYHK-
LUIO

By(n) =max{d(x) | I(x) < nud(x) onpenencHo}.

PaccmaTtpuBaemas namu QyHKUMs B sBiisercss HauOOJIBLICH CPEIM HUX B CJISAYIOLIEM
CMBICJIE:

Teopema 12. Jlus ecsikoii (hynxyun d Hailoémes maxas KOHCMAHMA ¢, 4Mo
By(n) < B(n+c)

npu ecex n.

<« B camom gene, sHadeHue d (xx) Ha CIOBe X JITMHBI He OoJee 1 UMEET CII0KHOCTh
He Oosiee n + ¢ AJI1 HEKOTOPOH KOHCTAHTHI C, TIOCKOJIBKY NPUMEHEHUE BBIYMCJIMMOM
dyHkimu d yBeMumBaeT CJI0XHOCTH He Oosiee yeM Ha KoHcTaHty, a KS (x) < n 4+ O0(1).
Hpyrmvu cioBamu, d (x) — OHO W3 UHCEJI, CIOXHOCTh KOTOPHIX He Gouiblle n + ¢, U
HeE IIPEBOCXOJUT HAUOOJIBIIET0 TAKOTO YKC)Ia. b

OT10 (TpUBHAJIBHOE) HAOMIOICHE OKAKETCA HaM ITOJIC3HBIM B TaKOM YaCTHOM CJIy-
vae. [lycte M — HekoTOpEBIl aIroput™. MBI FOBOPUM, YTO yMeeM pellaTh npodaemy
0CManoBKU JIJist JIroput™Ma M U Kakoro-To MHOXECTBA BXOJHBIX CJIOB, €CJIH 110 JI0O0MY
BXOJTHOMY CJIOBY X U3 3TOTO MHOYXECTBA MBI MOKEM OIPENIC/IUTh, OCTAHABIMBACTCS JIA
M na x WM He 0CTAaHABJIMBAECTCH.

Kitaccmaecknit pesysibTaT TCOpPHUM aJTOPUTMOB (C KOTOPOTO HAYAJIACH 3TA TEOPHs)
COCTOMT B TOM, UTO ]Il HEKOTOPHIX aJATOPUTMOB IIPOOJeMa OCTAaHOBKH (IS JAHHOTO
aJITOPUTMA U IIPOM3BOJIBHOTO BXO/a) HEpa3pelMa.

Hac ceftgac Oymer mHTepecoBaTh 3Ta IpodjaeMa JUTA CJIOB OTPAHMYCHHOM JIJIMHEL.
Wrak, nycts ¢ukcuposan aaroputm M. PaccmorpuM GyHKIMIO ¢(X), KOTOpas eCTh Bpe-
mst pabotsl aaropurMa M Ha ciioe x. (Ecsim asropurm M He ocraHaB/IMBaeTCst HA AaH-
HOM X, TO {(X) HE OLIPEJIeJICHO, TaK YT0 00J1acTh Olpe/iesieHus [ COBIIa/[aeT ¢ 00J1aCTbIo
omnpenesieans anroputMa M .) Torma B, (n) ects HaubosIbIIIee BpeMsl pabOTH aJITOPUTMA
M wna cioBax gyHel He 6ojiee n. 3Hasg unciio B;(n) win jmodoe GOJIBIIEE €r0 YHCJIO,
MBI MOXEM pelliaTh NMpodemMy OCTAHOBKM /ISl MammHb M ¥ o6oro BXoga X [JIMHBI
He GoJsiee n1: HAJ0 MOJMK/ATH YKA3aHHOE BPEMsI; €CJIM aJITOPUTM HE OCTAHOBUJICS 33 DTO
BpEMsl, TO OH HE OCTAaHOBUTCS HUKOIJIA.

Kak mbl Bunesn, B¢(n) < B(n + ¢) aus Hekoroporo ¢ (3aBucsiiero or M), u
sHas B(n + ¢) wm mo6oe OoJblllee YUCIO, MBI MOXKEM PEIIaTh MPOOJIeMy OCTAHOBKH
s Manmesl M BxofoB JUmHEL He 6ojice n. ChopMynanpyeM 5To 3aMedaHue B BUIC
TEOPEMHI:

Teopema 13. /[ns acsakozo ancopumma M naiioémcest koncmanma ¢ u anreopumm
A, Komoputii no obomy n u no mobomy uucny t> B(n + ¢) evldaém cnucox ecex
C108 Onunsl He bonee n, HA Komopwix aneopumm M ocmanasnueaemcs.

o3y TpauiioHHyT0 ISt TEOPHUHN AJITOPUTMOB TEPMUHOJIOTHIO, MOSKHO CKa3aTh,
YTO COTJIACHO 3TO TeopeMe MpodIieMa OCTAHOBKY AJIsI CJIOB JIIMHBI He OoJiee 1 c800umcsi
K 3a71a4e OTBICKAHUs 4yKcJia, OoJibiiero B(n + ¢).
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Ecrm B xagectBe M B34Th ONTHMAIIBHBIA jieKoMIpeccop ), To BepHO M 0OpaTHOE
yTBEPK/ICHHE: 3HAsSE N W yMesl peniath NpobJjeMy OCTaHOBKMA D juisi CJIOB JUIMHBI He
0osiee n, MBI MOXEM COCTABUTH CITUCOK BCEX CJIOB CJIOKHOCTU He 00J1ee 11 U TeM CaMBIM
orpesiesinth B (n). 3amerum, 4to juis peneHus 11poGsieMbl OCTAaHOBKH JUIsl CJIOB [IJIMHBI
He 6oJiee 71 TOCTaTOYHO yKasaTh (TIOMUMO 1) 9WCJIO CJIOB TakOW JUIMHBI, HA KOTOPHIX D
OCTaHABJIMBACTCA.

OTO0 pacCy»/JIeHHEe MOXHO ITPOJO/DKUTH, JOKA3aB TAKOE YTBEPKACHHE!

Teopema 14. [lycme BB(n) — maxcumansvroe 8pemsi pabomsl onmumManbHo20 de-
KomMnpeccopa Ha ciogax onuHvl He bonee n. Tozoa

BB(n)<B(n+c¢) u Bn)<BB(n+c)

ons HEKOmMopo2o ¢ U ecex n.

<« Yucsio BB (n) umeer ciaoxHocTh He Oosiee n 4+ O(1), MOCKOJIbKY MOXET ObITH
MOJIYYECHO 10 N U CaMOMY J0JITO 00padaThIBAcMOMY OIMCAHUIO X JUJIMHBL He Oojee 7.
Jta mHpOpPMAIII MOKET OBITH 3AICAaHAa B OJJTHOM CJIOBE JUIMHH 11 + 1, a IMEHHO, CJIOBe
0...01x (B mawane crost n — [(x) nyiueir). [lostomy BB(n) < B(n + ¢) /Ui HeKo-
TOpPOTO C | BCEX 1.

C 1pyroi CTOpPOHbI, HOKAKEM, UTO Jj1st Jitoboro ¢ > BB (n) ero cioxHocts k = KS (1)
He Menbie n — O(1). B camom Jiesie, BO3bMEM OIMUCAHUE U YUCIA ¢, UMeloliee JUTAHY K.
3Hasg u ¥ 1, MOXKHO AJITOPUTMITYECKY TIOJIyIUTh CIIOBO CJIOKHOCTH OoJiblie 1. s 3TOTO0
MBI BOCCTAHABJIMBAEM ! U SKJEM { IIATOB /ISl KAXKJIO0T0 OIMCAHKS JUJIMHEL He 0oJiee A.
Tak Mbl 0OHAPYXMM BCE CJIOBA CJIOKHOCTH He Oosiee 11, a 3aTeM BO3bMEM [IEpBOE CJIOBO,
He nonasiee B mx uucio. CieJoBaTelibHO, JUISL 33JIaHUsl U W N HYXKHO HE MEHbIIEe
n — O(1) 6utoB. A MexIy TeM UX MOXHO 3amath k + O(log(n — k)) Ouramm, ecim
K CAMOOI'PDAHMYCHHOMY OIMMCAHUIO 4Mc/ia n — k tpurmcars u. OTCiofa 1ojydaeM, 4ro
k+ O(og(n —k)) >n—0Q1), tak ato (n — k) — O(log(n — k)) < O1)nun—k <
<O). »

OrTa Teopema ITOKasblBaeT, 4TO (YHKIIIO B MOXHO IpHMEpHO (C TOYHOCTHIO 0
O(1)-n00aBkM B apryMcHTEC) OXapaKTCPH30BaTh KaK «BpeMs 0OpabOTKHM caMoro Tpy.-
HOI'0 BXOJa» OFpaHI/I‘{CHHOﬁ JJIVMHEL. POﬂCTBeHHaH KOHCTPYKLMS TIOSABJISAJIACh B TECOPUA
CJIOXKHOCTH BBIYMCJIeHUIT Tox uMeHeM busy beaver function (B uecTb «TpyIOTIOOMBBIX
600poB»). TouHee, Tam [JIs1 JAHHOTO 1 PACCMATPUBAJIACH MALMHA THIOPUHIA C 1 COCTO-
STHVSIMU 11 TByXOYKBEHHBIM aJIhaBUTOM (€WHMIIA U TIPOOEIT), KOTOpas OCTAHABIIMBACTCSI
Ha IIyCTOM BXOJ¢, HaredaTaB MaKCHMAIIBHO BO3MOXKHOE UHCTIO CIMHMI (He 0OsA3aTeIBHO
TOJPSIA) .

Boo01ue MOXKHO CKazarh, Yo 3HAHUE JI000I0 U3 culeylolux 00beKToB (a TakXKe 3Ha-
YeHWS [TapaMeTpa 7n1) MO3BOJISICT HAMTH JIo00# ApyToil (BOSMOXHO, ISl 9yTh MEHBIIETO
SHAYECHUS 11):

(a) CIIMCOK BCeX CJIOB CJIONHOCTH He 00JIee 11 ¢ YKA3aHUEM UX CJIOKHOCTEH;

(6) 4YMCJIO TAKUX CJIOB;

(B) 3Hauenme B(n);

(r) smauenvie BB (n);
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(1) cImcok Bcex CJIOB JIIMHBL He OoJiee 1, HA KOTOPBIX OIpPEACIIEH ONTAMABHBIN
JeKoMITpeccop («IIpodsieMa OCTAHOBKID ONITHMAJIRHOTO JIEKOMITPECCOPa Ha COBAX JJIAHEI
He OoJiee n);

(&) 49MCcJI0 TAKUX CJIOB;

(&) campIil 10JT0 0OpPAdATHIBAECMBIN ONTUMAJIFHBIM JEKOMIIPECCOPOM BXOA [JIMHBI HE
OoJiee n;

(k) Tabma T, B KOTOPO¥ yKa3aHbI 3HAYeHUS CIOKHOCTH KS (X) /T BCeX CIIOB X
JUTAHBL 1}

(3) mepBoe B CJIOBAPHOM IIOPSAKE CJIOBO <Y, AJIMHBI 71, FIMEIONIEE CJIOKHOCTh HE
metHee n (HANIOMHMM, YTO TAKOE CYLIECTBYET, TaKk Kak umcjio cioB x ¢ KS(x) < n
MeHbIEe 2").

Bonee TouHO, MMeeT MecTo ciaeAyiomas Teopema:

Teopema 15. Bce nepeuucnennsie 06vekmot umerom cnosichocno n + O(1) u sxeu-
eajienmubl Opy2 Opyzy 6 ciedyrouem mouHom cmeicie: nycme X, u Y, — obdvexmul,
YKa3auHble 8 KaKux-aubo ogyx nynkmax u3 yucia (a) —(3). To20a naiioémcs koncmau-
ma ¢ u aneopumm, nozeonstowuii no X, u n Hatimu Y, ..

<« [Ipome Bcero okazaTh SKBUBAJICHTHOCTh 00BEKTOB (T), (1), (e) u (€). 3Has Jro-
00¥1 U3 HUX W 9KCJIO 71, MOKHO BBISICHUTDH IOBEACHIE ONTAMAJIBHOTO JAEKOMIIpEccopa Ha
BCEX OMMCAHUSAX JUIMHBI He 00Jiee 1, TO €CTh BHIIHMCATh BCE €r0 OCTAHABJIMBAOLIMECS
BBIUMCJICHHSI HA BXOJaX JUIHHEL He Oojiee n. B camom gesie, 3Has crnucok (71), MBI IIPO-
CTO TIPUMCHSIEM OITHMAJTBHBIN JICKOMITPECCOp KO BCEM BXOAaM W3 STOTO CITMCKA (3HAst
3apaHee, YTO BHIYMCICHHUS OCTAHOBATCSA). 3Has (T), MBI IIPAMEHsIEM ONTHUMAJIHHBIN Je-
KOMIIpeccop KO BCeM BXOJaM JUIMHBI He OoJsiee 1, HO AaéM eMy IpopaboTaTh He OoJjiee
BB (n) maroB (Gy/yun yBepeHHBIMHU, 4TO HE OCTAHOBUBIIMECS 33 ITO BPEMSI BHIYHCJICHUSI
HUKOI/Ia HE OCTAHOBATCS). 3HAsl CaMblil AOJTO 00padaTHIBACMBIil BXOJ AJIMHBI He DoJiee
n, Mbl lIPUMEHSIEM K HEMY OlITMMaJIbHBIN JIeKoMIIpeccop U Haxojum BB (n), a jnasusuie
JICVICTBYeM, KaK B IIPEIBIyIIeM cirydae. HakoHerl, 3Has 9WCiio CJIOB AJIMHEL He OoJjiee 71,
HA KOTOPHIX ONTUMAIBHHIN JEKOMIIPECCOP OCTAHABJIMBACTCSI, MBI IIPUMEHSICM ONTAMAITh-
HBII ICKOMITPECCOP TIAPAJLICJIEHO KO BCEM CJIOBAaM JUIMHEI He 00Jiee 71, TIOKa He Habepem
HY>XHOE KOJIMYECTBO PE3y/IbTATOB (OCTABIIMCCS BBHIUMCICHHS HE 3aKOHYATCS HUKOTTA).

O6patHO, 3HAs n ¥ TOBEJCHNE ONTUMAILHOTO JECKOMIIPECCOPa HAa BCEX OMNMCAHWSIX
JUMHBL He Oojiee n, JIETKO HalTH JI000i w3 00BekToB (T), (1), (¢) m (&), a Takxke
00BeKTH (a) — (B). Ilo Tpam3uTUBHOCTH (IIOYTH OYECBUJTHOM) MBI 3aKJII09aeM, 9To (T) — (&)
BCE DKBUBAJIEHTHEI.

Ternepp JokaxkeM, 4To (a) — (B) PKBUBAJICHTHHI JPYT JAPYry, a Takke (r) — (€). 3Has
CIIMCOK BCEX CJIOB CJIOKHOCTH HE OOJIBIIE 71, MOXKHO HAUTH WX 4MCIO (repexona oT (a)
K (0)). Ilepeittu ot (0) ¥ (a) He Tak IPOCTO: 3HASI YUCJIO CJIOB CJIOXKHOCTH HE 0OJIBIIE 1
(¥ 3Hast CaMO 1), MOXHO /IO IAThCS MOSIBJICHHUST BCEX TAKMX CJIOB, M TIOJYUYNUTh UX CITUCOK
(B KOTOPOM MOXKHO HalTH HauOOJIbIIEE YUCJIO, TOAYYMB (B)), HO 3TOT CIIMCOK OyaeT
6e3 ykazaHus cJOXHOCTel. [ToCKOIbKY MBI yKe 3HaeM, Kak oT (r) mepeiitd X (a), Ham
JIOCTaTOYHO HepeiTH oT (B) K (T), To ecTh oT B(n) x BB(n) (c mMcHeHWeM apryMeHTa
Ha O(1)). Tlo cymiecTBy 3TOT Hepexo/1 yxe o0cyskaics. 3uas B (n), Mbl 3HaeM BEPXHIOIO
oueHKy juist BB (n — ¢), v ocTagrest Inib MOI0K/IaTh YKa3aHHOE BPEMSI /ISl BCEX BXO/IOB
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JIAHBI He 0oJice n — ¢, YTOOBI y3HATH TOUHOE 3HaYeHne BB (n — c). Utak, MBI Tokazam
SKBHUBAJIEHTHOCTh BCeX 00BeKTOB (a) — (€).

3nas (a) — (&), MOXXHO HAMTH (3K) JJIS YyTh MEHBILETO 3HAYCHHUS /I — YMEHBIICHHOTO
Ha KOHCTaHty c, st koropoit KS(x) < 1(x) + ¢ upu Bcex x. SIcHo taxke, Kak o1 (oK)
MOHO TIepeiTH K (3). Ocrajoch mmokasarth, Kak oT (3) nepeirtu k (r). Kak, 3Has nepsoe
B aJI(paBUTHOM TIOPSIKE CJIOBO 7Y, CJIOKHOCTH HE MCHEE 71 CPEIN CJIOB JUIMHBL 71, HANTH
BB(n — O(1)) wm xors1 Obl HOJYYUTh BEPXHIOO OlEHKY it BB(n — O(1))? 3ro
JeJIaeTCs CJIETYIOMIM 00Pa3oM.

3Hast 7y, (M TeM cambiM 3Has 1), OyJeM HCKaTh /Jisi BCEX MPEIIECTBYIOUMX €My
CJIOB JIJIMHBI N WX OIWCAHWS JUIMHBI MEHBIIC 1; Pa3 TaKWe OIWCAHUA CYIIECTBYIOT, TO
PAHO WJIY TIO3/IHO MBI X HAZIEM (IIyCTh Jake U He kpaTyaiinme). Haitist ux, paccMoTpuM
MaKCHMaJIbHOE BpeMs paboTHl ONTAMAJIFHOTO JICKOMITPeCCopa Ha ATUX (Hali/ICHHBIX HAMU)
ONMCAHUSX; MYCThb 3T0 Bpemst Oyger 7. Mbl xotum mokasats, uro T > BB(n — ¢)
JUIsl HEKOTOPOM KOHCTaHTHI €, HE 3aBUCsiei oT n. JloycTtuM, 4To JUIsl JAaHHOTO C 3TO
HEPaBEHCTBO HE BBIIOJIHEHO, 10 ecth T < BB(n — ¢). D10 3Ha4uT, YTO O/HO U3 CJIOB
JUTAHBI He OoJiee n — ¢ o0pabaTeiBaeTcs OOJIbIIe BPEMCHH, 9eM HYKHO JIJIsI 00HAPY KEeHUS
OIVICAHMI JIIMHBI HEe 0oJjiee 1y BCEX IIPEMICCTBEHHUKOB 7Y,. IlycTh BTO ciioBo u, a
JumHa ero n — d. 3Has u W d, MBI MOXeM BOCCTaHOBUTH 1, a 3areM Haith ¥, (3a
BpeMst o0paboTKM u HalyTCsl BCE IPE/IIECTBEHHUKH Y, TaK 4YTO <y, OyJeT NepBbIM
orcyrcreyouwmm). Urodst 3anars u u d, nocrarouto (n — d) + 2logd 4+ O(1) Guros,
otkyma n — d +2logd > KS(v,) — O(1) 2 n — O(1), 1ak 4ro d = O(1).

TeM caMbIM 3aBepIIICHO TOKA3aTeIbCTBO SKBUBAICHTHOCTH 00BEKTOB (2) — (k) (B yKa-
3aHHOM BHIIIC CMBICE). JlOKaKeM Tereph, YTO CJIOKHOCTH JIIOOOTO W3 HUX paBHA 711 +
+ 0(Q1). Iycrp X;, — yno6oit u3 31ux 00bexToB. Kak Mbl jgokazanu, X, MOKHO [0y YUTh
1O Ypte U N (4UCNO 1 PaBHO [ (7Yp4¢) — C Y IIOTOMY MOXET OBITH ONYIIEHO), CJIEI0Ba-
tesibHO, KS (X,) < KS (Va4e) + O(1) < n+ O(1).

C Jpyro CTOPOHBI, TYCTh CIOKHOCTH X, paBHa n — d. CJOBO 7,_. IO OIpeJe-
JICHAIO WIMEET CJIOKHOCTh HE MEHBIE 71 — ¢ M MOXKeT OBITh IOJIy9eHO IO KpaTdaii-
meMy ornucanuio X, JUMHB 1 — d u 1o d (3aMEeTHM, YTO 10 DTHUM JIAHHBIM MOX-
HO BOCCTA@HOBUTH 71, CJIOKHMB [JIMHY Kpardaiiiero ormcanusi ¢ d). CiegoBaresibHO,
n—c<KS(yp-e)<(n—d)+2logd + O(1), 10 ecrp d < 2logd +c+ O(1) n
d=01).»

[Mpm mokazarenscTBe TeopeMbl 15 MBI IpeIIoaraiy, 9To (PUKCUPOBAaH HEKOTOPHIA
ONTIMATBHBIN JieKoMIipeccop (BooOIe TOBOPSI, BCE PACCMATPUBACMBIC B HEil OOBEKTHI
33aBUCSIT OT €ro BhiOOpa). DTO, OJIHAKO, HE WIPAET POJIM, KAK I[TOKA3BIBACT CJIE/IyIONiast
3a/1a4a:

JloKaxXuTe, 9TO YTBEPXKIEHHE TEOPEMBI 15 OCTAETCSI BEPHBIM, €CJIM PA3PELIUTD B
pasHbIX IIyHKTaX (@) — (%) UCII0/Ib30BATb PA3HLIC OLITUMAJIBHBIE JEKOMIIPECCOPHL.

@ [MokaxxuTe, 9TO BCE OOBEKTH TEOPEMBbI 15 BBIYMCIMMO HAXOASTCS 1O N, €C/IU
paspelmTh UCrosb30BaTh opakys 0, TO e€CTh paspelTh aJropuT™MaM ClIpaIMBaTh Yy
OpakyJia, OCTAaHOBUTCS JIM JaHHAS IporpamMMa (3Ta IporpamMMa ysxke He obpaiaeTcs cama
K opakyiy). [TosToMy cI0KHOCTB ¢ opakyJiom 0 1uist Beex dTux 00bekToB ecth O(log n).

YIBepiKAeHHe STOM 3a[Jaud MOXHO OOpaTUTDb, ¥ HCIOJIb30BATh CBEAEHHUS O CIIOXK-
HBIX OOBEKTAX /ISl PEILICHUS! MPOOJIEMBI OCTAHOBKM. MBI YCTAaHOBMJIM, UTO CYLIECTBY-
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eT KOHCTaHTA ¢ W aJroputM A, KOTOPBII IO CJIOBY Y, pEIlaeT MpodJieMy OCTAHOBKH
OTTIIMAIEHOTO AEKOMIIPECccopa /ISl BCEX CJIOB [UIMHBI He 00JIble 11 — ¢. (AHAJIOTMYHOE
paccyx/icHHe TOAUTCA U JJIsl JIo0Oro aJIfOPUTMA, a HE TOJIBKO AJIS ONTHMAJIBHOTO Je-
KOMIIpeccopa.) OTO O3HAYAET, UTO €CAU Y HAC €CTh «OPAKyJ», KOTOPBIN /Il KaXI0ro
n YKa3bIBacT CIOBO Y,, TO C €r0 IMOMOIIBIO MOKHO PENIaTh IMPOOIeMy OCTaHOBKU. Bme-
CTO ATOT0 MOXHO TaKKe WMCHOJIB30BATH OPAKYJI JIJTT MHOXECTBA «HCCKUMACMBIXY» CJIOB
(1ex cioB x, st KoTopeix KS(x) > 1(x)): yMes HpoBepsATh HEC)KUMAEMOCTh CJIOBA, MBI
MOXEM HalTH 7y, nepedopom.

Kak rosopsit, npodsiema octaHoBku cgodumcsi no Tvlopuney K MHOXKECTBY HEC)KUMA-
eMBIx cJioB. OTCIO/Ia OUCBUIIHO CIEAYET, 9YTO OHA CBOAUTCS TI0 THIOpUHTY K «HaIrpadu-
Ky» ymximm KS, o ects MuoxectBy {(x, k) | KS(x) < k}. Kak ropopsar, MHOeCTBO
CKIMaeMBIX CJIOB SIBJISCTCS NONHbIM no TblopuH2y TePEUNCINMBIM MHOXECTBOM (3TO
03HAUAET, UYTO K HEMY CBOJUTCS MO ThIOPUHTY MpOoOJieMa OCTAaHOBKH).

OrieHuTe cBEpXy (XOTh KaK-HUOYIb) UHCIO BOIIPOCOB, KOTOPBIE IPUAETCS 32/1aTh
opakysty juist MEOkectBa {(x, k) | KS(x) < k}, 9ro0bl penmrp npobieMy OCTAHOBKU
ONTUMAJIBHOTO JICKOMIIPECCOpa [T BCEX CJIOB JUIMHBL He foJiee 1.

Crenyromast 3aa9ya MOKa3bIBacT, 9YTO QYHKIMSA B pacTéT Tak OBICTPO, YTO €€ Helb3s
CYHIECTBEHHO YBEJIMYUTh, IPUMEHUB KAKYIO-TO BEIYMCIUMYIO (GYHKIMIO (YBEJIMICHHUE TIO-
KPBIBACTCS W3MEHEHVEM apryMeHTa Ha KOHCTAHTY).

JokaxuTe, 4TO ecii f — BBIYUCTUMAs (DYHKIIUS C HATYPALHBIMU apTyMeH-
TAMM W 3HAYCHUSMHU, TO HAWIETCA Takas KOHCTAHTA C, YTO JUIS BCEX 7, JUISL KOTOPHIX
f(B(n)) ompenesieHo, BBHIIOJHEHO HepaBeHCTBO B (n + ¢) > f(B(n)). [Ykazanue: uu-
cio f(B(n)) umeer ciaokHocTh He SoJibiie n + O(1).]

ToBopsar, uro muoxecTBo U siBasietcst r-omoenumsim [116], ecnm Beskoe Tie-
peuancimMoe MHOecTBO V', He mepecekatomieecs ¢ U, moxHO otaeimrs o U paspe-
HIMMBIM MHOXXECTBOM, TO €CTbh HallJIETCS pa3pelMoe MHOXECTBO R, cosepxkaiiee V u
He nepecekaromeecst ¢ U.

(a) Jlokasxkure, uro mHoxectso nap {(x, k) | KS(x) < k} (xoropoe MOXHO Ha3Bath
«uaarpadurkomy dyukimu KS) sSpisgercs »-OTAeMMBIM MHOXKECTBOM. [YKazaHue: ecim
STOT TpaiiK HE MEPECEKACTCS C HEKOTOPHIM IIEPEIMCIMMBIM MHOKECTBOM V', TO BTOpHIC
KOMITOHCHTBI I1ap U3 V' OrpaHMYeHB!, HHAYE MBI 0Ty YFUIH OBl HEOT PAHMYCHHYIO HYKHIOIO
oueHky A KS. 3naunt, V' LesukoM comepKuTcst B HEKOTOPOI MOJI0Ce, a MepPeceueHre
Haarpaguka ¢ 3TOH M0JI0CONH KOHEUHO. ]

(6) Hokaxkute, 4TO ecny MHOXecTBo U; m-cBomutcs k MHOecTBY U, (cymiecTBy-
er BCIOfy OIpee/EHHAs BhruncmMas GyHkus [, aad kotopoit Uy = [~1(U) u Uy
ABJSIETCSL F-OTACIMMBIM, To Uj Takke r-oT/esmMo. [Ykasanwe. Ecim mepewncimmoe
V me nepecekaercst ¢ U, To f(V) sBjISeTCs Mepeuync/IMMBIM MHOXECTBOM, HeE Iiepe-
cekatommmes ¢ Us. Ecm R otnenser f(V) ot Us, 10 f~'(R) Oyner paspenmmbiv
MHOXeCTBOM, otie/sitoumm V or U]

(B) BeIBemmuTe M3 DTOTO, UTO CYIICCTBYIOT IIEPEUHC/IMMBIC MHOXXECTBA, HE 00Ia/1a10-
I CBOMCTBOM #-OT/ICJMMOCTH M ITIOTOMY HE /M-CBOJSINUCCS K HaArpauky (PyHKIAN
KS. [YxazaHue: CylIeCTBYIOT IEPEUHCIMMbIE HEOT/IEJIMMbIE MHOKECTRA. ]
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Mokaxwure, caeays [58], 4TO 3a/a4M «II0 JHOOOMY HATypajbHOMY 71 yKa3aTh
CJIOBO CJIO’KHOCTH HE MEHBIIE 1» U «II0 JEOOOMY JITOPUTMY O€3 BXOJa yKasaTbh CJIOBO,
OTJIMYAIONIEeCS OT €ro BHIXOJA (€CJIM TAKOBOI CYIIECTBYET)» DKBUBAJICHTHHI: UMesl Opa-
KyJI, BBIMOJHSIOWMI TpeOyeMoe /11 OJHON M3 337ad, MOXHO AJITOPUTMHYECKN PELIaTh
Jpyryio. [YkazaHwe: BUJS aJTOPUTM, MOXKHO OIICHHUTH CBEPXY CJIOXKHOCTH €r0 BO3MOXK-
HOTO BBIXO/a, OHA HE CIJIBHO IIPEBOCXOJHT CJIOHOCTh caMoro ajropurma. Hamportus,
yKa3aTh CJIOBO OOJIBLION CJIOHOCTHA O3HAYacT YKa3aTh CJIOBO, OTIMYHOE OT BHIXO/IOB
AJITOPUTMOB M3 CITHCKA; CYMTas, YTO STH AJTOPUTMEI BBEITAIOT KOPTEXH, MBI C ITOMO-
IIBI0 OPAKYJIa TIOCTPOUTb KOPTEX, KOTOPBIA B -if MO3HLIMM OTJIMYACTCS OT BBIXOAA i-TO
AJIrOpUTMA CIIMCKA.]

(ITponomkenue) [lokaskute, uTo 00€ 3TM 3aavM DKBUBAJICHTHHI (B TOM e
CMBICJIE) 3a/a4€ BBIYUC/IEHHSI (PyHKLMHM Oe3 HEMOABIDKHOIM TOUYKU: 110 JIIOOOMY aJIrOpUTMY
HOCTPOUTh JAPYTOM QJITOPUTM, BBIYMCJIAIOIMI HE Ty K€ (PYHKLIMIO, YTO IEPBbI.

(ITponoskenne) Tokaskure, 4TO MEPEUNCIUMBINA OPAKYyJI MO3BOJISIET PELIATL DTH
3371244 B TOM M TOJIBKO TOM CJIydae, KOrjJa C €ro MOMOLIBI0 MOXHO DeLIaTh MpodJeMy
OCTAHOBKM (TeopeMa APC/IaHOBA, [JOKA3aHHAs UM O€3 MCIOJIB30BAHUSI KOJIMOIOPOBCKOM
CJIOKHOCTH). [YKa3zaHWe: ITYCTh OPaKyJl Ul IEPEINCIIIMOIO MHOXECTBO A MO3BOJISIeT
HOJIy4aTh €JI0Ba CKOJIb YTOIHO OOJIBLION CJIOKHOCTU. ITocMOTPUM, CKOJIBKO IIAroB HYX-
HO, YTOOH! B IIEPEUHICIICHAN A MOSABIUIMCH BCE DJIEMEHTHI, UCIIOJIB3YEMBbIC IIPH 0Ty YCHH
CJI0Ba CJI0XHOCTH Oostee n. JlioGoe T', GoJiblliee TOrO YKMCIA, UMEET CJIOKHOCTD MOPSII-
Ka n, Tak Kak T-npubankeHne A MOXKHO MCIOJIB30BaTh BMecTo A. C Ipyroii CTOpOHSL,
nMesT OpakyJl It A, MOkHO Haiitit 1 1JIs1 JaHHOTO 171.]

MBp! 1ipuBesIn JIMIb HECKOJIBKO CaMbIX IIPOCTBHIX IIPUMEPOB, CBS3LIBAKOLIMX KOJIMOIO-
POBCKYIO CJIO)KHOCTb C TEOPHEH BBIUMCIMMOCTH (WM, KaK PaHbIe TOBOPWIH, «TEOPHEH
pekypcur»). B mocnenane mecaTwieTrs 3Ta 00JacTh aKTHBHO Pa3BUBAJach M MPOJIOJI-
’KaeT PasBUBATLCS, HO Mbl OIPAHAYMAMCS IIPUBEAEHHBIMY IIpUMEpaMU. MHOXeCTBO MHTE-
PECHBIX pe3yJIbTAaTOB MPUBEJCHO B HeslaBHMX MoHorpadmsx Huca [125], a taxke JloyHn
u Xupmdenpara [36].

Teopema 15 yka3biBaeT cpean BceX OOBEKTOB CJIOKHOCTY 1 HEKOTOPBII BBIICICHHBIH
(C TOYHOCTBIO IO ONWCAHHOM SKBHBAJICHTHOCTH). OTO OTYACTH IAPAJOKCAJBHO: XOTe-
JIOCh OBI JTyMaTh, 9TO BCE «CJTyYaliHBIC» CJIOBA JUIMHBL 71 (CJIOBA JITTMHBL 1 Y CIOKHOCTH
IprMepHO 1) Oojice WM MEHEE OJIMHAKOBHI (€CM OBl KaKOE-TO M3 HHX BBLICILIOCH
YEeM-TO OCOOCHHBIM, TO 3Ty OCOOEHHOCTh MOKHO OBIJIO OBI MCITOJIB30BATh, UTOOBI 331aTh
€ro KOpodYe, U TEM CaMBIM CJIOBO OblJIO OBl HE CiIy4aiiHbIM). TeM He MeHee MBI yKa-
3] HEKOTOPOE CIICLMAIBHOE CJIyYaiiHoe CJIOBO 7y,, Kak e Tak? Pa3speurenue >Toro
TapaioKkca COCTOUT B TOM, YTO WH/IMBH/IYJIbHBIE OCOOCHHOCTH DTOTO CJIOBA MOTYT OBITH
HCTIONB30BAHbL JITISl €70 TPOCTOTO 3a/IaHKsI, HO JIMIIEL C opakyJioMm .

Mp1 BepHEMCS eI K 3TOMY BOIIPOCY, Korja OyJeM TOBOPHUTH O uncie ) B pasmie-
Jie 5.7, a Takke B pasjesie 14.3, TOBOpsL O JIBYXYaCTHBIX OIMCAHMSIX.

OtMeTM €€, ITO XOTS BCe OOBEKTH U3 TEOPEMHI 15 SKBHBAJICHTHH B YKA3aHHOM B
Hel cMBIcie (TIPOCTO TOJTy9aloTcsl APYyT M3 JIpyra), HO IO JUIMHE OHU OTJIMYAlOTCS pa/v-
KJIBHO: OT JUIMHBI 11 B IIyHKTaX (0), (¢), (&) u (3) mo mmaHk log B(n) = B(n — 0(1))
B IIyHKTE (B).



2. Ci0XHOCTH Inapbl 1 yCJIOBHasdA CJIOKHOCTD

2.1. CioHOCTH mapbl

MpI y>ke TOBOPIJIM, YTO BBIUMCJIMIMOE KOJMPOBAHHMC IIO3BOJISIET TOBOPUTH HE TOJIHKO
0 CJIOKHOCTY CJIOB, HO U O CIOKHOCTH PYIVIX KOHCTPYKTHBHBIX 00BeKTOB. Ceifgac Hac
HWHTEPECYIOT (YMOPS/IOUeHHBIC) Maps! ¢JIoB. [1apy CJIOB X, ¥ MOXKHO KOMPOBATh, HAIIPH-
Mep, cJIoBoM [x,y] = X01y, rae X o3HaYaeT CAOBO X C YABOCHHBIMH OWUTaMu. MOXKHO
UCIIOJIB30BATh U JIDOOE APYroe KOAUPOBAHUE, BAXKHO TOJIBKO, YTOOBI OHO OBLIO BBIUMC/IM-
MBIM ¥ 9TOOH [X, ¥] # [x', ¥'], ecimt x # x’ wma y # y’. OT 0[JHOTO TAKOrO KOAMPOBAHWS
MO’KHO aJITOPHUTMUYECKH IIEPEXO/UTH K JAPYroMy, mosToMy Teopema 3 (c. 13) o HeBos-
pacTaHmM CJIOKHOCTU TIPY aJITOPUTMHIUYECKOM ITPEOOPA30BAHNN TOKA3BIBACT, YTO CMEHA
KOAWPOBAHHUST M3MEHSICT CJIOKHOCTh He 0oJiee YeM Ha KOHCTAHTY.

QukcupyeM Kakoe-mn0o koauposaHue mnap ([x, y] o0o3HauaeT CJIOBO, KOAUPYIOLICE
Tapy CJIOB X, ¥) ¥ HA30BEM CJIOKHOCTHIO TAPHI CJIOB X, y uucio KS ([x, y]). Obo3Hauenme:
KS (x,y). BOoT HECKOJIBKO OUECBUJTHBIX CBOMCTB:

o KS(x,x)=KS(x)+ O(1);
o KS(x,y)=KS(y,x)+ 0(1);
e KS(x)<KS(x,y)+0Q); KS(y) < KS(x,y)+ 0Q).

Cienytonasi TeopeMa OLIEHMBAET CJIOXKHOCTH TIAPBI, €CJIM M3BECTHHI CJIOXHOCTH €€
KOMITOHCHT:

Teopema 16.
KS(x,y) < KS(x)+2logKS(x) + KS(y) + O(1);
KS(x,y) < KS(x) +1og KS(x) + 2loglog KS(x) + KS(y) + O(1);

(HOCJ’ICZ[OBEITCIII)HOCTI) yTBCp)K,Z[CIHJfI TCOPECMBI MOXKHO IIPOJOJEKATh HCOI'PAHWYCHHO.
KpOMC TOro, MOXXHO IIOMCHATHL MCCTaMU X U y)

<« D10 paccyxjieHue (JUIsL IIEPBOIO W3 HEPABEHCTB) II0 CYNIECTBY IPOBOIUJIOCH BO
BBeicHMM (TeopeMa 4 Ha c¢. 14); paBAa, TaM Mbl TOBOPWIU O CJIOKHOCTYA KOHKATCHAIUA
CJIOB Xy, a HC O CJIOXHOCTH mapel. [loBTOpNM ero s map.

Ha3oB&M Bbumc/IMMOe 0TOOpaskeHUe X — £ MHOXKeCTBA JABOMYHBIX CJIOB B ceds Oec-
npeguKCHbIM KOOUPOS8aHUEM, eCIT HA JIJISL KaKUX JIByX Pa3JIMIHBIX CJIOB X U Y CJIOBO X
He sIBJIsteTCs HavasioM cjioBa §. (OTciofa, B YaCTHOCTH, CIEYET, 9To £ 7 J TIpH X 7# y.)
CMBICTT ATOTO OIPeAeICHIS TAaKOB: JII0OOE CJIOBO BHJA XZ MOXHO OTHOSHAYHO pa3pe3aTh
HA YaCTHU W HAWTU CJIOBA X W Z.

39



40 2. CnosicHocmo napuvl U YCIOBHAsL CIIOHCHOCHTb

[Mprmep SecnpedukcHOrO KoarpoBaHus: X — X01, r1e X 03HAYaeT CTPOKY X C y/BO-
€HHBIMHM OMTaMH. 37¢Ch IPU3HAKOM OKOHYAHMSI CJI0BA SIBJSIOTCS OuThl 01. DTO KOMMpO-
BaHWE HE OYEHb DKOHOMHO (YBEJIMUMBAET JUIMHY BABOe). Bojiee DKOHOMHO Takoe Kojau-
poBaHue:

X — % =bin(l(x))01x

(3aecnh bin(/(x)) — ABOMYHAA 3ANKCh [JIMHBI CJIOBA X ). Jljas Hero
(%) =1(x)+2logl(x)+ O(1).

DTOT MPrEM MOXHO «ATEPHPOBATh»: HAYaB C MPOU3BOJIBHOTO OecIpeIKCHOIO KOTHPO-
BaHHS X — X, MOKHO ITIOCTPOUTH HOBOE (Takke OecrpedKCHOE) KOTMPOBAHKE

x = bin(/ (x))x.

./\ -/\
B camom jeste, ecim ciioBo bin(/ (x))x sBiseTcs HadaigoM ciosa bin(/(y))y, To oqHO U3
./\ ./\ . .
cioB bin(/(x)) u bin(I(y)) ABIsETCS HAYAIOM JPyTOro, mosromy bin(/ (x)) =bin(/(y)).
Otcioma MBI 3aKJII09aeM, 9TO X €CTh HAYajo y, a MOTOM — 4YTo X = y. (dpyrmMm
CJIOBaMM, CHAYajla MBI OJJHO3HAYHO JICKOAVPYEM JUIMHY CJIOBA, MOJIB3YSICH TEM, YTO OHA
3amucaHa B OecripeprkCHOM Kojie, a TIOTOM YK€ OJHO3HAYHO OIpPEAe/IseM CaMo CJIOBO.)
Takas urepanmst 1aét OecripedrKCHOE KOTMPOBAHNE, TTPH KOTOPOM

1(%) =1(x) +logl(x) +2loglog!(x) + O(1),

3aremMm
[(%) =1(x) +log!(x)+loglog(x) + 2logloglog I (x) + O(1),

U TaK Jajee.

Bepuémcst x okazatesibcTBy TeopeMbl. [lycth D — onmumasibHbI criocol ormca-
HUSI, UCIIOJIB3YEMBII MIPY OMPEACICHNN CIKHOCTH. PaccMoTpum croco® onucaHust D',
334aBACMbIN TaK:

D'(pq) = [D(p), D(q)],

rae p — OecnpeUKCHBIA KO CJI0BA p, a KBAJPATHBIC CKOOKM O3HAYAIOT KOJUPOBAHHE
Iap, UCIOJIB30BAHHOE TIPU OIIpe/iesIeHIH CI0KHOCTH IapHL. becnpedukcHOCTh KoarpoBa-
HUA p — P TapaHTUPYeT KOPPEKTHOCTD STOrO olpee/ieHus (P OJHO3HAYHO BRIWICHACTCS
u3 pq).

Ecim p u g — xparvaiiiiie oIMCaHUA CJIOB X U y, TO CJIOBO pg Oyler OIUCAHUEM
cJIoBa [X, y], M ero JUTMHA Kak pa3 Ja€T OlleHKy, yKa3aHHyIo B Teopeme. (Uem Oostee dko-
HOMHO Oecripe(prKCHOE KOJMPOBAHUE, TEM JIYYILIE [TOJIyYaeTCsl OLEHKA; OMICAHHBII BHIILIE
UTEPATUBHBIN METO/I, IOCTPOEHUS OecpepMKCHBIX KOIOB JAAET HEOOXOUMBIE OLIEHKU.) P>

U3 Teopemsl 16 craenyer, 4To
KS(x,y) < KS(x)+ KS(y) + O(log n)

U CJIOB X Uy JJIMHBL He OoJiee n. Kak roBopsT, CI0XKHOCTH IIaphl HE IIPEBOCXOIUT
CYMMBI CJIOKHOCTEN €€ YJIEHOB C TOYHOCTHIO /0 Jjlorapupma (JUIiH).
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Jlaiire eCTeCTBEHHOE OIIPE/Ie/ICHUE CIOXKHOCTH TPOUKU cJoB. [Tokaxkwure, 4TO
KS(x,y,2) < KS(x) + KS(y) + KS(z) + O(logn), ecim cioBa X, y, Z HMCIOT JUIMHY
He OoJIblE .

BosHMKaeT ecTeCTBEHHBIN BOIIPOC: HEJIB3S JIM YCIWIATh OLICHKY TeopeMHl 16 M oKa-
3ath, 40 KS (X, y) < KS(x) + KS(y) + 0(1)?

Cuiesyioliiee POCTOE PACCY’K/ICHUE TIOKAa3bIBAET, YTO 3TO HEBO3MOXHO. B camom ne-
Jie, U3 3TOM OIEHKH BHITEKATo Obl, uto KS(x,y) < [(x) + [(¥) + O(1). Paccmorpum
kakoe-T0 N u BceBosmoxkubie n = 0,1,2,..., N. JlJIg KaxkI0ro Takoro n muMeercs 2"
CJT0B X JUmHKL 1, a Takke 2NV cino y amamast N — n. KoMOunmpys Takwe x u y,
MBI J1 faHHOrO n mosydaem 2V map (x,y), a Bcero (s Beex n ot O mo N) mo-
ayuwaem (N + 1)2V map. Ecim 6b1 CJI0KHOCTL Beex 3TUX Tap (X, y) He MPEeBOCXOMIA
I(x)+1(y)+ 01) =N 4+ 0(), ro noayumocs 661 (N + 1)2N PasJIMUHBIX CJIOB
[x, y], mmeromux ciioxHOCTh He 0osice N 4+ O(1), a Takux CJIOB, Kak MBI 3HaeM (Teope-
Ma 7, c. 25), mam O(2N).

JlokaskuTe, 4TO HE HAMAETCSA TAKOIO €, 4TO
KS(x,y) <KS(x)+10gKS(x)+ KS(y) + ¢

Ipy BceX X M y. [YKazaHue. 3aMEHUTE B IIPABOIM YACTH HEPABEHCTBA CJIOXKHOCTU HA
JUIMHBL ¥ TIOJCYUTANTE KOJMIECTBO Map.]

(a) TTokaxwure, uTo ecmm x — X — OecnpeUKCHOEe KOAUPOBAHHUE, TO

Z 27’(}?) < 1

X€EE

(3aech = — MHOXECTBO BCEX JBOMYHBIX CJIOB).

(6) Toxkaxure, uto ecau OecnpedUKCHOE KOAUPOBAHME YBEJIMYMBACT [UIMHY CJIOBA
He OoJiee yeM Ha [ (n) (roe n — UCXomHas JUMHA), To ecth [(X) < [(x) + f(I(x)), 10
pax ¥, 2™ cxomures.

Ora 3amaya 0OBACHACT, TIOYEMY ITOHATO0WICA KodddrmenT 2 npu Jorapudme B
JIOKa3aTeIbcTBEe TeopeMbl 16 (c. 39): psaasl

1 1 1
Zﬁ )y n(log n)?’ )y nlog n(loglog n)?’
CXOATCA, B TO BPEMsS KaK PAIBI
Lo Zoigr T wiogn
n’ nlogn’ nlognloglogn’

PACXOJIATCS.
Crnenyromas 3agada 1aéT oOIIMI OTBET HA BOMPOC, Kakue (DYHKIMM MOTYT OHITh VC-
TOJIb30BAHBI /151 OLICHOK Teopembl 16.

Mycts f: N — N — neyOnBaronias BpraucmMas pyHKms. Toraa cieayrornme
TP CBOICTBA PABHOCHJIBHBL:
(@) KS(x,y) < KS(x) + KS(y) + f(KS(x)) + O(1);
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©) KS(x,y) <I{(x) + 1(y) + fU(x)) + 0);

(8) L, 27/ < oo,

[Vkazanme. U3 (a) ouermano ciemyer (0); oOpaTHAss MMIUIMKAIIWS TIOJTyYaeTCs ITe-
PEXOIOM K KpaTyailiiM OnmcaHusM. YToOsl BRBecTH (a) w3 (B), MOXKHO IOJCYATATH
yucsio map ¢ I(x) + f(I(x)) + [(y) < n; MOKHO BOCIIOJIb30BAThCS TAKXKE CBOWCTBAMH
Mpe(UKCHON CIOXKHOCTH W3 TJIaBHl 4, cM. 3agady 106. Hakowner, utoObl BelBeCTH (B)
u3 (6), 3amerum, yro npasasi yactk B (6) Oyser menbiie n + O(1), ecsm [(x) =k,
al(y)=n—k— f(k) (mpu k + f(k) < n). TTosTOMy UHCIIO TAKWX AP HE MEHFINE
22"2"*/‘4(") =2"y, 2B e cymma Oepércst 1o BeeM k, Jiist Kotopeix k + f(k) <
< nlj

JokaxxuTe, YTO BCE HEPABEHCTBA B TeopeMe 16 repecTtaHyT OBITh BEPHBIMH,
ec/Id 3aMeHNTh B HHUX Ko>dduumenT 2 Ha 1 (HO MOXKHO 3ameHHTb ero Ha 1 + ¢ npu
JodoMm € > 0). [Ykazanue. CM. npeasiyliyo 3aaa4y.]

Jlokaxxure, 4ro

KS(x,y) < KS(x) +1ogKS(x) + KS(y) + log KS (y) + O(1).
(Ilponosskenue) Jlokaxure, 4TO BEPHO Jlake 00Jiee CUJIBHOC HEPABEHCTBO:
KS(x,y) < KS(x) + KS(y) + log(KS(x) + KS(y)) + 0O(1)

(Tme cymmy mof JtorapuhMoM MOXKHO 3aMEHUTH MAaKCUMyMOM, TaK KaK OHH OTJIMYIAIOTCS
He 0oJiee 4eM BABOE).

Hokaxure, uro KS (x, KS(x)) = KS(x) + O(1). [Yxazanue. OueBUIHO, UTO
KS (x, KS(x)) > KS (x) + O(1). C apyroit cTopoHsbl, KpaTyaiiliee OlMcaHnue p cjioBa X
331281 ojtHOBpeMeHHO U X, 1 KS (x), tak yro KS (x, KS(x)) <I(p) + O(1) = KS(x) +
+ 0(1).]

2.2. YcioBHasA CJIOKHOCTD

[Moceutast Qaiy 1o SJIEKTPOHHOM I0YTE, MOXXHO COKOHOMUTH, €CJIM IIOCJIATh HE CaM
(a1, a ero cxkarelif BapuaHT (Kpardaifiiee OnMucaHue). JKOHOMUS MOXKET OBITh €IIE
0oJible, €CJIM MOJIyYaTeb YK€ MMEET CTapylo Bepchio (haiila — B TAKOM CJIydae [0-
CTaTOYHO ONHKCATh BHECEHHBIC M3MECHEHUS. DTU COOOPAXKEHUS MPUBOAAT K CJICAYIOIIEMY
OIIPE/ICJICHAIO YCTI08HOU CHIOJICHOCMU C08A X NPU U38€CMHOM Cll0ge Y.

HazoBéM cnocobom ycinoeHo20 onucaxusi IPOM3BOJIBHYIO BRIUNCIMMYIO (pyHKIHIO D
JIByX apryMeHTOB (apryMeHThl M 3HauyeHus QPyHKUMU [ SBJISIOTCS JIBOMYHBIMU CJIOBa-
mu). IlepBblit aprymeHT Mbl OyJeM Ha3bIBaTh ONUCAHUem, BTOPoil — ycaosuem. Eciu
D(y, z) = x, MBI TOBOPHM, 9UTO CJIOBO y SIBJISIETCS ONUCAHUEM CJIOBA X NPU U3BECI-
Hom z (eIé TOBOPAT «IIPU YCJIOBUM Z», OTHOCUTEJBHO z»). Cioxuocth KSp(x|z)
olpesiesisieTCs KaK JUIMHA KPaTJaillero OMFCAHMS CJI0BA X IIPH M3BECTHOM CJIOBE Z:

KSp(x|z) =min{l(y) | D(y,2z) = x}.
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ToBopsT, uTo crroco6 (yciaorHOro) omvicanus D; He xysce criocoba D,, eciu HafineTces
Takast KOHCTaHTa C, 4TO

KSp (x]|z) <KSp,(x|z) + ¢
JUISL JIOOBIX CIOB X U z. Crioco6 (yCI0BHOrO) ormcanus [ Ha3hIBACTCS ONMUMANbHbIM,
€CJIM OH He Xy»e JI000ro Ipyroro crnocoda (yCJI0BHOIO) OMMCAHHS.

Teopema 17. Cywecmseyem onmumanbhulii CnOCO0 YCIO8HO20 ONUCAHUSI.

<« JtoT BapuaHT TeopeMbl Kommoroposa — CosloMOHOBA TOKA3bIBACTCS TOYHO TaK XKe,
Kak u Oe3ycJioBHbIA (cM. Teopemy 1, c. 10).

Nmenno, ¢ukcHpyeM HEKOTOPHI CHOCOO IIPOT PAMMUPOBAHYISI /IJTs1 (DYHKITHIA ABYX ap-
T'YMEHTOB, TIPY KOTOPOM IPOTPAMMBI 3AIMCHBAIOTCS B BUAE JBOMYHBIX CJIOB, U TOJIOKUM

D(py,z) = p(y, 2),

rae p(y, z) 0003HAYACT PE3Y/IbTAT IIPIMEHEHHS TPOTrPAMMBI P KO BXOJaM ¥ U Z, & P €CThb
GecripeUKCHBI KOt c10Ba p. Teneps JIETKO HPOBEPUTh, YTO eciiv D’ — NPOU3BOJIBHBIIN
C110co0 yCJIOBHOI'O OIIMCAHMsI, @ P — COOTBETCTBYIOLIASI €My [IPOIPAMMa, TO

KSp(x|z) <KSp(x|z)+1(p). »

Kak u npex/ie, Mbl (PUKCUPYeM HEKOTOPBII OITUMAJIbHBIN C1I0CO0 D yCJI0BHOIO OIu-
canus ¥ omryckaeM mHaeke D B KS p. CooTBeTCTBYIOMIYIO (DYHKITUIO MBI HAa3bIBACM YC/I06-
HOIl KOJIMO20POGCKOTl CNIONCHOCMbI0; KaK U Oe3ycyIoBHAs, OHA OLpeJesIeHa ¢ TOYHOCTBIO
JI0 OTPAHMYEHHOTO CJIaraeMoro.

BOT HECKOJIBKO MPOCTHIX CBOMCTB YCJIOBHOM KOJIMOTOPOBCKOMH CJIOXHOCTH:

Teopema 18.

KS(x|y) <KS(x) + 0(1);
KS(x|x)=0Q);
KS(f(x,y)|y) <KS(x|y) + O(1);
KS(x|y) <KS(x|g() + 0Q).
3nech g M f — MPOM3BOIGHEIC BEYUCIIMBIE (DYHKIIUH (OJTHOTO ¥ JIByX apI'yYMEHTOB);

WMeeTCs B BHJY, UTO YKA3aHHBIC B TEOpeME HEPABCHCTBA BHIOIOJIHEHHI, ecd f (X, V)
(CooTBETCTBEHHO g(¥)) OIPENEIICHO.

<« BesycJ1oBHBII cIOCOO OMMCAHMST MOYXKHO PACCMATPHUBATh U KaK YCJIOBHHIN (HE 3aBU-
CAIMIT OT BTOPOTO apryMeHTa), OTCIOA M0JIyYaeM MepBoe HEPAaBeHCTBO. Bropoe yTeep-
KJICHUE TI0JTydaeTCsl, eCJIM PacCMOTpeTh criocod omwcanus D(p, z) = z. Tperbe Hepa-
BEHCTBO JIOKA3BIBACTCS TaK: IyCTh ) — ONTUMANBHBIA CITOCOO YCIOBHOTO OITVICAHWS;
PacCMOTPHM JIPYTOii CIIOCO0

D'(p,y)=f(D(p.y).y)

1 CpaBHUM €I'0 C OIITUMAJIbHBIM. ﬂOKaSaTCJ’ILCTBO HOCJICTHETO HCPABCHCTBA aHAaJIOTUYHO,
TOJIBKO HYKHO OITPEAEJINTH CII0CO0 OIMICAHUS TAK:

D'(p.y)=D(p.g(y)). »
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MMokaxuTe, 9TO YCIAOBHAS CIOKHOCTh KHEIIPEPHBHA II0 BTOPOMY apTyMEHTY»:
KS(x|y0) =KS(x|y) + O(1); KS(x|y1) = KS(x|y) + O(1).

Hcrmop3ys 3Ty «HETIPEPHIBHOCThY, TIOKAKUTE, YTO JIs1 JTIOGOTO CJIOBA X U JIJIs JIH000-
ro neorpuuaresbioro ! < KS(x) naitaércs yciosue y, upu koropom KS(x|y) =1+
+ O0(1).

Mokaxute, uto 1pu dukcupoBarntoM y Gymkimsa x — KS (x|y) onmaaercs oT
KS ue Gojiee yeM Ha KOHCTAHTY, 3aBUCSINYIO OT y (M He npeBocxossinyio 2 KS (y) +
+0)).

Jokaxure, uro KS([x, z]| [y, z]) < KS(x|y) + O(1) aus juobbix X, y,z (ksa-
JIpaTHBIC CKOOKW O3HAYAIOT BBHIYMCIMMOE KOJMPOBAHIE TIap).

ITycts (pUKCHpOBAaH HEKOTOPHIA Pa3syMHBIN sI3BIK IporpamMmupoBaHust. (PDop-
MaJIFHO TOBOPSI, HAa/JI0, YTOOBI COOTBETCTBYIONIAS €My HyMepalwst OblIa IJIABHO, TO €CTh
YTOOBI OBLIA BOSMOKHA 3(P(EKTHBHAS TPAHCIISAINS [IPOrpaMM C JPYTUX s3BIKOB [173].)
T[Tokaxure, 4To ycaoBHas ciaoxHocTh KS(x|y) pasHa (¢ Tounocteio g0 O(1)) mMuHu-
MaJIbHOI CJIOKHOCTH IPOrPaMMbl, KOTOpasi 1aéT X Ha BXxoje y. [Ykaszanue. Ecom D —
OITHMAJIbHBIN CIIOCO0 YCJIOBHOT'O OMMCAHUSI, TO CJIOKHOCTD IIPOIPAMMBI, KOTOPAst MOJIy-
yaetcss w3 D dukcarmeit iepBoro aprymenta p, ue mpesocxoqut I (p) + O(1). C apy-
rOl CTOPOHBI, ec/M IporpaMmma p mepesoyur y B x, 10 KS(x|y) = KS(p(»)|y) <
<KS(p) +0Q1).]

K 3Toit MHTEpHpeTalMK YCIOBHOM CJIOXKHOCTH (KaK MUHHUMAJIBHOH CJIOXKHOCTH O0B-
€KTa C ONpEe/CJEHHBIM CBOWCTBOM) MbI BEpHEMCs B IJiase 13.

Ecym B onpeneneHry mpeabIaylieii 3a1adue OTPaHUIUTLCST BCET]a OCTAHABJIMBAIOMIN-
MHUCA IIporpaMMaMi (IIporpaMMaMy JJIS BCIOAY OIIPEIEIEHHBIX (PYHKIINIA), TO IOy IATCS
JPYTod BUJI YCJIOBHOM CJIOXKHOCTH, KOTOPBI MO>KHO Has3BaTh MOMAIbHOU CIOXKHOCTEBIO
(To-aHTJIMIICKU BCIOAY ompesesieHHble QYHKLMY Ha3bIBAIOTCA fotal).

TMokaxkure, YTO OMpe/eseHre TOTaIbHOM ycoBHOM ciiokHocTr KT (X | ¥y) Kak
MUHUMAJIBHOM CJIO)KHOCTH TIPOTPAaMMBI, MEPEBOALIIEH ¥ B X M OCTAHABJIMBAIOLICHCS HA
JEOOOM BXO[€, KODPEKTHO (He 3aBUCUT C TO4HOCTbIO 40 O(1) or BbIOOpa pa3syMHOIO
criocoba mporpamvuposanms). JJokaxure, ato KS (x|y) < KT (x]y) < KS(x) ¢ Tou-
HocThIo 10 O(1).

JlokasxuTe, 9TO TOTAJIBHAS CJIOKHOCTh MOXKET OBITH CHIIBHO OOJIBIIC YCJIOBHOIM:
AJIst o0Oro n HayTCs /Ba CJI0BAa X W Y JUIMHBL 1, 1715 koTophix KS(x|y) = 0(1),
o KT (x | y) = n. [YkazaHue. ByjeM 1epeuuciisiTb BCE IIPOIPAMMBbl CJIOKHOCTA MEHBLIE
n, OmpeesIEHHBIC HAa BCEX CJIOBAX JUIMHBI 71, XPaHS JBa CJIOBa X W y JUIMHLL N W TOJI-
JIep>KrBasl TAaKOE YCJIOBHE: HU OJHA W3 TICPEUNCIICHHBIX MIPOrPaMM HE TIEPEeBOANT ¥ B X.
Kornma obHapyxkmBaeTcs HOBas MPOrpaMMa, HApYIIAONas dTO YCIOBHE, MBI BBHIOMPAECM
HOBOE 3HAYCHUE ¥ U MOAOUPaEM MOAXO/AINee 3HAUCHHE X. DTOT MPOLECC BBIYMC/IM 1O 1
(JumHe ) 1 33281 yacTHuHYO (PYHKLHMIO Ha CJI0BaX JUIMHKL 11, Tak uro KS (x|y) = O(1)
I KaK 0 BLI6paHH0171 Taphbl 3HAYEHUIA. |

[Mokaxkure, uro ecim KT(x|y) < n u KT (y|x) < n, To cyumecrsyer 1po-
IpaMMa BEIUHCIAMO TIEPECTAHOBKY MHOXKECTBA JIBONYHBIX CJIOB, EPEBOIAIIAL X B ¥ U
AMEIONAst CIOXKHOCTh He Gostee 2n + O(1). [Ykazanue. MOKHO CUUTATE, YTO [IPOTPaM-
MBI BCIO/ly OIPEIeSIEHHBIX QPYHKIMI [ ¥ g, MIEPEBOISIIMX X U Y U 00paTHO, SIBJISIOTCS
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TIEPBOI1 ¥ BTOPO# IIOJIOBMHAME CJIOBA /UIMHHL 2n. Be3 orpaHnyeHmst oOIIHOCTH MOXKHO
CUMTATh TAKXe, 4TO X U y HauMHaioTcs (ckaskeMm) Ha 0. Torma paccMoTpUM OTHOILE-
Hue R (x,y) Mexay cioBamu, HaunHawommmucs Ha 0, cuutas R (X, y) UCTUHHBIM, €CJIH
f(x) =y n g(y) =x. I10 pa3peuimoe B3aUMHO O/[HO3HAYHOE COOTBETCTBHE MEXK/Y
pa3spelMBIMI MHOXECTBAMH CJIOB, KOTOPOE JIETKO TIPOJOJIKUTE /10 TIEPECTAaHOBKH MHO-
’ECTBA BCEX CJIOB, TaK KaK JIONIOJHEHMS STHX Pa3pellMMBIX MHOXKCCTB OECKOHEUHHI. |

TTokaxkuTe, YTO OLEHKY MPEABIAYIIEH 33/a4l HEJIb3Sl CYNIECTBEHHO YJIyUllNTh:
Juts Jioboro k wHaimyrtcst Ba cyioBa X My qmHbH 1 = 2k + O(1), 11t KOTOPHIX
KS(x),KS(y) < k+ OQ) (urem Gonee KT (x|y), KT (y|x) < k + O(1)), o smobdas
TIEPECTAHOBKA MHOYKECTBA CJIOB JUTMHEL 71, OTOOpaKAIoNast X B y, UMECT CIOXKHOCTH HE
Menee 2k. [Ykazanue. [{Jis Havasia BeioepeM (IIPOU3BOJIBHO) 2% cioB ¥y JUIMHBI 1 | Ka-
KOEe-HUOY/Ib O/IHO CJIOBO X. By/ieM nepeducsisiTh Bee epecTaHOBKY CIIOXKHOCTH MeHee 2k .
Koraa u ecsiit Bce mapbl BBIOPAHHBIX CJIOB OYIYT CBS3AHbI KAKON-/IMOO0 W3 TIEPEUMCICHHBIX
MEePECTaHOBOK, BHIOMPAEM HOBOE CJIOBO X, KOTOPOE CBSI3aHO MEHEE UYeM C IOJIOBUHOM U3
y’Ke BBIOPAHHBIX CJIOB y MMEIONTAMUCS TIePECTaHOBKaMU, U jobaBmM ero. [lociie »Toro
noHago6uTcs £2(24) HOBBIX TIepecTaHOBOK, UTOOH! CBA3ATH €T0 CO BCEMM BEIOPAHHBIMH .
[osToMy OyzeT BEIOpaHO He Oosiee 22k / Q25 = 0(2%) cnos x, 1 CIOKHOCTD BHIOpaH-
HBIX CJIOB X 1 y OyzmeT He Oousbiie k& 4+ O(1). Beidop ciioBa X ¢ yKa3aHHBIM CBOHCTBOM
BO3MOXKEH, TaK KAaK KAKJOC U3 BLIOPAHHBIX CJOB ¥ CBSI3aHO C HEOOJIBLION J0JICH BCeX
BO3MOXHBIX X, I MOKHO TICPECTaBUTh TOPSIOK YCPeTHEHS TIPY TIO/ICYETE JToJIel. 3ame-
TUM €IIE, YTO BTO PACCYK/ICHUE TTO3BOJISIET B3ATh OHO W3 CJIOB B 33J]AHHOM MHOXECTBE
mw 2% sementos.]

MHorue cBoiicTBa 0€3yCIOBHON CJIOKHOCTHU JIETKO MEPEHOCITCI U HAa YCJIOBHYIO. Bot
HEKOTOPHIC U3 HUX (JIOKA3aTEeJIFCTBA TOBTOPSIIOT COOTBETCTBYIOIIME PACCYXICHUSI IS
0E3YCIOBHOM CIIOKHOCTH):

o (ymxima KS(x|y) mepeuncimma cBepXy (STO 03HAYAET, YTO MHOKECTBO TPOEK
(x,y, n), misa kotopeix KS (x|y) < n, nepeyrcimmo);

e I[IpY JaHHBIX Y U 71 MHOXECTBO TEX CJIOB X, It KoTopsix KS (x|y) < n, comepxur
MeHee 2" DJIEMEHTOB, TO3TOMY

® IS BCSKOI'O Yy 1 JJIsI BCSAKOIO 1 HaﬁﬂéTCH CJIOBO X JJIMHBI 1, CJIOKKHOCTH KOTOPOI'O
1IpA U3BECTHOM Y HC MCHBIIC 71.

Jlokaskute, 4TO ISt JIEOOBIX CJIOB y U Z 1 JUIsl JIOOOTO N HAHAETCS CIOBO X
AmHBL 1, y kotoporo KS(x|y) > n—1u KS(x|z) > n — 1. [YkazaHue: IUI0XHe CJI0BA
KX/I0r0 TUMA 00Pa3ylOT MEHEE MOJIOBHHEL ]

Teopema 19. Ecnu (x,y) — K(x|y) — nepeuucnumas ceepxy ¢ynxyus, npuuém
onst MoObIX y U N MHOMCECMEO

{x| K(x|y) < n}

codepacum menee 2" snemenmos, mo KS(x|y) < K(x|y) + ¢ npu nexomopom ¢ u
npu jiobblx X U y.

OTa TeopeMa JIOKa3bIBAETCSI AHAJIOTUYHO Teopeme 8.
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B teopeme o crokHOCTH mapH (Teopema 16, c. 39) Takke MOXKHO 3aMEHUThH CJIOXK-
HOCTh Ha yCJIOBHYIO:

Teopema 20.
KS(x,y) < KS(x) +21og KS (x) + KS(y|x) + O(1).

<« [lycts D; — onTuMaibHBIA crIocod 0e3yCIoBHOTO onwcanus, a [y — omnrumaits-
HBIA CII0CO0 YCIOBHOTO Ormcanust. [locTpouM croco6 ormcanus D', mosoxus

D'(pg) = [Di(p), D2(g, Di(p))].

3necs p — OecripeUKCHBIN KO CJIOBA P, a KBAPATHBIE CKOOKH O003HAUAIOT BHIUHCIIM-
MO€ KOJMPOBAHHE I1ap, MCIIOJIb3YEeMOE IIPU OIPEICJICHUU CJI0XKHOCTY napsl. Ecim p —
KpaTuJaiflliee OIMMCAHUE CJIOBA X, 4 ¢ — KpaTrdaulliee OIMCaHVe CJI0BA Y MPU M3BECTHOM
X, TO CJIOBO Pg OyJIeT OMMCAHKEM CJIoBa (X, y] oTHocutesbHo D', oTkyna

KS(x,y) < KSp(x,y)+ 0Q) <I(p) + I(q) + 0Q).

OcTanoch 3aMeTUTb, YTO MOXKHO BHIOpaTh OecrpedKCHOE KOAUPOBAHKE TaK, YTo0b! / (P)
He upesocxoauio [(p) + 2log/(p) + O(1) (cm. j1o0ka3aresiberBo reopemMbl 16 0 Ci10%k-
HOCTHU Taphl, ¢. 39). »

Kak u panpiie, MoxxHO 3ameHHTS 2 log KS (x) Ha log KS (x) + 2loglog KS (x) u Tak
Jasee. MOXHO Takxe JOOABOUHBINA WIEH MEPEHECTH HA YCJIOBHYIO CJI0XKHOCTH, HATIMCAB

KS(x,y) < KS(x)+ KS(y|x) +2logKS(y|x) + O(1).

B mokazatesnscTBe Tpu 9TOM ciieayet 3ameruts D' (pg) wa D'(§p).

JIOKa’KWTe «HEPaBEHCTBO TPEYTOJILHIKAY:
KS(x|z) <KS(x|y)+2logKS(x|y) + KS(y|z) + O(1)

JUIs1 JTIOOBIX TPEX CJIOB X, ¥, Z.

Eciu He BAaBaThCs B TOHKOCTU PA3JIMUHBIX BAPHAHTOB OLICHKU J00ABOYHOIO Y/ICHA
¢ JorapudmoM, pe3yibTaT TeopeMbl 20 MOXKXHO c(hOpMYJIMIPOBAaTh Tak: /IS CJIOB X M ¥
JUIMHBL He OoJiee N MMEET MECTO HEPABEHCTBO

KS(x,y) < KS(x) + KS(y|x) + O(log n).

OkxaseIBaeTCs, YTO ITO HEPABEHCTBO HA CAaMOM JeJie TIPEACTABJISIET cO00I PaBEHCTRBO
(c TOI1 ke JOrapupMUUIECKOIl TOUHOCTEIO).

Teopema 21 (Kommoroposa—JlepuHa).
KS(x,y) =KS(x)+ KS(y|x)+ O(ogn)

051 €108 X,y OnuHbl He Donivuie n.
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<« B o1y CTOpOHY HEPaBEHCTBO yiKe JlokazaHo. Ocraioch gokasatk, urto KS(x,y) >
> KS(x) + KS(y|x) + O(logn), ecm x v y — cJioBa UIMHKL He Gosiee 1.

Ilycts X,y — mpOU3BOJIBHBIE CJIOBA JUIMHBEI He Oosiee n. OOO3HAUMM CJIOKHOCTB
KS (x,y) napn (x,y) uepe3 a. Ilyctb A — MHOXKECTBO BCEX AP CJIOB, Y KOTOPBIX
CJIOKHOCTH He Ooutblie a. Yncsio 3iaeMeHToB B MHOKecTBe A He dossiie O(24) (Tounee,
Menbie 24T1), u mapa (x, y) — O/MH W3 STHX DJIEMEHTOB.

JIJIst KaK/I0r0 CJIoBa ! paccMOTpuM cevenue A, MHOXKecTBa A:

Ar={u|(t,u)ec A}

(puc. 2.1). CyMmMa MOIITHOCTEIT BceX MHOXKeCTB A, Tpu Bcex { paBHA MOIHOCTA MHOe-
ctBa A, To ecth He npeBocxour O(2?). TodToMy GOJBLIIX CEUCHUN Y MHOXeCTBA A
HEMHOT'O, YTO MBI CEHYac U MCHOJIb3YEM.

yA

Ay

{ %

Puc. 2.1. Ceuenue A; MHOXeCTBA A MPOCTHIX map.

[ycre m = |log, |Ax|], rle X — nepBast KOMIIOHEHTA VCXO/HON Haphl. dpyrumu
CJIOBAMH, HyCTh UKCJIO DJIEMEHTOB B A, 3akimoueno mMexay 2™ u 2™+!. JlokaxkeM, 4To
KS (y|x) ne cuibHo nipesocxoaut m, a KS (x) He cuiibHO nipesocxoaut a — m. Hauném
C [IEPBOTO.

3Hasg a, MOXHO TEPEUCIATh MHOXKeCTBO A. ECIIH MBI K TOMY K€ 3HAEM X, TO MOX-
HO OCTaBJIATh OT A TOJBKO NAPHI, y KOTOPHIX IEPBast KOOP/IMHATA PABHA X, U TOJYYUThH
riepeynciieHne MHOXecTBa Ay. YUTOOB 3371aTh y, IOMUMO ¢ W YCJIOBUSI X, JJOCTATOYHO
yKa3aTh TOPSIKOBBIT HOMEP DJIEMEHTA ¥ B OTOM TepedncsieHnn. Jlis 3Toro mocraroyd-
Ho m + O(1) duros, u BMecre ¢ a nosydyaercs m + O(logn) GuroB: 3aMeTHM, 4TO
a = KS(x,y) ue upesocxoqur O(n), ecim x U y — cJioBa JuiMHbl He OoJiee n, a
moToMy Jiis 3ajaaus @ gocraroudHo O(log n) Ouros. Mtak,

KS(y|x) < m+ O(ogn).

[lepeitaém ko BTOPOIi olieHke. MuoxectBo B Beex f, mis Koropuix |A¢| > 2™, co-
nepxutr He Gosiee 2971 /2™ sjementos (uHaue cymma |A| =Y |A;| Gbuia 661 Gostbiue
24+1y  MuoskectBO B MOXKHO [IepeYncyITh, 3Hasg a u m. (B camoMm jeiie, Hajo Iie-
PEYHCIIATh APl B MHOXKECTBe A; KaK TOJIBKO HAMAETcs 2™ map ¢ OJMHAKOBOM HEPBO
KOOD/IMHATOM, 5Ta KOOPAMHATA IIOMEIAETCS B IIEPEUNCIIeHne MHOKeCTBa B.) Tem cambimM
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HCXO/THOE CJIOBO X (KAK U JIOOOM JIPYTOit DJIEMEHT MHOKECTBA B) MOXHO 33/1aTh, YKa3aB
(a — m) + O(logn) 6utoB (@ — m OGUTOB YXOISAT HA MOPSKOBHI HOMEP cJioBa X B B,
a O(log n) GUTOB MO3BOJISIIOT JIOTIOJIHUTEJILHO YKa3ath a U m). O1ciona

KS(x) < (a —m)+ O(logn),

M OCTAETCSI CJIOXKWTH JBA MOJIYy9ICHHBIX HEPABEHCTBA. P

JloKazaHHYIO TOJIBKO UTO TEOPEMY MOXKHO PacCMaTpHBaTh Kak IIEPEBOJT Ha SI3BIK KOJI-
MOT'OPOBCKO# CJIOKHOCTH TaKOT'0 KOMOMHATOPHOro dakTa. [1ycTh 1aH0 MHOXKeCTBO A map
cjoB. Ero mMoumHocTs He MPEBOCXOTUT MPOU3BEACHHS MOIIHOCTH IPOEKIINN HAa TIEPBYIO
KOOP/IMHATY M MOLIHOCTU HanboJibiero ceueHust A, (IiepBasi KOOp/MHATA PaBHA f, BTO-
pas 1pousBoJibHa). 1o coorsercryer nepasencrsy KS (x,y) < KS(x) + KS(y|x) +
+ O(log n). OOpaTHOE HEPABEHCTBO MHTEPIPETHPYeTCS ciioxkHee. [IycTh JaHo MHOXe-
CTBO A map CJIOB, a TAKXKe IUCHIA p U ¢, Ui KoTophix |A| < pg. Torja MOXHO pa3duth
A na e wact P u Q ¢ Takumm cBoiicTBamMu: Mpoekius P Ha TepByl0 KOOPAWHATY
cozlepKUT He GoJiee p DJIEMEHTOB, a Bee ceueHus (), MHOkecTBa () (riepBasi KOOp/AUHATA
PaBHA X, BTOPasi IPOU3BOJIBHA) COZIEPXKAT He Oostee g 3JiemeHTOB. (B camom aesie, ecim
OoTHeCTV K P Te cedeHWs, KOTOPHIC COfiepKaT OOJIBIE ¢ DJIEMEHTOB, TO WX 9YHC/IO HE
npepocxoqut p.) [lompobuee o6 3ToM cM. B rmase 10.

3aMeTUM, 4TO Ha CaMoM [ieJie JUISL JOKa3aTeIbCTBAa BayKHBI HE JUIMHEL CJIOB X U ¥, A
ux cJ10KHOCTU. [lo cyliecTBy MBI 10Ka3a/ld Takoil (paxt:

Teopema 22 (Kosmoroposa—JleBrHa, BapUaHT €O CIIOKHOCTHIO).
KS(x,y) = KS(x) + KS(y|x) + O(og KS (x,¥))

0nst 1obbIX €08 X, Y.
Ouenure 6oJiee TOYHO KOHCTAHTH B ITPOBEIEHHOM JIOKA3aTE/ILCTBE U ITOKAKUTE,
4Tro

KS(x)+ KS(y|x) < KS(x,y)+3log KS(x,y) + O(loglog KS (x, y)).

Hoxasxure, uro ecnut KS(x,y |k, 1) <k +1, 10 KS(x|k, 1) < k+ OQ) wm
KS(y|x, k, 1) <1+ O(1). [Ykazanue: 310 B TOYHOCTU COOTBETCTBYET PACCYKJIEHUIO B
JIOKAQ3aTe/IbCTBE TEOPEMBI 22.]

[okaxwure, gro B Teopeme Koimoropora—Jlernna wienst nopsiika O(log n)
HEeMOEKHH (MPIYEM B 00€ CTOPOHEI): TIPH JIIOOOM N HANTYTCS CJIOBA X M Yy JJIMHHL He
OoJiee n, 1J1s1 KOTOPHIX

KS(x,y) > KS(x)+ KS(y|x) +logn — O(1),
a TaKkKe CJI0BA X M ¥ JUIMHBL HE OOJIEe 7, [JIsi KOTOPHIX
KS(x,y) <KS(x)+ KS(y|x) —logn+ O(1).

[Vkazanue. B mepBoM cilydae MOKHO BOCIIOJIB30BATHCS 3aMEYaHUEM IOCTE TCOpeMbl 16
(c. 41). Bo BTOpoM cityyae 3aMeTum, 4To cyioxxHocTh mapet KS (x, [(x)) =KS (x)+ O(1)
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mpu JiioboM x, a KS (x| 1{x)) moxer 6wt pasro [ (x) + O(1) u KS (x) + O(1). Ocra-
&rcs BRIOpATh CIIyYaHYIO JUIMHY MeXIy n/2 ¥ n, a NMOTOM CJIydYaiHOe CJIOBO DTOi
JITAHBL. |

[MokaxxuTte, 4TO M3MEHEHHE OJHOIO OUTA B CJIOBE [JIMHBI /1 MEHSET €0 CJIOXK-
HOCTh He Oosiee 4eM Ha logn + O(loglog n). Jlokaxure To ke camoe JUIs YCJIOBHON
cioxkHoctn KS (x| n).

MOoOXHO TIOKa3aTh, YTO IS JOOOOTO CJI0Ba X [JIMHBI N HAWAETCA CJIOBO X' TOM XKe
JUTMHBIL, OTJIAYAIONIEeCs OT X TOJBKO B OJHON HO3HMIMM, /U1s1 KoToporo KS(x'|n) < n —
—logn + O(1). To e camoe BepHO | JI7Is G€3YCJIOBHOI CJIOKHOCTH. B gacTHOCTH, ecim
X CJIyYaiiHO, TO NPU JOCTATOYHO OOJIBIIMX 1 CJOKHOCTb X' CTPOTO MEHBIIE CIIOKHOCTH X.
U HaoGopoT, ecs citoskHocTh KS (X | n) pocratouHo mMasieHbkas, Toudee KS (x| n) < an
JI1S1 HEKOTOPOH MOJIOKUTEIBHOM KOHCTAHTHL ¢, TO CJOXHOCTh X MOXXHO YBCJIMYUTH ITy-
TEM W3MEHEHWsI HEKOTOPOTo OWTa X: JIJIA BCSKOTO JOCTATOYHO OOJIBIIOTO 7 JJISI BCEX
x mmansl no¢ KS(x|n) < an cymectsyer x' JIMHBL i, OTIMYAIONIEECS OT X TOJBKO
B OJHOM To3uimu, mist kotoporo KS(x'|n) > KS(x|n). Tleppoe yTBepskICHHE JOKa-
3BIBACTCSI C MOMOIIBIO KOJJa XEMMHHIA, MMOKPHIBAIOIIECTO MHOXECTBO BCEX CJIOB JJIMHBL 1
cemeiictsoM 13 O(2"/n) mapos Xemmunra paguyca 1 (o xoge XeMMUHIa MOXHO IIpo-
yutath B [131], onpenenenve niapa XeMMuHTa J1aHO Ha ¢. 484). Bropoe Tpedyer doiee
CJIOKHOTO KOMOWHATOPHOTO paccyxaerus (cM. [14]).

OukcupyeM HEKOTOPHIN (0e3ycioBHBI) criocod ommcanus D. Jlokaxurte, 94To
JUISL HEKOTOPOM KOHCTAHTHI C M JUISL BCEX N M K BBHIIOJIHEHO TaKOE CBOMCTBO: €CJIM
KAKOE-TO CJI0BO X mMeeT 2F ormcanuit aymmn ue Gosee n, to KS (x [ky<n—k+c.
[Ykazanue. [lycrs k ¢uxcuposano. s KaXJ0ro n paccCMOTpPUM CJIOBA X, UMEIOLIME
He Menee 2% ormcamuit umEbL He Gojee n. UMCIO TakUX CJIOB (ipu nanHoM k) He
TIPEBOCXOUT 27—k ¥ MOXKHO BOCIIOJIB30BATHCS TeopeMoit 19, c. 45.]

C HOMOIIBIO HTOF 33aUM MOKHO JIOKa3aTh TAKOE YTBEPXKACHHUE 0 OS3yCIIOBHOI CI0XK-
HOCTH:

[Mycts D — ¢uxcupoBanHbIil (6e3yCIOBHBI) crtocod onwcanusd. Toraa HafneT-
€S TAKOE UKCJIO C, YTO [T JIIOOOTO CJI0BA X YUCJIO KpaTJarimx D-0micaHuii ¢jioBa X He
NPEBOCXOUT C. [Ykazauue. B ycmosusx npeapiaymieit 3amaun KS (x) <n—k +2logk +
+ O(1), nosromy mipu KS (x) = n 3HaueHue k orpaHudeHo.]

JOKaKUTE, 9TO HAMAETCS KOHCTAHTA ¢ C TAKAM CBOPICTBOM: €CJIV JIJIS JIAHHBIX X
4 n BeposATHOCTH coObitust KS (x| y) < k (Ui ciy4aiiHo B34TOrO CIIOBA ¥ JUIMHEBL 71; BCE
TAKUE CJI0BA CUMTACM PABHOBEPOATHHIMU) HE MEHBIIE 27 1o KS(x [n,D<k+1+c.
[Ykazanue. COEIMHUM KaK/J0€ CJIOBO y JUIMHBI 11 CO BCEMM CJIOBAMM X, CJIOXHOCTh
KOTOPBIX OTHOCUTEJILHO ¥ HE HPEBOCXO/MUT K, HOJSyunM JBys00ibHbIA rpad ¢ O(27+F)
pEGpaMuI, ¥ B HEM UNCJIO BEPIIMH X, W3 KOTOPHIX BEIXOJTHT He MeHee 2" ! pédep, ects
ok, Ob6pature BHuManue, uto B KS(x|n,]) B yciaoBue He Bxomur K — 3TO He
oreyarkal]

DTa 3a7a4a MO3BOJIET OTBETUTh HA TAKOW BOIPOC: YEMY B CPEIHEM paBHA CJIOXK-
uHocth KIS (x|y) MU JaHHOTO X W CIIYYAliHO BBHIOPAHHOIO CJIOBA y [TAHHON JUTAHBI n?
ScnHo, uto KS(x|y) < K(x|n) + O(1) (mockosnsky n = I(y) BOCCTaHABIMBACTCA IO
¥). OKa3bIBAETCST, YTO JJIsT OOJIBIIMHCTBA CJIOB ¥ JTAHHOM JJTMHBI 3T OIEHKA TOYHAS:
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JIoKaKuUTE, 9TO HAMAETCS TaKash KOHCTAHTA C, YTO /IS JIO0OTO CJIOBA X W IS
JIHOOBIX HATYPAJIBHBIX YUCET N U d JOJS TeX CJIOB ¥ JIMHHL 11, ¥ KoTopeix KS (x|y) <
< KS(x|n) —d (cpemu BCcex CIOB UIMHBI 1), HE TPEBOCXOJUT cd?/ 24 Buemure
orciona, uro cpeatree apudmernueckoe KS(x|y) no Bcem cJioBaM y JIAHHOM IJIMHBL N1
pasuo KS (x|n) + O(1) (xomcranta B O(1) He 3aBUCHT OT X U n).

Hoxkaskute, uto ecmn KS (x| k) < k, ro KS(x) < k + O(1). [Yxazanue. Cu.
TeopeMy 7. MOXHO 3aMETUTbh TAKKe, YTO €CJIM ONKCAHHE X IPU U3BECTHOM k uMeer
JUMHY k, TO MOXHO CUMTaTh Kk M3BECTHBIM, A €CJIA OHO KOPOYE, TO PA3HULYY MOXKHO
327aTh JOMOJIHUTEIIFHO, TaK KaK €CTh 3arac. ]

banskoe (HO HE TOXAECTBEHHOE!) yTBEpKACHUE:

Hokaxure, uro KS(x) = KS(x|KS(x)) + O(1). [Ykazanue. Ilycts x nmeer
KOpOTKOE onmcanue g rmpy m3BectHoMm KS (x). Toraa /uist BOCCTAHOBJIEHUS X 0CTATOUHO
3a1ath ¢ u pasHuuy juimH KS(x) — I(g), u nojyuaercsi 6oJiee KOPOTKOE ONUCaHUE
CJIOBA X, YEM 3TO BO3MOXHO.]

JlokaxxuTe, 4TO IpU JIIOOOM 1 CPe/ CJIOB [UIMHBI 11 HAWAETCS CJIOBO X, JUIS
xkoroporo KS(KS (x)|x) =logn — O(1). (3amerum, uT0 3T0 MAKCUMAJILHOE 3HAYEHUE,
Tak kak KS (x) < n 14 CJI0B X JUIMHELL 71.)

Oto yTBep)KAEHME (B HECKOJIBKO IpyroM Bapuante) gokasai [1. Iau [42]. HarisaHoe
JIOKa3aTeIbCTBO B UIPOBBIX TepMUHAX HemaBHO mpeqiaoxum E. Kammmmnaa u B. baysac,
wjIest ero TakoBa. PaccMOTpHM IIPSIMOYTOJIBHYIO JTOCKY IMMPUHBL 2" M BBICOTH 71, HA KOTO-
prie aBa urpoka (bessie u YEpHBIE) 110 oUepeIn CTaBsT HEHIKU CBOCTO 1iBeTa. B omymmune
OT IIAXMaT, B OTHOM M TOW K€ KJICTKE MOTYT ITOMEIIAThCSA ¥ Oesast, M 4épHask TCHIKH
(xBaTUT MeCTa IS OJIHOW IEIKU KKI0ro usera). Ha xakaoM xony MOXKHO MOCTABUTH
HECKOJIBKO IICHICK B Pa3HbIC KJICTKH (a MOXHO M HU OJHOU HE CTAaBHUTL); IOCTABJICHHBIC
TICTIKA C/IBUTATh W yOmparts Hesb3sd. Emé UEpHBIM paspennacTcs 3aKkpalmBarh KIICTKHL.
OrpaHavyeHus:

(a) xaxABIT W3 UTPOKOB MOXET TOCTaBUTH He 0oJiee 2% memex Ha TOPU30HTAJIN
(TopmsoHTAIM HYMEpYIOTCS CHM3Y BBepx OT 0 10 n — 1);

(0) UépHble MOTYT B KaX/I0M BEPTHUKA/IM 3aKPACUTh He Oosiee MOJIOBUHBI KJICTOK.

Beras memka cunraeTcs youToit, ecii e€ KJIETKa 3aKpallicHa UM €CJI HIDKE B TOM
e BEepPTUKAJM eCTh 4€pHas Ienka. Urpa He uMeeT o(pUIMAIbHOIO KOHNA (XOTs IO Cy-
IIECTBY KOHEYHA), besble BRIMIPHIBAIOT, €CJIM B MpEAesic y HAX €CTh HEYOUTas ICIIKA.
B sToi1 urpe besple MOTYT BHIMTpATh TaK: MOCTABMB TEIIKY B BEPXHEH TOPU3OHTAIH,
OHU XIyT, noka YépHele e¢ He yOptoT. Ecim 310 mpousourno usz-3a Toro, uro YeépHsie
MOCTABUJIM IICIIKY HIDKe, belible Iepexoqdar K cleayoleil BepTHKaId (CKakeM, HadaB
cjieBa U ujig Hatipapo). Ecim ke YEpHBIEe 3akpaclild KIJIETKY, TO BeJiple CTaBsT IECHIKY
Ha KJIETKy HIDKE U CHOBA /IyT, IIOKa OHa He OyseT yowTa, u Tak jganee. (be3 orpanu-
YeHHSI OOILIHOCTH MOYKHO CYHTATh, YTO OTBETHBIE X0AB UEpHBIX yOuBaoT memky bessrx;
MOCKOJIbKY BBIUTPHILI ONPEAE/ISIeTCS MPEASIbHON MO3MLMEH, IPyrue XOAbl MOXKHO MBI-
CJICHHO OTJIOXUTB.) TTOCKONBKY 3aKpacHUTh MOXHO JIMIIb TTOJIOBUHY KJIETOK BEPTHKAJIH,
UépHEIM NPUIETCA paHO WM ITO3JHO IIOCTaBHUTH IENKY. Bo BCe BEpTHKAIM OHU IIOCTa-
BUTH TICHIKA HE MOTYT, TaK KaK cyMMa 2' 10 BCeM TOPU3OHTAIAM Ha 1 MeHble uucJIa
BepTHKaJIeit. OrpaHMdeHre Ha YMCIIO TICHIeK B TOPU3OHTAIN besble He HapymaT, Tak Kak
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BO BCEX Y€ OTHIIPAHHBIX BEPTUKAJIAX II0J] UX MENIKOM B TOPU3OHTAIM [ €CTh U4€pHas
nienka B ropusonTam j < i, a cymma 2 1o BeeM j < i MeHblie 2%, U €CTh MECTO ele
JIJISL OJTHOM TIeIKY bestbix.

Teneps mycts UépHble UrpaloT Tak: KJeTka (X, i) 3aKpaLIMBACTCS, €CJIU OOHAPYKU-
nock, ato KS(i|x) < logn — 1; uépHas memma CTaBUTCS B KICTKY (X, ), ecim 00-
HAPYXWIOCh, 4TO Y X €CTh YCJOBHOE OIMcanue (IIPU U3BECTHOM n) jumHbl i. Jlerko
MOHSTh, YTO TIpW SToM YUEpHEIe He Hapymar orpanmdycHmit. HeyOuras Oemast remka B
kietke (x, i) Oyner osHauath, uro KS(x|n) > i u uro KS(i|x) > logn — 1; nockoss-
Ky JeiicTBus Besibix Toske BbrumMc/mmbl, 10 1ipu 3toM KS (x| n) > i + O(1), 10CKOJIbKY
MHOXECTBO O€JIbIX TIEIIEK B TOPU3OHTAIN [ MOXKHO TEPEUUCIIATh U OHO COJICPKUT HE
Gostee 2! 3IIeMEHTOB.

D10 paccyk/ieHue JOKa3hIBAET HE COBCEM TO, 4TO TPEOOBAJIOChH: MBI JOKA3AJH, UTO
KS(KS(x|n)|x) >logn — 1; uro0sl mostyunth TpeGyeMoe, AOCTATOUYHO HEMHOTO H3-
MEHUTh PACCY3K/CHUE U UIPATh HAPAJLIC/IBHO HA JOCKAX /1 BCEX 3HAYEHUM N.

JokaxxuTe, 9To (711 HEKOTOPO¥ KOHCTAHTH €) JJIS JII0OOTO CJIOBA X U JI00OT0
qrcsIa 1 HAWAETCSl TaKoe CJIOBO y JUIMHHL 1, 9TO

KS(xy) 2 KS(x|n)+n—c.

[Ykasamme. /171 JaHHOTO 1 KOJMYECTBO CIOB X, IpU KoTopeix KS(xy) < k mpm Bcex
y MMHBL 1, He npeBocxoaut 2% /2", | 5TO CBOMCTBO MEPEYMCIIAMO, TAK UTO MOXKHO
pUMEHNTHL TeopeMy 19 (c. 45).]

Mycts [ — GyHKIMS ¢ HATYPAIHLHBIMUA APTYMEHTAMM U 3HAYCHUSAMU, IPUIEM
f(n)+eh<f(n+ h) <fn)+ (A — e)h mis vexkoroporo € > 0 u st JOOBIX HA-
TypaJibHbIX 11 U h. TTokaxkuTe, 4T0 CylIECTBYeT OECKOHEYHAs MOCJIEIOBATEILHOCTh W, Y
KOTOPOIi CJIOXHOCTh HAYAJIbHOIO OTpPe3Ka JUMHbL 11 paBHa [ (n) + O(1) nipu Jyiobom n.

[Ykazanue. byem CTpOUTh Takyio HOCACAOBATEIBHOCTD JOOABICHHUEM OJIOKOB JIJIMHBI
h: odepe/THOIT GJIOK YBEJIMUMBACT CIOKHOCTD JIO0 Gojbie yeM Ha f(h), mubo MeHbIle
yem Ha [ (h); BRIOOP MeXy OJI0KaMu OYJIeT 3aBUCETh OT TOTO, HUKE VJIHA BBILIE TPAHUIIHL
MBI HaXoJuMcs ceifdac. Jluist Toucka yCJIOXKHSIONEro 0JI0Ka MOYKHO TPUMEHWTH TTPE/Ib-
JYIIYIO 3314y, BTOPOI OJIOK MOXXHO B3SITh, CKAXEM, W3 OJHUX HYyJICi. 3aMeTUM, 4TO
h Gyzer ojiHO JUIsL BCEH 110CJ1€/10BATE/IbHOCTH, U [I03TOMY JIOCTATOYHO KOHTPOJIMPOBATH
CJIOKHOCTh HAYAIBHBIX OTPE3KOB M3 11eJI0r0 9ica OJIOKOB. ]

JlokaskuTe, YTO OECKOHEYHAS TTOCJICIOBATEIBHOCTD XoX1X; - . . HYJICH W €FHHIL
BLIUMC/IMMA TOTA U TOJILKO TOI1a, Korja sesjrunHa KS (Xg . . . Xp—1 \ n) (ycJjloBHas CJI0XK-
HOCTb €€ HAYaJIbHBIX OTPE3KOB IIPY M3BECTHOMH JIJIHE) OTPaHUYEHA CBEPXY.

[Vkazanme. OTMETMM B OECKOHEYHOM JIBOMYHOM JIEPEBE BCEX CJIOB IEPCUMCIINIMOE
MHOXECTBO S BepIHMH (CJIOB), Y KOTOPHIX YCJIOBHASI CIOKHOCTb IIPY U3BECTHOM JUIMHE
OTrpaHMYeHA HEKOTOPON (PUKCUPOBAHHON KOHCTAHTOW. Bce «TOPU30HTAJIBHBIE» CEUCHUS
MHOXXECTBA S OrpPaHMYeHBI 110 MOIHOCTA. HaM Hy)XHO BBIBECTM M3 3TOrO, 4TO J00ast
OCCKOHEYHAs1 BETBb, LICJIMKOM POXO/smiast 1o .S, Beruncauma. Byaem npejmnosarars, 4ro
S obpasyeT TmoyiepeBo (OCTaBUB OT HEro0 TOJIBKO T€ BEPIIMHBI, JUIs KOTOPHIX MYTh U3
KOpHS Takxke JIKHT B S.) OHKCUpyeM HEKOTOPYIO OECKOHEYHYIO BETBb W B IOJICPEBe
S ¥ Ha KaX/IOM YPOBHE 71 TOJICYMTAEM uncia I, U r, BEpIMH U3 S cJieBa U CIIpaBa or
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w. [lycts L n R — Bepxume Ipesiesl wiced [, U #,, U MycTh N — HOMEp YPOBH,
HAuMHasl C KOTOPOTO DTU BEPXHUE IPeAeb! He npesbiuaiorces. 3Has L, R u N, MOxHO
BBIYMCJIATH CKOJIb YTOAHO OOJIBLIME HAYAJIbHBIE OTPE3KU BETBH w: HAJ0 MCKAThb BETBH,
CJIEBA OT KOTOPBIX €CTh HE MEHee L 371eMEHTOB U3 .S HA HEKOTOPOM ypoBHe (Gobiiem N )
U CIIpaBa €CTh He MeHee K »IeMEeHTOB I3 S Ha HEKOTOPOM (BOBMOXKHO, IPYTOM, TaKkKe
OomeieM V) ypoBHE; Kak TOJBKO TakKas BETBh HAILIACh, €€ HAYAJBHEIN OTPE3OK JIO
HIDKHETO U3 DTHX JBYX YPOBHEH COBIIAIACT C w.]

JloKakuTe, UTO B NpeJBUIyNICH 33/1a4e OorpaHmdeHHOCTs KS(Xp ... Xp_1|n)
MOXHO 3aMEHHTH OoJiee c1abbM ycaosueM: KS (Xo . . . x,—1) < logn + ¢ A HEKOTOpO-
ro ¢ U s BCeX n. [Yka3aHMe: BO3HHKAET NEPEUYHCINMOE MHOXKECTBO S CJIOB (BEpLIMH
OECKOHEYHOr0 ABOMYHOIO 1epeBa), B KOTOPOM YHCJ/IO BEpILIMH HA YPOBHsIX HIDKE N eCTh
O(N). Ecnu OBl urcsa BepIMH HA BCEX YPOBHAX ObUTM OBl OTpAaHMYEHHI, TO 3a]ada
cBeJsIach OB K IIpeJbLIyLiel. ITOro MOXKHO JTOOUTBCS, OCTaBUB OT MHOXKECTBA TOJIBKO Te
BCPIIMHBI X, /UIL KOTOPHX CYHIECTBYET IIPOOJIKCHIEC JUMHEL 2/ (x), BCe Hadama KOTO-
poro npuHaIeKaT S.]

3amava 47 MOACKA3BIBACT PAsHbIE BOSMOXHOCTH ONPEJCICHUS CJAOXHOCTU BBIYHCIIN-
MBIX [OCJIEJOBATE/ILHOCTEN X = (XoX1 X3 . . .) HYJICH U €IMHMULL

® HaMMCHbIIAA CJIOKHOCTH HpOFpaMMbI BbIYMUCJICHUA Xp . . . Xp—1 11O [[aHHOMy n (C
TOYHOCTHIO /IO KOHCTaHTHl 3TO TO K€ CaMO€, UTO HAMMEHBINAs CJIOKHOCTH ITPO-
TPaMMBI BEIYUCIICHUS X, IO JAHHOMY 1), 3Ty CJIOKHOCTh MBI OyJeM 0603HaYaTh
yepes KS (x),

® HAMMEHBINAS CJIOXKHOCTh MMPOrPAMMBI, KOTOPAs /ISl BCEX JOCTATOYHO GOBIIAX 1
BBIUMC/ISIET X . . . Xy—1 10 JaHHOMY 72, obo3Havaemas uepe3 KS.(x) (1s1 KoHey-
HOT'O KOJIMYECTBA 1 [IPOrPaMMa MOXKET HA BXOJIC 1 3aBUCATH WM JIABATh HEBEPHBII
OTBET),

e max{KS(xo...x,—1|n)|n=0,1,...}, obosHauaemas gepes M (x), u
o limsup, . KS(xp ... x,_1|n), obosHagaemast depes M..(x).

Mexay 3TUMHI BEJIMYMHAMEI UMEIOTCSI OUEBHIHBIC HEPABCHCTBA!
M. (x) < M(x) < KS(x)
(C TOYHOCTHIO JIO TIOCTOSTHHOTO CJIATA€MOro) U
M, (x) < KS.(x) <KS(x)

(c TOM K€ TOYHOCTHIO).

[Tokaxxute, 4TO CYIIECTBYIOT BHIYMCIMMBIC TIOCJICTOBATEILHOCTH, IS KOTOPBIX
KS . (x) snauurensHo menbiie M (x) (a 3xHauur u KS(x)). Tounee, MOXHO yKazaThb
HOCJIC/IOBATE/IBHOCTh X™ BBIYMCAMMBIX [IOCJICIOBATEIBHOCTEN, /i1 KoTopor KS . (x™)
ects O(logm), a M (x™) He MeHbIle m. [YkazaHue. PaccMOTpUTe TIOCIIET0BATEIBHOCT
x™ =y,000..., rme y, o0O3HAYACT JIEKCHKOTPa(pUICCKH IEPBOE CJIOBO [JIMHBI /M W
CJIOKHOCTH HE MEHEe m TIPU M3BECTHOM m.]

[Mokaxkure, YTO TAKKE OBIBAIOT BBIYUCIMMEBIE TTOCIIEIOBATEIBHOCTH /sl KOTOPHIX
M (x) 3nauntesnpHo Menbiie KS (x). A IMEHHO, MOXHO YKa3aTh MOCJIE/IOBATELHOCT X™
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BBIYHCJIFIMBIX TIOCIIEOBATENIBHOCTEM, U1t KoTopon M (x™) ects O(logm), a KS(x™)
He MeHblme m. [Ykasanwe. Paccmorpure mocienopatembHocTs x™ = (188(M000 . . .);
4MCII0 eIVHULL Nepesl HyJ1siMu paBHo BB (m), onpenesieHue 3Toil (pyHKUMM CM. Ha C. 34.]

Mokaxkwure, uto KS oo (x) < 2M..(x) + O(1). [Ykazanume. Tomurcs paccyskienue
w3 3aga9n 47.]

MOKHO TIOKa3aTh, YTO KOHCTAHTY 2 B TIPEIBIIYINCH 3aja4e YMEHBUIITh HEJb3s, HO
DTO YK€ BBRIXOJWT 34 PAMKM Halllell KHUTU. VIHTEPEeCyiomerocss YuTaTesisi Mbl OTChLIAEM
K paodote [39].

PaccMOTpUM €J10Ba [IJIMHBL 1, Y KOTOPBIX CJIOKHOCTH He MeHble n. (Takue
CJIOBA €CTECTBEHHO Ha3BaTh Hecocumaemvimu.) (a) IToxkaknure, 9TO KOJMYSCTBO TAKUX
cJI0B He MeHbIe 2"~ ¢ u He dompie 2" — 2"~ ¢ (mng HexoToporo ¢). (6) IokaxwuTe, 9TO
CJIOKHOCTh KOJIMYECTBA HEC)KUMACMBIX CJIOB jUMHBL n paBHa n — O(1) (orcioma ciie-
JYIOT yTBEpKJeHUs mpesiaymero myHkTal). (B) IlokaxkunTe, 4TO ec/IM CJIOBO X JIMHBI
2n IBJSETCS HEC)KUMAEMBIM, TO €ro IOJIOBUHBI X1 U X (JJIMHBI N) MMEIOT CJIOXKHOCTD
n — O(1). (r) TTokaxure, 4TO €CJIM CJIOBO X JJIVHBLL 1 IBJISETCI HECKAMAEMbIM, TO JIIO-
60¢ ero MojICJIOBO JUIMHEL kK MeeT CII0XKHOCTh He MeHbIle Kk — O(log n). (n) Tlokakwre,
YTO JIJIS JTII0OOM KOHCTAHTH ¢ < 1 JII000€e HECKMMAeMOe CI0BO JOCTATOYHO OOJIBIION JIJIHI-
HBI N COAEPKUT MOACJIOBO 13 Lclog2 nJ HyJlell. [Ykazanue. (a) Bcero onucanuil JJIMHBI
MeHble n OymeT 2" — 1, HO 4YacTh UX HHUX YXOJUT Ha 0ojiee KOPOTKHE CJIOBA: JIOOOE
CJI0BO JUIMHBL 11 — d 11Ipy HEKOTOPOM d MMEET CJIOXKHOCTH MEHBIIE 71, 4TO JOKa3bIBaeT
TIepBoe yTBepkJicHEe. UTOOBI /T0Ka3aTh BTOPOE, 3aMETUM, YTO CJIOBAa [JIMHBI 7, HAUM-
HAIONIHECST C k HyJIel, MOXHO 3a7ath 2log k + (n — k) Outamu. (6) 3anmmeM 4ucio
HECKVIMAEGMBIX CJIOB /UIMHBI 1 B BUJIC TBOMYHOTO CJIOBA t; €CJIM DTO CJIOBO MMEET JIJTHHY
n—k, romno t ulogk GUTOB MOXXHO BOCCTAHOBUTb U 11, M CIIMCOK BCEX HECHKMMAEMBIX
CJIOB JUTHHEL 11, I03TOMY HEPBOE M3 HECKUMAEMBIX CJIOB OyJET UMEThb CJIOXHOCTh MEHBILIE
4yeM ciaeayeT. (B) Ecim o/iHy U3 IOJIOBUH MOYHO OITMCATh KOPOYE, TO M BCE CIAOBO MOXKHO
3a7aTh Kopode, HadaB ¢ (OecrnpeuKCHOr0 Ko/a) PasHOCTA MEXY JJIMHON W CIIOKHO-
CTBIO CKUMAEMOH 110JI0BUHBL. (I') EcJiv 0JC/I0BO UMEET MEHBILYIO CJIOKHOCTh, TO U BCE
CJIOBO MOXXHO OMMCATh KOpode (3a/1aB IMO/ICTOBO, €r0 MOJOKEHUE W OCTAIBHBIC OUTHI).
(1) TloscuuraeM yYuCIIO CJIOB JUIMHBL 11, HE COZEP)KalMX HOAPs/ k HyJeil; peKyppeHT-
HOE COOTHOIIICHHE TOKA3bIBACT, YTO DTO YMCJIO PACTET C YBEJIMYEHUEM 71 IPUMEPHO Kak
TeOMETPUYIECKAst TIPOTPECCHM, 3HAMEHATEIIh KOTOPOI €CTh HANOOJIBIIHIN JCHACTBUTETHHBIA
KOpeHb ypaBHeHHs x =2 — (1/ x%), 1 MOXHO OLIEHMTD CIIOKHOCTD TAKUX CJIOB.]

ITokaxxure, uTo (IIPU HEKOTOPOM 3HAUEHUM ) JJIs JI0DOH OECKOHEUHOM MOCIe-

JIOBAaTEJIBHOCTA XpX1Xp . . . HYJIEM W €IVHMII HAMAETCS OECKOHEYHO MHOTO 3HAYeHWiT 71,
LT KOTOphIX KS (Xoxp . .. X—1) < n —logn + c.
[Mokaxxkure, 4TO HAMAETCS MOCJIEIOBATEBHOCTD XoX1 X2 . . . M KOHCTAHTa €, JIS KO-

Tophix KS(Xpx; ...Xy—1) = n —2logn — ¢ 1ipu Bcex An.
[Ykazanue. Psan Y 1/n pacxonurcs, a pan Y. 1/n? cxomurcs. [logpobuee cm. Teope-
Mbl 95 1 99.]

Jluis naHHOrO C€JI0Ba X JUIMHBL 1 onpe/esiuM Besmundbl d(x) = n — KS(x) u
d.(x) = n — KS(x|n). Tokaxkure, 4T0 OHU CBSI3aHBI HEPABEHCTBOM

de(x) = 2logd.(x) — O(1) < d(x) < dc(x) + O(D).
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[Vkazarme. Hamo nokasats, uro ecim KS(x|n)=n—d, 10 KS(x) <n—d +2logd +
+ O(1). B camom jiesie, B3sIB YCJIOBHOE ONMCAHWE p JUIMHBI N — d W 100aBUB B €ro
HAYaJI0 CAMOOTPAHMYEHHYIO 3aliCh d, MbI [IOJIyYUM CJIOBO, 1O KOTOPOMY MOYHO BOC-
CTAHOBUTDH CHaYaja d, MOTOM N, W HAKOHEL[ X.]

JHokaxure, uro d(xy) = d(x) + d(y|x) + O(logd (xy)) s J00bix aBYX
cioB x, y jywael n, tae d(u) = 1(u) — KS (u). [Ykazanue: MOXHO BOCIIOJIb30BATHCS
3agadeit 35.]

(VIHTYNTUBHBLT CMBICT PasHOCTH MEX/y JJIMHOM CJIOBA M €r0 CJIOKHOCTBHIO KaK Jie-
(exra ciyvaitHocTH 00OCyXJaeTcs AJIsS Pa3sHBIX BH/IOB CJIOKHOCTH B IJIaBe D M B IUIa-
Be 14.)

[Mokaxxute, 4TO /151 JOCTATOYHO OOJIBLIOTO 3HAYCHHS] KOHCTAHTHI C TIEPEYHU-
CITIMOE MHOYKECTBO Tap cJioB (X, y), mias kotopex KS(x|y) < ¢, ABIsSeTCs HOJIHBIM 110
ThiopuHTy (C TIOMOIIBIO OPaKyJIa IS STOTO MHOKECTBA MOKHO QJITOPUTMUYECKH PENIATh
MPoOJIeMy OCTAHOBKW). [YKa3aHWE: BOCHOJIB3YUTECH 3a/aueit 15.]

2.3. Kosmyecrso nundpopmanuu

Mei 3HaeM (Teopema 18), uTo ycstoBHas cioxHocTs KS (¥ |x) He npepocxoaut Ges-
ycJ10BHO# citoskHocTH KS () (C TOUHOCTBIO 10 KOHCTaHThI). PasHocts KS () — KIS (v | x)
TTOKa3hIBAET, HACKOJIBKO 3HAHWE CJIOBAa X YIIPOIIaeT omnvcaHve ciosa y. [TonTomy e€ Ha-
3BIBAIOT KOMUYECMBOM uHopmayuu é cinoge x o cioge y. ObozHauenve: I(x:y).

Teopema 18 mokaspiBaet, uro nHbpopMarms [ (x:y) HeoTprIlaTeJapHa (C TOYHOCTHIO
J0 KOHCTAHTHI): CYLIECTBYeT Takoe ¢, uTo [(X:y) > ¢ IpH BCeX X U Y.

[Mycrs jmana mpousBoJibHAs Bhiumcimmas (yaximst [. Torma Uit HEKOTOPO
KOHCTAaHTHI ¢ BhITIOJIHEHO HepaBeHCTBO [ (f (x):y) < T(x:y) + c.

Hokakute 0000IIIEHHAE STOTO CBOMCTBA HA BEPOSTHOCTHHIC aJITOPUTMBL. A MIMCH-
HO, IIyCTh JaHa MPOM3BOJIbHAS Bhraucimmast dyHkiwms f(x, r). [lycts r BoiOupaercs c
PaBHOMEPHBIM PACIIPE/Ie/ICHIEM CPE/IM CTPOK HEeKOoTopoi juuHbl n. Torma st Beex [
BepositHocTh coObitust 1 (f (x, ) :y) > I(x:y) + I ne npesocxomur 2~ I HOKSM+KS D),
3TO CBOICTBO MHGOPMAITMM HA3BIBAOT «HEBO3pACTaHUEM MH(POPMAIIUN NIPU AJITOPUTMU-
yecKux IpeodpaszoBaHusxy». [lomw3ysack Meradopoit JleBrHA, CMBICT STOro HEpaBeHCTBA
MOYKHO BBIPA3UTh CJIOBAMU «IIBITKA HEMH(POPMUPOBAHHOIO CBUAECTENS HE AacT UH(pOPMa-
uuM o npecryrieHnn» [80]. [Ykaszanue. McnoJip3yiite yc/IoBHBIN BapuaHT 3aga4dd 40.]

Benomuus, uTo
KS(x,y) =KS(x) + KS(y|x) + OQogKS (x,¥))
(Teopema 22, c. 48), MOXXHO BHIPa3UTh YCJIOBHYIO CJIOKHOCTH depes 0e3ycJIOBHbIC:
KS(y|x)=KS(x,y) — KS(x) + O(log KS (x,y)).
Torma 1 MHGOPMAIA ITOJIYyYacTCsT BHIPAKCHHE:

I(x:y)=KS(y) — KS(y|x)=KS(x) + KS(y) — KS(x,y) + O(log KS (x, y)).
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OTCIO,Z[EI Cpa3y BBITCKACT

Teopema 23 (cummertpust nHGOPMALMN).
I1(x:y) =1(y:x) + OUog KS(x,y)).

OTa TeopeMa rapantupyer, uro pasHuua mesxxay I(x:y) u I(y:x) jgorapupmuueckn
masa o cpaBuenuio ¢ KS (x, y). Kak nokasbiBaer ciiefyromas 3a/1a4a, 31a pasHULA MO-
eT ObITh CpaBHMMA € camumu 3HaueHusmu [ (x:y) u [(y:Xx), eciim T€ MHOIO MEHblle

KS(x,y).

TToKaKUTE, YTO €CJM X — CJIOBO JUIMHKI N, it koToporo KS(x|n) > n, 1o
I(x:n)=KS(n)+ OQ), B 10 Bpems Kak I (n:x) = O(1).

Crmmerpus (ITyCTh U HE MOJIHAS, a JIUITH C TOYHOCTBIO JI0 JOTapr(MIIeCcKOro CJIa-
raemMoro) mospoJisier HaseBath [ (x:y) (wm [(y:x)) e3aumnoii ungopmayueil cioB x
1 y. COOTHOIICHUS] MEXAY B3aNMHOM MHGOPMALHEH, YCIOBHBIMH CJI0KHOCTSMH U CIIOXK-
HOCTBIO Tapbl MOXXHO M300DPA3UTh Ha CUMBOJIMYECKON KapTHHKE (puc. 2.2).

X y

Puc. 2.2. B3anmHas WHGOPMaIMs U YCJIOBHAS CJIOXKHOCTb.

Ha neit noxasao, yro cioBa x u y umeior [(x:y) ~ [(y:x) 6uros obuieit undop-
matuu. lobasus KS (x|y) Ouros (undopmarus, KOTopas €Crb B X, HO HE B ¥, JieBas
00JIacTh), MBI TI0JyJaeM

T(y:x)+ KS(x|y) = (KS(x) — KS(x|y)) + KS(x]y) =~ KS (x)

0UTOB (KaK M TOJDKHO OBITh B CJIOBE X ). AHAJIOTMYHBIM 00PA30M LICHTPAJIbHAS YaCTh BMe-
cre ¢ KS(y|x) cmpasa maiotr KS (y). Hakomerr, Bce Tpu 0BIACTH BMECTE CKJIATBIBAIOTCS
B

KSx|y)+1(x:p)+KS@|x)=KS(x)+ KS(y|x)=KS(x|y)+ KS(y)=KS(x,y)

(Bce paBeHcTBa BepHBI ¢ TouHocThio O(logn), eciu cloBa X W y WMEOT JUIMHY HE
OOJIBIIIE 1).

B HexoTOpHIX CiTydasx 9Ty KapTUHKY MOXKHO IIOHMMATh OYKBaJIbHO. Bo3pMEM, Harpu-
MEp, KHECKMMAEMOE» CJIOBO ¥ = Iy ... ¥y JUIMHBL 1, it Koroporo KS(ry...ry) > n.
Torna ciioxHOCTE JiE00OTr0 ero nojciosa u paHa ! (u) ¢ rounoctsio 1o O(logn). B ca-
MOM JI€JI€, 1IOCKOJIbKY U SIBJISIETCS 1I0/ICJIOBOM F, TO ¥ = [uv JUIsi HEKOTOPbIX CJIOB 1
uv. Torm I(F) < KSP) KKS(H+KS(uw) + KSW) KT+ 1wy +1wv)y=1(r)
(c norapudmrIrgeckoil TOYHOCTHIO) U TIOTOMY BCE HEPABEHCTBA OOPAIAIOTCS B PaBEHCTBA
(c TOW € TOUYHOCTEIO).
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Ecimm terieph B3sITh JiBa IEPEKPHIBAIOIIMXCA ToficsioBa x u y (puc. 2.3), o KS(x)
Oyaer paeHo jumHe x, KS (y) Oyner paBHo jumHe y (¢ Tourocthio g0 O(logn)).

X Y

Lo [ ¥y | oole ]

X,y
Puc. 2.3. O0was uHpopManus B NEPEKPLIBAIOIMXCS [10/ICJIOBAX.

Cuoxrocts napsl KS (X, y) Oyzer paBHa JumHe 00heMHEHUST OTPE3KOB (TTOCKOJIbKY
mapa X,y OTJIMYAeTCHA OT 3TOro OOBCAMHEHUs JIMIIb MH(pOPMALMeN O AJIMHAX, KOTopas
rpedyer O(logn) 6uros).

CrienoBatesibHo, U ycaoBHble cno)HocTn KS (x|y), KS (y|x), u obmas undopma-
s {(x:y) paBHH (C JiorapudMIIECKON TOTHOCTHIO) JIFIMHAM COOTBETCTBYIONIAX OTPE3-
KOB.

OnHako Takasi CHTyalldst IMeeT MECTO AajieKo He Bcerja. Kak Mpl RrTocieIcTRiM yoe-
guMcst (cM. rmaBy 11), gamexo He IS BCSAKMX JBYX CJIOB X U ¥, UMEIOIIMX OOJIBIIYIO
B3anMHyI0 uHpopMalmio [(x:y), 3Ty B3auMHYI0 MHPOPMALMIO MOKHO «MATEpUAJIN30-
BaTh» B BUJIE CJIOBa z, s Koroporo KS (z|x) ~ 0, KS(z|y) ~0u KS(z) =~ [{x:y).
(B HameM mocieTHEM TIpUMepe TAKUM Z OBUIO TIepecedcHue MO/ICTIOB X U ¥.)

JoxaxuTe, 9T0 I JIOOOTO CJIOBA X JJIMHBI HE OOJIBIIIE 11 MAaTEMATHIECKOE
OXUJIAHME KOJIMYeCTBa oO0meil MHGOPMALMM B X U CIyYaifHOM CJIOBE IJIMHBI 1 €CTh
O(logn).

PaccmoTpuM Tereph CJI0KHOCTHBIE XapaKTEPUCTUKHU TPEX CJIOB. 36Ch BAa>KHBIM IIpU-
EMOM ABJIAETCS PeAsmueu3ayust — INePeHeCeHne CBOMCTB 0e3yC/I0BHOM CJI0XKHOCTU HA
ycJioBHy10. TlosicHuM 5TO Ha ripumepe.

Teopema 0 Cy10KHOCTM HAPHL (C. 39) yTBEPXKIAET, YTO

KS(x,y) < KS(x) +2logKS(x) + KS(y) + O(1).

Ec/i Bce CII0KHOCTU 3aMEHUTH Ha yCJIOBHbIE (IIPU M3BECTHOM Z), MOJIyYATCA HEpaBeH-
CTBO
KS(x,y|z) < KS(x|z) +2logKS(x|z) + KS(y|z) + 0Q1),

T7Te TIO/T YCIIOBHOM CJIOKHOCTHIO TIAPHI X, ¥ TIPY M3BECTHOM Z TIOHUMAETCS CIJIOKHOCTH ¢&
koma: KS(x,y|z) = KS([x,y]|z). Kak u mjast Ge3yC/IOBHON CIIOKHOCTHU TIAPHL, BHIOOP
KOJIMPOBAHMS HeCcyllecTBeH (MeHseT citoxxHocTh Ha O(1)).

DTO HEPABEHCTBO JIOKA3bIBACTCS TOUHO TAK €, KAK M HEPABEHCTBO 0€3 z: Mbl COe/IU-
HSEM ONUCAHUA p JUId X (IIPU W3BECTHOM Z) U g JJid ¥ (IIpY U3BECTHOM Z) B €IMHOE
OIMICaHWE g OTHOCHUTEJIFHO HOBOTO CHOC002a (yCJIOBHOTO) OMNVICAHW.

[NoyunTeIpHO WCKIFOYNTH W3 3TOTO HEPaBEHCTBA YCIOBHBIC CIIOKHOCTH, 3aMCHUB WX
Ha GesyciosHbie: KS (x,y|z) = KS(x,y,z) — KS(z), a Takke KS (x|z) = KS(x, z) —
— KS(z) m KS(y|z) = KS(y,z) — KS(z) (c norapudmudeckoii TOUHOCTHIO). [Ipu
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5TOM MBI IIPUXO/IUM K TaKOM TCoOpeME:

Teopema 24.
KS(x,y,2) + KS(z) < KS(x,2) + KS(y,z) + O(log n)

ons cnoe X, Y, Z CI0JCHOCMU He bonee n.

DTO HEPABEHCTBO MHOT/A HA3BIBAIOT OA3UCHBIM.

PenTuBM3aLMI0 MOXHO NPUMEHHUTH U K Teopeme 21 (c. 46), CBABBIBAIOIIEH CJIOXK-
HOCTb I1apbl U YCJIOBHYIO CJIOXKHOCTb. [lojryyaercst Takoe yrBepxkzieHue (Mbl pOpMyJid-
PYEM €ro C JIOrapAa(MUAIECKON TOYHOCTHIO):

Teopema 25.
KS(x,y|z) =KS(x|z) + KS(y|x,z) + O(logn),

ecau cnosa X, Yy, Z umerom CiojiCHocmoy He bonvue n.

3necy KS(x|y,z) IOHMMAETCS KaK CJIOXKHOCTh X OTHOCHTEIBHO KOfa Haphl (Y, 7)),
TO ecTh Kak KS (x\ [v. z]). Kak u panblie, BBIYMCINMOE KOAUPOBAHUE MAp MOXET OBITh
JIIOOBIM (CJIOXHOCTh M3MEHHTCS He 00Jiee YeM Ha KOHCTAHTY).

<« MO)XHO BOCITPOM3BECTH JIOKA3aTEILCTBO TeOPEMBI 21, 3aMEHMB Be3/ie onucaHns 0e3
YCJIOBHII Ha OIIMCAHHs! TPy 3BeCTHOM Z. [1pu atom KS (y | x) npesparurcsa B KS (v | x, 2).
MOXKHO CKazarb, 4TO Mbl TEIEPb MMEEM TPEXMEPHOE IIPOCTPAHCTBO C KOOPAMHATAMU
X, ¥, Z ¥ TIPOBOJIAM BCe IIPEKHUE PACCYXk/ICHUS OJHOBPEMEHHO BO BCEX ILIOCKOCTSIX, IIa-
PAJUIEJIBHBIX IJIOCKOCTH XY .

Eciim 3TO KaxkeTcs CJMIIKOM CJIOKHBIM, MOXHO IIPDOCTO BBIPDA3UTH BCE YCJIOBHBIE
CJIOXKHOCTH uepe3 0e3yC/IOBHBIE: B JIEBOM YACTH TOJIY UMM

KS(x,y|z) = KS(x,y,2) — KS(2),
a B IIPAaBOM
KS(x|2)+ KS(y|x,2) = KS(x,2z) — KS(z) + KS(y, x,z) — KS(x, 2),

TaK YTO TIOCJIE COKPAIICHNUS JIEBAs U MPABAst YACTH CTAHOBATCS PaBHBIMU (C Jiorapudmu-
YECKOM TOYHOCTBIO). (OTMETHM B CKOOKAX, YTO 3TO 0OJiee MPOCTOE PacCykjieHue JTagt
xyamme 3Havenust koucraut B O(log n)-o603HaueHusIX.) »

ITporeprre, uTO B Teopeme 25 MOCTATOYHO TMOTPEOOBATH, YTOOBI YCJIOBHBIC
cnokaoct KS(x|z) u KS(y|x, z) He npeBocxomwm n.

MOKHO «peNATHBU30BaTh» ompesesichre uadopmarwm, onpenems [(x:y|z) xak
pastoctb KS (y|z) — KS (y|x, z). Kak u 1uis ciygas Ge3ycioBHOi mH(bOPMAIIH, 3Ta Be-
JIMYMHA HeoTphIaTesibHa (¢ TOUHOCTHIO /1o O(1)). BpIpasuB YCIOBHYIO CJIOKHOCTD Yepes
0e3yCJIOBHYIO (C JIOTapU(PMIUYCCKOM TOUYHOCTHIO), MOHO 3aIMCaTh HEOTPHLATEIBHOCTH
I(x:y|z) xax

KS(y|z) — KSy|x,2) =KS(y,z) — KS(z) — KS(y,x,2z) + KS(x,z) >0,

TIPUXOASI K HEPABEHCTBY TEOPEMBI 24.
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Boo011re 60IRIMHCTBO M3BECTHBIX PABEHCTB U HEPABCHCTB, KACAIONIXCS O3y CIIOBHBIX
CJIOKHOCTEH, YCIIOBHBIX CIIOKHOCTEH 1 mHpopMaiim (C torapuMIIecKoil TOYHOCTEIO),
SIBJISIIOTCSI TIPSIMBIMU CJIEZICTBUSIMH «Oa3HCHBIX HEPaBeHCTB» — TeopeM 21 u 24. Ilepsrie
MIPUMEPHI HEPABEHCTB, KOTOPHIE HE BBIBOAATCA W3 OA3MCHBIX, OBLIM HAlIEHBI CPABHUTCIb-
HO HejaBHO [191, ], ¥ OHHM JTOBOJIGHO CJIOXKHBIe. MBI 00cymM mx B pazzaeie 10.13,
4 TIOKa PacCMOTPHAM HECKOJIBKO TPOCTHIX CJICICTBUI DA3MCHBIX HEPABEHCTB.

He3zaBucumele ciioBa. Byem Ha3sIBaTE CJI0Ba X U Y «HE3aBUCUMBIMITY, eci [ (X :y) ~
~ 0. (CreneHs TOYHOCTH JIOJIKHA €IIE YTOUHSATHCS, HO MBI TIPE/IIIOJIAraeM, UTO WICHAMH
nopsiaka O(log n) Mbl peHeOperaeM, ec/ld 1 — MAaKCUMAJIBHAS U3 JUIMH (WM CJIOKHO-
CTEM) UCIOJIb3YEMBIX CJIOB.)

Hesaprcrmbie c1oBa MOXHO paccMaTpuBaTh KaK AHAJIOT HE3ABHCHMBIX CITYJAaNHBIX
BeJIMYMH B Teopuy BeposTHOcTe#l. EcTh Takas Teopema: eciii CaydaiiHAA BeJIMImHA &
HE3aBUCHMA C [1apoil BesmuuH (@, B), TO OHA HE3aBHMCHMA U C BEJIMYMHAME ¢ U 3 110
OT/ICJIbHOCTH.

JL1s1 KOJIMOTOPOBCKOI CIIOKHOCTH aHAJIOTHYHOE YTBEP)KJACHUE (€CJIM CJIOBO X HE3a-
BUCHMO C TIApoii (Y, Z), TO OHO HE3ABUCHMO W C €€ OT/JeJbHBIMU KOMITOHCHTAMU) eCTe-
CTBEHHO BHIPAKAETCS HEPABCHCTBOM

I(x:{y,z)) > I(x:y)

(¥ aHAJIOTMYHBIM HEPABEHCTBOM /IS Z BMECTO ¥). DTO HEPABEHCTBO CHPABEIIMBO (KaK
00BIYHO, C JIOTAaPU(PMHUUECCKON TOYHOCTBIO), M B 3TOM JIETKO YO€IUThCS, MEPEINHCAB €ro
B TEPMMHAX O€3YCJIOBHBIX CJIOKHOCTE:

KS(x) + KS(y,2) — KS(x,y,2) 2 KS(x) + KS(y) — KS(x, ),

YTO IIOCJIC TTPUBCACHUA HO,I[O6HI)IX YJICHOB ,I[aéT GasrcHoe HEPABCHCTBO TCOPEMbL 24,

CaoxHocTh nap ¥ Tpoek. HampoTus, 171 JOKasaTeJbCTBA CJIETYIOIENH TEOPEMBI
(ynmomuHaBIIecs Ha €. 21) MOJIC3HO 3aMEHUTh 0€3YCIOBHBIC CJIOKHOCTH HA YCJIOBHBIC!

Teopema 26.
2KS(x,y,2) S KS(x,y) + KS(x,z) + KS (3, z) + O(log n),

eciu x,y, Z — Clo6da ClOCHOCMU He bonee n.

<« Tlepenocs KS (x, y) u KS(x, z) B JIeBYIO 4acTh, u 3aMeHsis pasHoct KS(x, y, z) —
—KS (x,y) u KS(x,y, z)— KS (x, z) Ha ycqoBnsle cioxdocta KS (z|x, y) u KS(y | x, z),
MBI MOJIy4aeM TaKOe HePaBEHCTBO:

KS(z|x,y) + KS(y|x,2) < K(y,z) + O(logn).
Ocraérest mepermcarh TpaBylo YacTh HepabeHcTBa kak KS(y) + KS(z|y) u zameruts,

aro KS (2| x, ) <KS(z|y) mu KS (y | x, 2) <KS (y) (¢ morapudMmaeckoil TOYHOCTEHIO). P

A MOXHO BMECTO 3TOro (hOPMAJIDHO CJIOKHUTH [BA HEPaBeHCTBa (OasUCHOE U [yIs
CJIOKHOCTH TIAphl):

KS(x,y,2) + KS(») < KS(x,y) + KS (3, z) + O(log n),
KS(x,y,2) < KS(y) + KS(x, z) + O(log n),
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mociie 4ero cokpatuth KS (y) B o0eux dacTax u noxyuuts Tpedyemoe. (K coxanenmo,
9TO /IOKa3aTeJIbCTBO, KaK W MPEABIAYIIEe, HECUMMETPIYHO.) MBI BEpHEMCSI K DTOMY He-
PABEHCTBY M €r0 I'e€OMETPUUYECKUM CJIEACTBUAM B ry1ase 10.

Pa3jimuHple CJIO)KHOCTHBIE XAPAKTEPUCTUKUA TPEX CJIOB MOXHO CHUCTEMATH3MPOBATH
cieytonmmM oopaszoM. VIMeoTcs ceMb OCHOBHBIX TaKUX XapaKTEPUCTUK (TPU CIOXKHOCTH
OJHOYHBIX CJIOB, TPH CJIOKHOCTH I1ap U CJIOXKHOCTh BCe#l Tpo¥ku). Jlpyrue xapakTte-
pucTuEA (yCJIOBHAS CJIOKHOCTh, MH(MOPMAIWS) BEIPLKAIOTCS Yepe3 HUX. UToOBI Jrydine
MPE/ICTAaBNTh ceOe, KAK1e OTPAHUICHNST HAKIAABIBAIOTCS HA 3TH CEMb CIIOKHOCTEH, ya00-
HO MEPEATH K HOBBIM KOODJMHATaM. BBeJAEM nepeMeHHBIE aj, da, . . . , A7, COOTBETCTBY-
IollKe ceMU 00/1aCTsM Ha puc. 2.4.

X y

/2
G/
AA

z

Puc. 2.4. HoBble KOOpAWHATH @y, 4y, . . . , Q7.
Bynem cuurathb, 4TO

KSx)=a1 + a» + a4 + as,
KS(y)=ay + a3 + as + as,
KS(z)=a4 + as + as + a7,
KS,y)=a1+ay + a; + as + as + as,
KS(x,z2)=a1 + ay + a4 + as + as + a7,
KS(y,z)=ay+ a3 + a4 + as + ag + ay,
KS(x,y,2)=a1 +ar+as+ ag + as + ag + a7.

Jlerko mpoBeprTh, YTO STH PABEHCTBA 33/1aI0T 0OpaTHUMOe JIMHEIHOE IIpeoOpa3oBaHue ce-
MIMEPHOTO TIPOCTPAHCTBA (KaX/IOMy HaDOPY M3 CEMU CIIOKHOCTEH COOTBETCTBYET €/THH-
CTBEHHOE 3HAYCHUE MEPEMEHHBIX d, . . . , d7).

Pa3jimuHple yCJIOBHBIE CJIOKHOCTM M B3auMHbIC MH(poOpMaLuy (C JIorapuMUIECKON
TOYHOCTBIO) BHIPKAIOTCSA Uepe3 Oe3yCIOBHBIC, TIOTOMY MOXXHO WX BBIPasWTh U B HO-
BBIX KoopjuHatax. Hampumep, [(x:y) = KS(x) + KS(y) — KS(x,y) = a» + as, a
KS(x|y)=KS(x,y) — KS(y) = a1 + ay.

KakoB cMbIC/T HAlMX HOBBIX KoopauHat? Jlerko nposeputh, 4to a; = KS(x|y,z)
(c Jlorapu(pMUUECKOil TOYHOCTBIO). AHAJIOTMYHBIN CMBICT UMEIOT a3 U a7. Koopauna-
Ta @y pasHa (C TOM e TOYHOCTBIO) [(X:y|z); aHAJOIMYUHBIA CMBIC/I UMEIOT d4 U dg
(cMm. puc. 2.5). Otciona, B YaCTHOCTH, BHITEKAET, UTO JJIsI JIOOBIX CJIOB X, y, Z COOTBET-
CTBYIOIIME 3HAUEHUSI KOOPJUHAT dj, A3, A3, A4, dg, @7 HEOTPUIATEIILHBL (C TOYHOCTHIO JI0
O(log n), ecsu cjI0Ba X, y, Z UMEIOT CJIOXHOCTh He OOJIbIie ).
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z

Puc. 2.5. Cj0XXHOCTHO#M CMBICJI HOBBIX KOOpJMHAT.

Curyauus ¢ KoopArHATON as cyioxkHee. E€ xoTesoch Obl MHTEPIPETHPOBATH KaK «00-
1y10 MHGOPMALMIO, COAEPXKAIIYIOCS B TPEX CI0BAX X, y, z». VIHoraa [11s Heé ncnoJib3y-
etcs obosHauerne [ (x:y:z). OMHAKO CMBICJ TAKOTO BBHIPAKEHUS JTAIEKO HE OYCBUIICH,
O0COOCHHO €CJI1 UMETh B BHJY, 9TO ds MOXKET OBITh OTpUIIaTeIbHBIM. PaccMoTpmM Ta-
xoit mipnmep. IlycTh X M y — JBE TTOJIOBMHBI HEC)KMMAEMOTO CJIOBA [JIMHHI 2n. Torma
KS(x)=n, KS(y) =n, KS(x,y)=2n u I(x:y) =0 (c norapudmMuyeckoii ToYHO-
CTBI0). PaccMOTpuM CJI0BO z JAMHBI 1, KOTOpPOE SIBASICTCS MOOUTOBOII CYMMON X U ¥
o moxayso 2. Toraa mmobdoe w3 TPEX CJIOB X, ¥, Z MOXKET OBITh BOCCTAHOBJICHO TIO JTBYM
JPYTHM, CJIeIoBaTesbHo, ciaokaoct KS (x, y), KS(y, z) u KS(x, z) o/lMHAKOBHI U paB-
HBL 2n (¢ JIorapuhMUUECKON TOYHOCTBIO), U CJIOKHOCTE KS (X, y, z) Takke paBHa 2n.
CnoxHOCTB cJI0Ba z paBHA n (OHA He OOJBIIE 71, TAK KAaK €ro JUIFHA PaBHA 1, HO U HE
MEHBIIIE, TaK KaK MHAYC BMECTE C y HE MOJIyYHJIOCh OBl Maphl CAOKHOCTH 21).

[Mocse 3Toro MoXHO BRIYWCIIUT 3HAYCHUSA a1, . . . , (7 JUIA 3TOTO IipuMepa (puc. 2.6).

B
Y
&

Puc. 2.6. [IBa He3aBUCHMBIX HECXKUMAEMBIX CJIOBA JUIMHBI 1 ¥ UX cyMMa mod 2.

Taxum 0Opa3oM KOOpIUHATA @5 MOXKET ObITh OTPHLIATE/IHOMR, OHAKO CYMMEL ds + >,
as + as U as + ag, OyAydu B3aMMHBIMU MH(OPMALMAMU 11ap CJIOB, JOJDKHBI OBITH HEO-
TpUALATebHEL. (B Haniem mprMepe 5T CyMMBI paBHBI HYJIIO. )
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OTOT IpUMeEp COOTBETCTBYET HMPOCTEHMINIEMY CIIOCOOY «Pas3/Ic/ICHUS CEKPETa» Z MEXIY
JIBYMSI JIMIIAMH: €CJIM OTHOMY YCJIOBEKY COOOIIUTH X, a APYTroMy ¥, TO HU OJMH W3 HUX
0 OT/AEJIBHOCTH He Oy/eT Hudero 3Hath 0 z (nockosibky [(x:z) =0 u I(y:z) = 0), Ho
BMECTE€ OHM MOTYT BOCCTAHOBUTb Z, IOOUTOBO CJIOXKHUB X U Y.

MOo3KHO TIPOBEPUTH, YTO YKA3aHHBIMU HEPABEHCTBAMH (HEOTPUIIATEIFHOCTh BCEX ¢,
KPOME @s, U HEOTPHUIIATEJIBHOCTh TPEX HA3BAHHBIX CYMM) HCUEPIIBIBAIOTCS BCE JIMHEIHbIE
HEPABEHCTBA, UMEIOIIUECS JIJISI CJIOKHOCTHBIX XapaKTEPUCTUK TPEX cJIoB. MBI BepHEMCS
K 3TOMY Borpocy B riase 10.

B kauecTBe IIpUMeEpa MCHOJIB30BAHUS TAKUX JMArPAMM JOKAXKEM CHOBA HEPABEHCTBO

2KS(x,y,2) < KS(x,y)+ KS(x,z) + KS(y, 2).

B Hanmx HOBBIX HEPEMEHHBIX OHO 3alUCHIBACTCS KaK dy + a4 + ds + ag 2> 0 (3TO0 JIETKO
MPOBEPUTH B yME, IIOJICUMTAB, CKOJIBKO Pa3 BXOAWT KaXK/JO€ W3 @; B JIEBYIO W IIPaBYIO
YacTh HEPABEHCTBA). Teneph 0CTaCTCs 3aMETHTH, UTO a; + as > 0, a4 > 0 m ag > 0.

Hokaxure, uro [(xy:z) = [(x:z) + I(y:z|x) + O(logn) mis cioB x,y,z
CIOXHOCTH He Gojiee n. [YkaszaHue: 5TO JIETKO OOBSICHATh HA JTUATPAMME. ]

Ota 3a7a4a MOKA3BIBAET, YTO MH(OPMALIMS B Xy O Z CKJIAQABIBACTCSA U3 ABYX 4aCTeil:
vHboOpMaIK B X 0 z U MHPpopMaIuu B y 0 z (IIpH U3BECTHOM X). MoOKHO paccMaTpu-
Bath e kak amamor paserctBa KS(x,y) = KS(x) + KS(y|x), ToibKo Temeph BMeCTO
CJIOKHOCTH CTOUAT MH(OPMAIXS O CJIOBE Z. B KadecTBe CJCACTBUSA IOJIyYaeM, 9TO €CJII
Xy HE3aBHCUMO C Z, TO X HE3aBHUCHUMO C Z, 4 TAKKE Y HE3aBHUCHUMO C Z MPU W3BECTHOM X.
(ITox HE3aBUCMMOCTBIO TOHMMAETCS MAJIOCTh B3aMMHON MH(popMarmy.) CUMMeTpUYHOE
paccy>X/eHre TTOKa3hIBACT, YTO y HE3ABHUCHMO C Z, 4 TAKXKE X HE3aBHCHMO C Z TIPH W3-
BECTHOM ).

ITokaxkure, 4TO CBOHCTBA «X U Y HC3AaBHCUMBI» U «X W Y HE3ABUCHUMBI IIpU
M3BECTHOM ZzZ» HC CJICAYIOT OJHO U3 APYTroro: Joboe U3 HAX MOXKET OBITh HUCTHUHHO, B TO
BPEMs KaK BTOPOC JIOKHO.

By/ieM roBoputh, 4TO CJ10BA X, ¥, Z, { 00PA3yIOT MAPKOECKYIO yeny (10 aHAJIOTUH
C COOTBETCTBYIOIIMM MOHSTHEM TeOpun BepostitHocTeit), ecom [ (x:z|y) u I((x,y):t|z)
MaJBl (pasyMeeTcsl, TOYHBIA CMBICJ OIpE/Ie/ICHUs 3aBUCHT OT BHIOOpAa TPAHMITH Ma-
goctr). [lokaxure, 9TO B STOM CIydyae HTH K& CJI0BA B OOPATHOM MOpPSJIKE 0Opa-
3YIOT MapKOBCKYIO Iiemb, TO ecth uto [(t:y|z) m I({t,z):x|y) mamb. [Ykazanue.
T({x,y):t|z) =1(y:t|z) + I(x:t]y,z), 1 PABEHCTBO HYJIIO JICBOH YacTH O3HAYAET
oOpaieHre B HyJIb O0OMX CJIaraeMblX CIIPaBa; BTOPOE CJIAracMOC CUMMETPUYHO OTHO-
CUTEJTFHO O0pAIeHHUs TIOPSTIKA. ]
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B oT0¥i ry1aBe Mbl IPEPHIBAEM U3JI0KEHME OCHOBHBIX CBOVMCTB KOJIMOI'OPOBCKOM CJIOXK-
HOCTH, YTOOBI OIIPeIeIUTh JIPyroe 6asucHOEe TTOHATHE AJTOPUTMITYECKON Teopry UHQOP-
Maly — MOHSITHE CJIydaiHOi 1o Maptun-JIEQy, Wil « TMIIMIHOY, TIOCIIEI0BATEIBHO-
ctn. (Matepmai 3TO# TJIaBBl HE VICTIOJIR3YET TPEIBIAYIIEH U HEe MCIIOIB3YETCS B CIICY-
IOLIEH; OH TIOHAZOOUTCA B IJIaBe 5, rie OyAeT JaH KPUTEPHIl CJIyYaiHOCTU B TEPMMHAX
KOJIMOI'OPOBCKOH CJIOXKHOCTU. )

MsI HayHEM C HANNOMMHAHUSL OCHOBHBIX (DAKTOB O Mepax Ha MOC/ICAOBATEIBHOCTSIX
HyJIell U eIAHULT.

3.1. IIpocrpanHcTBO {2 W MepHl

Pacemotpum mipoctpanctso Q = BY, sieMeHTaMu KOTOPOTO SBJISIOTCS GECKOHEUHBIE
TI0CIE/TOBATEIFHOCTY HyJIeH U eMHII. Ero Ha3eIBalOT KAHMOPOSCKUM TIPOCTPAHCTBOM.
JUI KQKA0T0 ABOMYHOTO CJIOBA X MBI PACCMOTPHM MHOXECTBO {1, BCEX IPOIOJDKCHUI
sToro cjioBa. Hampmmep, Qgp €CTh MHOXKECTBO BCEX MOCJICAOBATEILHOCTEH, HAUMHAIO-
mMXCs ¢ ABYX HyJqei, a Q) =  (3mecs A 00o03HauUaeT mMycToe CJIOBO).

MHoxecTBa Buja {2, Mbl OyJeM Ha3blBaTbh UHMmMepeanamu. VIHTepBajbl 1 BCEBO3MOXK-
HBIC MX OOBETMHEHIS HAa3hIBAIOT OMKPbIMbIMU TIOIMHOKECTBAMU TIpocTpaHcTea (2. JTa
TOIOJIOTHSI COOTBETCTBYET CTaH/IAPTHOM METPUKE, B KOTOPOH PacCTOSHUE MEK/IY /IBYMS
IIOCIE/TOBATEIFHOCTSAMA TEM MEHBIIE, YeM OOJIBIIC Y HUX COBIIAJAIONIEe HAYAJIO:

dw,w)y=27",

[Jle 1 — HAaUMEHBIIee YUCTIO, IS KOTOPOro w, # wh. (Uepes w, MBI 0603HAYAEM WiEH
C HOMEpPOM 71, HAYMHAS HYMEpAlMIO C HyJIS: W = WoWiWy . . .)

[lokaxute, 9TO 3TO MPOCTPAHCTBO TOMEOMOP(HO KAHTOPOBCKOMY MHOXKECTBY,
KOTOPOE MOJIyYNTCs, ECJIM U3 OTPE3KA BBIOPOCUTD CPEIHIOK TPETh, U3 ABYX OCTABLIMXCS
YacTell Takke BBIODOCHUTD 110 CPeIHEeH TPEeTHU U TaK Jajiee.

Hac, ommako, 6yaeT mHTepecoBaTh HE CTOJIBKO TOIOJOIWsA, CKONbKO Mepa. Cemeii-
CTBO TOAMHOXECTB MPOCTPAHCTBA {) HA3BIBAIOT O -@/712€0pOil, €CJIM OHO 3aMKHYTO OT-
HOCHUTEJIbHO KOHEYHBbIX U CYETHBIX nepecequI/n?I u 06’LGZ[I/IHGHI/II‘/'I, a TAKXKE IIEpexoaa K
JOTOJTHEHUIO.

MuHnMaisHylo o-aaredpy, cofepskaimylo Bce MHOxecTBa ), (M TeM caMBIM Bce
OTKPHITEIC MHOKECTBA), HA3EIBAIOT alreOpoil HopenescKux MHOXKECTB.

PaccmMoTpyM Ipom3BONIBHYIO 0-aredpy, comepsKaltyio Bee MHTepBaisl. [IycTs Ha Heit
3agaHa PyHKIWS [, KOTOpPAst CTAaBUT B COOTBETCTRUE KaKOMY MHOXECTBY U3 0-areOphl

62
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HEOoTpUlraTeJibHOC 4ncCiIo, HpI/I‘ICM BBIIOJIHCHO CBOMCTBO 0 -a00UMUBHOCMU :

€CJIM MHOXECTBO A €CTh 00LeAMHEHNE KOHEYHOIO WM CYETHOIO YKMCJIA He-
[IEPECEKAIOIIMXCSl MHOKECTB Ag, A1, Az, ..., U BCE DTU MHOKECTBA [IPUHA/I-
JIexaT o-anredpe, Ha KOTOPO# onpenesieHa QYHKIWS ft, TO

p(A) = p(Ao) + p(A) + p(A) + ...

(B IIpaBo¥t 4YaCcTU CTOUT KOHEUHAs! CYMMA WJIA CXOJSIIMIACS OECKOHEYHBII pan
C HEOTPULATEJILHBIMUA YWICHAMU).

Takue (GHyHKIAM HA3LIBAIOT MeEpaMu HA TPOCTPAHCTBE {1; MHOKECTBA, HA KOTOPBIX Me-
pa ompeJiesicHa, HA3HIBAIOT u3mepumvimu (10 3Toit Mepe), U ((A) HA3BBAIOT Mepoil
MHOKecTBa A.

Ecsim mepa Bcero npocrpancrsa ) paBHa 1, To Mepy Ha3blBAlOT pacnpedeieHuem
8€posIMHOCMET, DJIEMEHTHI 0 -aJreGphbl HA3LIBAIOT COObIMUSIMU, A YUCIO0 f1(A) HA3BIBAIOT
8€pOSMHOCMbIO COOBITUS A.

Jhobas Mepa MoHoTOHHA (ecyt A C B, 10 p(A) < p(B)). B camom nene, p(B) —
— p(A) =p(B\ A)>0.

Jlpyroe BakHOE CBOMCTBO MEP — HENPEPHIBHOCTH: €CJIM MHOXECTBO B ecth 00beu-
HEHKE BO3PACTAIONICH 110C/Ie/10BATE/IbHOCTH MHOXECTB

B()C31CB2C...,

To p(B) pasno mpeneny p(B;) mpu i — oo. (B camom jesie, IprMeHsIeM CYETHYIO M
KOHCYHYIO aJJUTUBHOCTh K MHOXecTBaM A; = B; \ B;_1.) AHamoruynoe CBOHCTBO He-
MIPEPHIBHOCTH BEPHO U ISl YOBIBAIOIIMX MOCICAOBATEIBHOCTE MHOXECTB.

Jlast xax o Mepsl g Ha ) MOXXHO PacCMOTpeTh (PYHKIMIO p Ha JBOMYHBIX CJIOBAX,
OTIPE/ICNICHHYIO PABEHCTBOM

p(x) = pu(2y).

3Ta (byHKL[I/Iﬂ HpI/IHI/IMaeT HeOTpI/ILIaTeJ'IbHLIe 3HAYCHUS, HpI/I STOM BBITIOJIHEHO CBOMCTBO
adoumueHocmu

p(x) = p(x0) + p(x1)

Jutsa modoro cyosa x. (B camom jesie, mHTEpBAn 2y €CTh JU3BIOHKTHOEC OOBCTUHCHUC
JIBYX €ro MoJIoBUH (lyo 1 $2y1.)

Teopust Mepel (Teopema 0 Mpogo/bKeHUN Mepsl 1o JleGery) mo3BoJieT BBIIOJHUTH
7 0OpaTHBIA Tiepexoa. VIMeHHo, /Ut Kaxk/10i (DyHKIIMM p Ha JBOMYHBIX CJIOBAX, IPUHV-
MaIoNIe HEOTPHITATEIFHEIE JCHCTBATEIBHBIC 3HAYCHIS M 001 JaloNIeil CBOMCTBOM /Y-
TUBHOCTH, MOXHO IIOCTPOUTb Mepy ft, JJIsL KoTopoi p(§2) = p(X) mpu Beex x.

MBI He TPUBOAMM KOHCTPYKIIMH IPOIO/DKEHNMST MepHl 110 JleOery (oHa eCTh B JIIOOOM
yueOHHKE MO TEOpUM Mepbl, Hapumep, [65] mwm [49]), HO NpUBEaEM SIBHOE ONMCAHUE
U3MEPHUMBIX MHOXXECTB MEPBI HYJIb, BOBHUKAIOLIMX IIPU 3TOM IIOCTPOCHHU.

HamomummM, uto y Hac ¢mkcrpoBaHa HeOTpUIlaTeIbHAs (DYHKIMS p HA CJIOBaX, 00Ja-
Jlarolnas CBOMCTBOM aJIJUTUBHOCTH. ByneM HaspBaTh umciio p(x) Mepod MHTepBasa (1.
ToBopsT, uro MHOXeCTBO A C ) SBJSACTCS HYIE8bIM, €CIU JUJIs BCSKOrO € > 0 MOXHO
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HAWTA KOHEYHOE WM CYETHOE TIOKPBITHE MHOXKECTBA A MHTEPBAIIAMU C CYMMOIN Mep He
OoJIbITIE €.

JIpyrumuy ClIoBaMH, MHOXECTBO A HyJieBoe, eciu cymecTByeT (yHkuus (e, i) —
— X(g, i) (uepBblil apryMeHT — IOJIOKUTEJILHOE JACUCTBUTE/IbHOE UUCJIO, BTOPOH —
HATYPaJIbHOC YHCJIO, 3HAYCHVSIMU SIBJISIIOTCSI IBOMYHBIE CJIOBA), JJS1 KOTOPOIL

e AC Qx(f,o) U Qx(e,l) U QX(E,Z) PRI |

o p(x(e,0)) + plx(e, 1)+ px(e,2)+...<¢€
TIPY JTIIOOOM TIOJIOXUTEIIBHOM €. [Ipr 3TOM BO3MOKHOCTH KOHEYHOTO ITOKPHITHS MBI YU~
TEIBaEM, He Tpedys, uToObl X (€, i) ObLIO OMpeesIeHO MPH BCeX € U | (Heonpeae/CHHbIe
3HAYCHUS MPOIYCKAIOTCS B OOBEIMHEHUH U B CYMME).

Tak BOT, M3MEPUMBIMI MHOXXECTBAMH MepHl HYJIh TIpA IpofonKeHny 1o Jlebery Oy-
JyT KaK pa3 HyJICBHIC B OMMCAHHOM CMBICJIC MHOXECTBA, TaK YTO MBI YIIOTPeOIIeM BhIpa-
KCHUS HYJIEBOEC MHOKECTBO» M «MHOXKECTBO MEPBI HYJIb» Kak cHOHUMEL. ([lo GoJpreit
9acTH HaM Oy/eT JOCTATOYHO MPUBEAESHHOTO BHIIIE OMPE/IC/ICHHS HYJICBOTO MHOXKECTBA. )

Heckosbko mmpocThix HaOMIOACHMI, KOTOPBIE HAM MPUrOIATCA B JTAJIbHEHILEM:

e B OIIPEACJICHNN HYJIEBOI'O MHOXXCCTBA MOXKHO ObLI0 ObI OI'PAHUYNUTHCA PALIMOHAJIb-
HbIMHI 3HAYCHUAMU € (I/I.TII/I TOJIbKO 3HAYCHMAIMU BHIA 271‘).

e Bcakoe HOAMHOKECTBO HYJICBOI'O MHOXKECTBA SABJIACTCS HYJICBBIM.

e Koneunoe wim cu€THOE OOBEIMHECHHE HYJIEBHIX MHOXCCTB SIBJIACTCS HYJICBBIM.
(B camom gaeJie, 9TOOB HANTH MOKPBITHE 00BEAMHEHHOIO MHOYXKECTBA C CyMMOM Mep
MEHBIIE €, TOCTATOYHO COCAVHUTH MOKPBITHS €r0 YacTeH C CyMMOI Mep MEHBIIEe
e/2,e/4,¢/8,...)

e [lycTh pyHKIMA p TakoBa, 9TO KAXK/As TOUYKA MMEET Mepy HyJb (9TO OyJeT Tak,
€CJI! 7T JTI000 OeCKOHEYHOM MOCTICIOBATEIIFHOCTA W = WoW W3 . . . TIPEIeT Mep
p(wo ... wy) IpU n — co paBeH HyJ0). Torga yoboe KOHEYHOE WM CUYETHOE
MHOXECTBO SBJISICTCS HYJICBBIM.

Paenomepras mepa na npocTpancTse () MOJYUNTCS, €CIM HOJIOKUTL MEPY MHTEp-
Bama 2, papHoit 2 /™):

p(x) =2"" nnga BCex CJIOB X [JIMHEL 1.

Bo3Hukaronmast mpy 3TOM Mepa TECHO CBsi3aHA C OOBIYHONM MepOil Ha AeHCTBUTEJIBHON
npsamoit (Tounee, Ha orpeske [0, 1]): mepa MHoxecTBa A C () paBHA Mepe MHOXKECTBA
JEHACTBUTEIIBHBIX YMCEJI, KOTOPOE IOJIYUUTCS, ECJIM KOK/IYIO [I0C/IE/[0BATEILHOCTD U3 A
CUMTATh OCCKOHEYHOM TBOMYHOM Jpo0hi0. (3aMedaHme B CKOOKAX: COOTBETCTBHE MEXTy
JTBOMYHBIMU JPOOSMA M IMCJIAMI HE COBCEM B3aMMHO OTHOZHAYHO, TaK KaK JTBOMYHO-Pa-
LIMOHAJIBHBIE YKCJIa UMEIOT JIBa IpeAcTaBieHus: Harpumep, 0,01111...=0,10000...
Ho »T0 3arparuBaer jmirbs CUETHOE MHOKECTBO UHCEJI, KOTOPOE TIPEHEOPEXKUMO C TOUKH
3peHusl TeOpUM Mepel.) B camoMm fesie, unciia, JBOMYHBIC 3AIMCH KOTOPBIX HAYMHAIOTCS
HA JITAHHYIO CTPOKY X JUTMHBI 71, 3alOJHSIOT MPOMEXYTOK JUMHEL 2~ ". OTcioma JIerko
3aKJIOYNTh, 9TO 71 Jiroboro oTpeska [ C [0, 1] papHOMepHass Mepa MHOXKECTBA IIOCIIe-
JIOBATEJIBHOCTEH, SBJIAIONIMXCS TBOMYHBIMU Pa3IOKEHUSAMU uwcesd w3 [, paBHA [JIMHE
orpeska I.
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C TOYKHM 3peHNs TEOPUH BEPOSITHOCTEH paBHOMEPHAsI MEPa COOTBETCTBYET HE3ABUCH-
MbIM 6p0C3_HI/IHM YyeCTHOW MoHeTwl. B camom AeJIE, TIPN HE3ABVCUMbBIX 6pOCaHI/IHX qecT-
HOIW MOHETHI BCE BO3MOXKHBIE MOCJEIOBATEJIBHOCTU JIJIMHBI 7 PAaBHOBEPOATHBI U NMCIOT
BeposITHOCTb 27 ". MHOXECTBO (), €CTb COOBITHE «IIOJyYEHHAs B Pe3yJ/bTare OpOCaHMH
TOCIeTOBATETFHOCTh HAYMHACTCA HA X» U MMeeT Mepy 2/ ),

MokHO paccMarpuBaTh M HECUMMETPHIHYIO MOHETY, ITO-IIPSKHEMY IIpEAIosiaras
Opocanus HezaBucUMBbIME. COOTBETCTBYIONIAS Mepa (paclpeesicHUE BEPOSATHOCTEH) Ha-
3BIBACTCS OEPHYAIUEBO0U C TIApaMETPaMH ¢, p (BEPOSTHOCTU BHIMTACHUS HYJIS M €IVHU-
Lbl; HpenoJaraeres, uro p,g =2 0u p +qg =1).

[Tpm >TOM BEpOSITHOCTH TMOSIBJIEHUS TIOCJIETOBATEIFHOCTH, HAYMHAIONIEHCS HAa CJIOBO
X, paBHa ¢"p’, IT7le U M v — YUCJIO HyJICH U €IMHMIT B 3TOM CJIOBE. [lpyrumMu cioBamu,
MBI PACCMaTPUBAECM (PYHKIHMIO

u(x) ,v(x)

Xt=q p

rae gepe3 u (x) u v(x) 0003HAYECHO YWCIIO HYJICH U eUHUII B CI0BE X. JIerko mpoBepuTh,
9TO STa (PYHKIMS aJAUTHBHA.

3.2. VcuieHHBIH 3aKOH OOJIBIINX YHCEJI

YroOB! IPOMUIOCTPUPOBATh BCE BBEJEHHBIC IIOHATUS B ACHCTBIAM, cOPMYJIUPYEM H
JOKAKEM YCUICHHBIIL 3AKOH DOMLIMUX Yucer.

[lycts p + g =1, p,q > 0. PaccMoTpuM MHOXECTBO A, BCEX OECKOHEYHBIX MO-
CJIEJIOBATEILHOCTEN Wow Wy - . . HyJIEW U eIUHUL], B KOTOPBIX NPEJEN YaCTOTHI €TUHHIL]
CYIIECTBYET U PABEH P, TO €CThb

. wo+wp+...+wsq
lim =p

n—oo n

Teopema 27. Muosicecmeo A, umeem mepy 1 omnocumensho OepHyniueea pac-
npedenenus geposimrocmeil (¢ napavempamu p u q).

Z[pyFI/HVII/I CJIOBAaMH, JOIIOJTHCHME MHOXECTBaA Ap, TO €CTb MHOXKCCTBO TEX ITOCJICI0-
BaTEJIBHOCTEN, B KOTOPBIX YaCTOTA €AVWHUIIT HE CTPEMUTCA HU K KaKOMYy IIpEaCly WA
HUMECT MpeacI, OTJINYHBIA OT P, ABJILACTCA HYJICBBIM.

<« MBI ToK2KeM 3Ty TeopeMy /ISl paBHOMEPHOI MepHl (To ecTh ipu p = q = 1/2)
C IOMOINIBIO SIBHOI'O IOACYETA. [l IIPOM3BOJIBHOTO p /IOKAa3aTesIbCTBO OYAET KPaTKO
HAMEUCHO B OIHOM U3 YMpPaXXHCHMH (CM. Takxke paszaes 9.6).

Chauajia paccMOTPUM «JIONPEJE/IbHYIO» CUTYALMIO, 3a(MKCUPOBAB HEKOTOPOE YUCIIO
n. Bce mocnenoBaTeNbHOCTHA U3 11 HyJIE U eVHULL PaBHOBEPOSITHEL, U HAM HY>KHO JI0-
Ka3aTh, YTO OOJIBIIMHCTBO M3 HUX COJECPXUT IpuMepHO n/2 enummn. [lycts BEIOpaHa
HekoTopas rpammna € > 0. ITocMOTpuM, CKOJIBKO IIOC/IEIOBATENIBHOCTEH MMeeT Oostee
(1/2 4 &)n epunm. JlpyruMy cJI0BaMH, MBI JIOJDKHBI TIPOCYMMHPOBATE B TPEYTOJIbHUKE
ITackansa 4acTh n-if CTPOKM, KOTOpass HAUMHAETCSA HECKOJIBKO NpaBee cepeauHbl. Beero B
STOH yactu He 0oJiee N CJIaraeMblX U OHU YOBIBAIOT, II09TOMY CYMMYy MOXKHO OLICHUTB
Kak IICpBOC cJlaracMoe, yMHOXeHHoe Ha n. (Ha camoM fiesie HaM He Hy>KHa OGOJIBINAS
TOYHOCTD, ¥ IOJMHOMMAJIBHBIE OT f MHOXWTEJIA HaM HE IIOBPEJAT, TaK YTO MMM MBI
cpa3y npeHeOperaeM. B 4acTHOCTH, MBI OITyCKaeM MHOXWTEJb 1.)



66 3. Cayuaitnocms no Mapmun-Jléghy

[MepBoe ciiaraemMoe paBHO
n!
(n—bY

rne k — OGmmkarinee cnpapa K (1/2 + e)n uesoe uncio. Bocnosk3yemcst opMyJioit
Crupsmnra:

m=V@r +om(2)",

Il € — OCHOBAHME HATyPaJIbHBIX Jorapudmos. OTOpackBasi NOJIMHOMHUAIBHBIE MHOKH-
TEJIM Y UCIIOJIb3Yst 00o3HavYeHust u = k/n, v = (n — k)/n, nosyyaem

n! N (n/e)" _ n" N
K(n—K)! " (k/e)X((n—k)/e)* ~ kk(n—kyn* ~
n" 1 _2H(u,v)n

(un)t(vn)v" T oyunyvn

s

rae

H(u,v) =—ulogu —vlogv.

Uwncmo H (u,v) Ha3BBAeTCA WEHHOHOBCKOU SHMPoNnuetl CIyIafHON BEJIMYMHBL C JIBYMS
SHAYCHUSMH, IPUHUMACMBIMI C BEpPOATHOCTSME U U V. (IlompoOHO IICHHOHOBCKAs DH-
Tporus odcyxgaercs B riase 7.) Ha pucynke 3.1 mokasan cooTBeTCTBYIOLIMI rpaduk

ZWHu,1—u)

0 1

Puc. 3.1. llleHHOHOBCKasI SHTPONUS KaK (DYHKIUS U.

(marmomumM, 9to v = 1 — u). Jlerko mpomeputs, uro BesmamHa H (1, 1 — u) nocturaet
MakcnMyMa (paBHOro 1) B eIMHCTBEHHOM Touke u = 1/2.

Bepuémcs k Hamieit 3a/1aue: YUCJIO MOCJIeIOBATEIBHOCTEH JIJIMHEL 1, Y KOTOPHIX 4a-
crota enunmi 6ostbme (1/2 + €), He npesocxoaut poly(n)2f(1/2+€1/2=n 16 ecth, ne
HPEBOCXOAUT pertom) prne ¢ — HEKOTOPask KOHCTAHTA, MCHBLIASI C/IUHULIbI (3aBUCSILAS
oT €). TeM caMBIM JTOJIA TaKWUX TIOCJIEIOBATEIFHOCTEN SKCHOHEHITMAIBHO YOBIBACT C PO-
ctoM n. TOYHO Takyio Ke JIOJIIO0 COCTABJLIOT IOCIICJOBATEIIFHOCTH, Y KOTOPHIX JOJIS
envami Menpie (1/2 — g).
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[Mompeném IpoMeKy TOUHBIA UTOT. J1JIs H000Tr0o (PUKCHPOBAHHOTO € > () MBI TOKa3aJH
TaKoe YTBEPKJICHHE:

Jlemma. Jlonsi nociedosamenvruocmetl OnuHbl N, ¥ KOMOPbIX Yacmoma eouHuy om-
Kknonsiemcst om 1/2 6onee uem Ha €, cpedu ecex nocnedogamenbHocmeil ONUHbL I HE
npesocxooum 4,, 20e §, PKCNOHEHYUATbHO yOvI8aem ¢ pocmom n.

DTa Jemma (CCJ'II/I OI'PAHUYNTHCA YTBEPKACHHUEM O CXOAMMOCTHA W HE HAKJIAJbIBATh
HUKaKUX OIPAHUYEHUI HAa CKOPOCTh CXOJMMOCTH K HYJIIO) HA3BIBACTCSl 3AKOHOM OObUUX
yucen (0e3 CI0BA «yCWICHHBI»). Ham e [JIs1 MpOmoJIKEHUS 10KAa3aTesIbCTBA BAXKHO
3HATE, 9TO P Y., 0, CXOTUTCS.

Msr XoTHM J10Ka3aTh, 9TO MHOXECTBO Aj/ TeX MOCJCAOBATEIBHOCTEH, ¥ KOTOPEIX
npeaes YacTOThl ¢MHHUL] B HAYaJIbHBIX OTpe3kax pasBeH 1/2, umeer mepy 1. Jdpyrumu
CJIOBAaMH, MBIl XOTHM I10Ka3aTh, YTO €ro JonoJjHeHue (00603HauuM ero B) siBiisiercs: Hy-
JICBBIM MHO>KECTBOM.

o ompenencrmo nipeneaa B ecth oObeMHEHNE TIO BeeM € > 0 MHOXecTB B, T1e B,
€CTh MHOXECTBO T€X IOCJICJOBATEIBHOCTEH, Y KOTOPBIX YACTOTA €UHHI] OeCKOHCYHOE
yyc/io pa3 OuiBaeT Gosiblie 1/2 4 € wim Menbie 1/2 — €.

OueBu/(HO, JIOCTATOYHO PACCMATPUBATH CYETHOE YMCJIO PA3JIMUYHBIX 3HAYCHUH € (CKa-
’KEM, TOJIBKO PAITMOHAIILHBIE), a CIETHOE OOBhEIMHEHNE HyJICBBIX MHOKECTB €CTh HYJICBOE
MHOKeCTBO. OCTAJIOCh JOKA3aTh, TAKAM OOPa30M, YTO MHOKECTBO B, ABIIACTCS HYJICBBIM
py JIF00OM (DPHIKCHPOBAHHOM €.

MHoxecTBO B, COCTOMT U3 TEX MOCJIE0BATELHOCTEM, Y KOTOPBIX €CTh CKOJIb YIoJl-
HO JUIMHHbBIC IUIOXHE HadaJbHBIC OTPE3KU (€CIM CUMTATH IUIOXUM JIBOMYHOE CJIOBO, B
KOTOPOM YacTOTa ¢JIVHHI oTImIacTcs oT 1/2 Gosee gem Ha ¢). [losToMy mpu Jodom
N MHOXeCTBO B, TIOKpHIBaeTCS HHTEpBAJIAMK BH/A {1y, €CIIM B3ATh BCE IUIOXUE X JIJIFHBI
N u 6Gosiece. Ho cymmapHasi (paBHOMEpHasi) Mepa BCEX DTUX MHTEPBAJIOB HE ITPEBOCXO-
IUT

ON +O0Ny1 FON2+ ...,

M OTa CyMMa MOXET ObITh CIEIaHA CKOJIb YTOJHO MAJIOH, Tak KaK psa Y; 0; CXOAUT-
csl.

(310 paccyx/cHre Ha3bIBACTCS B TCOPUU BEPOSTHOCTEN nemmotl bopens — Kanmen-
7. B ofiem Buze Ta JleMMa IJIACHT, YTO €CJIM CYMMa Mep MHOXeECTB Ag, Ap, . . . KOHed-
HA, TO MHOXECTBO T€X TOUYCK, KOTOPbIE IIPUHAJISKAT OECKOHEYHO MHOI'MM MHOXeCTBaM
Aj, ABJIFCTCS HYJICBBIM.) P>

OLieHNUTS YMCIIO TWIOXUX CJIOB JJIMHBL 11 MOXKHO U He UCHOJIB3Ys (popmyJsisl CTHpJIMH-
ra. Bysem paccMaTpuBaTh IUIOXHE CIOBA, Y KOTOPHIX YACTOTHI CJIVINIKOM BEJMKU (50Ib-
nre 1/2 + €). PaccMoTpyM Ha MHOMECTBE BCeX CJIOB JIAHHOW JUUIVHBI A JTBA pacrperc-
Jeanst BeposiTHocTed. [lepBoe M3 Hmx (Ha30BEM ero L) — paBHOMEpHOE: BCE CJIOBA
UMeIOT BeposiTHocTh 27", Bropoe (HazoBéM ero ) oTma€T IpeanoyTeHHe eAUHHLAM
U COOTBETCTBYET 11 HE3aBUCHUMBIM OpPOCAHUSM MOHETBHI, Y KOTOPOH BEPOSITHOCTb CIVHU-
1Bl ecTh p = 1/2 + €. Tlpu 3TOM BepOSTHOCTH CJIOBA M3 U HYJIEH W V €IMHUII PaBHA
q"p¥ (tme g =1/2 — ¢ — BepoATHOCTH HyJA). UeM OOJBIE B CIOBE X €/VHUII, TeM
Goutbliie oTHOINIEHUE BepostHocTedt S (x)/ L (x). Jlerko mojpcuurars, 4To Ui BeeX ILIO-
XUX CJIOB 3TO OTHOIIeHWE He membme 2" /2HP-O" y noromy cymmapras L-mepa Beex
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IUIOXHX CJIOB BO CTOJIBKO K€ Pa3 MEHbIIEe MX CYMMapHOU S-Mepbl, KoTopas He Ipe-
Bocxommt 1. OTciona MojIydyaeM, 4TO JOJIS TUIOXMX CJIoB He Oospme 27 (Pon /on 1o
€CTh MBI JIOKa3aJI1 JIEMMY JIPYyTMM CIIOCOOOM. JTO J0Ka3aTEJhCTBO TEXHUYECKU IIPO-
e (XOTst 0 HEro TpylHee joraaarscs). Jpyroe ero JOCTOMHCTBO B TOM, 4TO C €I0
TIOMOIIBI0 MOXXKHO JIOKa3aTh YCWJICHHBIM 3aKOH OOJIBINIMX 9YMCEes HE TOJBKO JIJIST paB-
HOMEPHOIM MepHl, HO W [UIsI IPOM3BOJIBHON OCPHYJUIMEBOM Mephl (JIIS1 TPOW3BOJIBHO-
ro p).

[Tporeante mopoOHO TaKoe TOKA3ATEILCTBO. [YKazanue. [1ycth po 1 qp — PuK-
CHPOBAHHBIE ITOJIOXKUATENBHBIE YACIIA, IIPUYEM Po + go = 1. Toraa Beipaxkenue —pg log p —
— qo log g, TA€ p, ¢ — TIPOM3BOJIBHBIE MTOJIOKUTEBHBIE uncaa (M p + g = 1), gocTAraeT
MUHUMYMA IIPH P = Po, q = ¢o. CM. Taxxe paszgen 9.6, c. 307.]

YCusIeHHBII 3aKOH OOJIBLINX YMCEJT YacTo (POPMY/IUPYIOT TAKUM OOPA30M: «B CJIydaii-
HO (110 PABHOMEPHOIT Mepe) 110CJIeI0BATE/IbHOCTH YacToTa e/MHUL crpemutcs K 1/2»
(aHajorvM4HO I ApYrux OepHyJUMeBHX Mep). IIpu 5ToM cioBa «cilydaiHas HOcCJIeso-
BaTeJIBHOCTb» UCIOJB3YIOTCA He OYKBAJIbHO, 4 Kak 00OpPOT pedd: BBHIPOKEHHUE «CJlydaii-
Hasl TTOCJICOBATEIBHOCTh 00JIAACT CBOMCTBOM (¥» BOCIIPMHHMMAETCSl KaK €AMHOE 1IEJI0C
M O3HAUAET, YTO MHOXECTBO BCEX IOC/ICAOBATEIBHOCTEH, HE 00JIAIAIOLINX CBONCTBOM Ct,
SIBJISICTCSI HYJIEBBIM.

BosHuKaeT ecTeCTBEHHBIH BOIIPOC: HEJDL3s JIM IPUAATh 3TOMY 000pOTY OyKBaJIbHBII
cmbici1. VIMeHHO, BhIOEpeM KaKylo-IM0O Mepy Ha IPOCTPAHCTBe (2, CKaKeM, paBHOMEp-
HyI0. XOT€JI0Ch OBI BBIICINTD B IPOCTPAHCTBE {2 HEKOTOPOE MOAMHOXECTBO, HA3bIBAEMOE
MHO)KECTBOM CJIyYalfHBIX MOCJIEJOBATEIbHOCTEN, IPUYEM TaK, YTOOBI JIsl JIDOOTO CBOI-
CTBa o CJICAYIOUIUE [BAa YTBEpKAEHHU OBLIH OBl SKBUBAJICHTHBI:

® BCC CIIy‘IafIHbIC IIOCJICTOBATCJIPHOCTU O6J'Ia}:[aIOT CBOMCTBOM Q'

® MHOXCCTBO IIOCJICTOBATEIBHOCTEH, He 00JIaaloNMX CBOMCTBOM (v, IMEET MEpY
HYJIb.

Hpyrumy cioBamu, Mepy 1 JOJDKHBI MMETh T€ M TOJIBKO T€ MHOXECTBA, KOTODBIE
coziep>KaT BHYTpH ceDsl BCe CJlydaifHble TocjiefoBartesibHOoCTU. Elé ogHa nepedopmyn-
POBKA: MHOXECTBO CJIyYaiHBIX IOCJIEJOBATEIbHOCTEN JOJKHO OBITh MUHHUMAJIBHBIM I10
BKJTIOYCHMIO MHOXXECTBOM MepHl 1, a MHOXECTBO HECITYUAiHBIX IMOCTIET0BATEIFHOCTEH
JIOJDKHO OBITh HAMOOJIBIINM IT0 BKJIIOUCHHIO HYJICBBIM MHOKECTBOM.

Jlerko MOHSITH, YTO STOT IJTAH HEBHIMIOHIM: KaXK/1asli TOUKAa MPOCTpaHcTBa () oOpa-
3yeT OJHOZJIEMEHTHOE MHOXECTBO, SIBJISIOLICECS HYJIEBBIM. BmecTe ¢ Tem 0ObeAMHEHHE
STHUX OHORJIEMEHTHBIX MHOXECTB IIOKPBIBAET BCE ITPOCTPAHCTBO.

B 1965 rony yuennk Kosimoroposa mme/ickrit MateMatuk [lep Maptun-Jléd obuapy-
KW, YTO TIOJIOKCHAE MOXKHO CIIACTH, €CJIM PacCMAaTPUBATh HE BCE HyJIEBBIC MHOXCECTBA,
a TOJIBKO «>(h(DEKTUBHO HYJICBBIE». YAUBUTEIBHBIM 00PA30M CPEAN HUX €CTh HANOOJIbIIEE
MO BKJIIOYEHHUIO, U TIOTOMY MOSKHO OIPEJE/IUTh MOHSTHE CJIYYANHOM MOC/IeH0BATEIbHO-
CTV TaK, 9TOOBI CBOWMCTBO (¢ BBIIOJHSAJIOCH /TSI BCEX CIIYUAHBIX MOCTETOBATEIFHOCTEH
TOI/JIa ¥ TOJIBKO TOT/A, KOI/Ia MHOXXECTBO IOCIIE/TOBATEIFHOCTEH, HE 00IaJal0IX dTAM
CBOMCTBOM, sBJIsICTCS (D(PEKTUBHO HYJIEBEIM. B ciieyroneM pasjiesre Mpl M3JI0KUM KOH-
cTpykimio Maprun-Jléda.
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3.3. DddexTuBHO HyJIeBble MHOMXKECTBA

IMycts (puxcupoBaHa HekOTOpas Mepa Ha MPOCTPaHCTBe £); Mepy MHTepBaIa {1, MBI
obo3HauaeM p(x).

ToBopst, 9ro MHOXeCTBO A C §) sBisieTcss 3G HEKTHBHO HyJICBBIM (IO JTAHHON Me-
pe), ecm no Jiodomy € > O MOXHO >(D(PEKTHBHO yKa3aThb IOKPHITHE MHOXECTBA A
MOCJIEI0BATEIBHOCTBI0 MHTEPBAJIOB, CyMMapHAasi MEPA KOTOPBIX HE MPEBOCXOAUT €.

D10 ompesnesneHne TpeOyeT HEKOTOPHIX yTOYHEHMII. Bo-TiepBbIX, MBI OyneM paccMa-
TPUBATh HE BCE JCHCTBUTEJIBHBIC €, A TOJIBKO PALIMOHAIBHBIE (MHAYE HETIOHSATHO, B KAKOH
(opme anropurMy MOKHO 1oJaTh HA BXO[ 4nciio €). C 1pyroil CTOPOHBI, HA/IO0 YTOU-
HUTH, B KaKoil popMe aJrOPUTM BBHITAET MTOCIIETOBATEIBHOCTh MHTEPBAIOB. BoT omHO U3
BO3MOKHBIX YTOUHCHMIA:

Onpeaenenne. Muoxecrso A C Q) HasbiBaetcs IQghekmueHo nyneavim (10 NAHHOM
Mepe), €CJIM CYIIECTBYET BHIUVMCINMAS (DYHKIWIS X JIBYX apryMEHTOB (TIEPBBIA — II0JIO-
KUTEJIFHOE PAIMOHAIBFHOEC YHCIIO, BTOPOH — HATYpaJIFHOE YKCIIO), 3HAYCHUIMI KOTOPOil
SBJISIIOTCS TBOMYHBIC CJIOBA, [TPUIEM

1) A C Q00 Uiie,ny UQxe) - - -5

2) p(x(e,0) + plx(e, 1)) + p(x(e,2)) + ... <¢
rpy Jo6oM parmoHaasHoM € > 0. Ipu oToM MBI He TpeOyeM, YTOOB! (PyHKIMS X ObLIa
BCIONy OmpefiesieHa; ecir X (€, [) He OMpeAeseHo, TO COOTBETCTBYIONMIT 4ieH (B 000MX
YCJIOBUSAIX) TIPOITYCKAETCA.

[Moxaskure, 4TO ONLpEAEICHUE HE U3MEHUATCS, €CIIU IIPEJIII0JIaraTh, 9To aJTOPUTM
HOJIy4aeT Ha BXOJ palliOHAJIbHOE € > 0, a Ha BBIXOJE HEPEeUnciigeT HEKOTOpOe MHOMKe-
CTBO JIBOMYHBIX CJIOB (TlevaTas UX OJHO 32 JPYIMM C IPOHM3BOJIbHBIMH II€PSPBIBAMH),
KOTOpBIE 00pa3yl0T MOKPHITUE HHTEPBAIAMH C CYMMApHOU Mepol (Mepoil o0beIuHe-
Hus) He Oospiie €. (OOpatHTe BHUMAHHUE, YTO CyMMApHAasi MEPA MOXKET OBITb MEHBILE
CYMMEBL MEp HMHTEPBAJIOB, €CJI OHU IepPeCceKaroTCs.)

[Moxaxkure, 4ro oIpeje/ieHAe HE W3MEHUTCS, €CJIM Mbl OyJeM paccMarpUBaTh
He BCE PALMOHAJIBHEIE €, A TOJABKO uucia Buia 2 ¢ mpu marypamsubix k. TMokaxure,
4TO ONpPE/E/IEHUE HE U3MEHUTCS, €CJIM 3aAMEHUTh 3HAK < BO BTOPOM YCJIOBUM HA CTPOIroe
HEPaBEHCTBO.

[Nokaxwure, 4TO OIIpe/ie/IcHAEC HE M3MEHUTCS, €CJIM TpeOoBaTh, YTOOBI /IS Ka-
K10T0 € (yHKIWS [ — X (€, i) ObpUIa OBI OMpeAesieHa HA HEKOTOPOM HAYQJIbHOM OTpE3Ke
HATYPAJIbHOTO psafa (BO3MOXHO, OECKOHEUHOM).

Iokaxkute, 9TO OIpeciicHAEe He U3MEHUTCSI, €CIIN 3aMEHUTE NIEPEYNCIIMOE Ce-
MEHCTBO MHTEPBAJIOB HA pa3pelmMoce. [YKa3aHue: HHTEPBT MOKHO pasOUTh Ha HECKOJIb-
KO 0oJsiee MEJIKUX, IIO3TOMY MOXKHO CYHMTATh, YTO JIJIMHBI MHTEPBAIOB B IIEPEYCICHAN
00pa3yoT HEBO3PACTAIOLIYIO TOC/IEA0BATEIBHOCTD, @ B 3TOM CJIy4ae MHOXECTBO MHTEP-
BAJIOB PA3PELLUMO. ]

ITpuBenéM HeckoJIbKO TPUMEPOB (PPEKTUBHO HYJIEBBIX MHOKECTB OTHOCHTEJILHO
PaBHOMEpPHOIT Mepsl Ha ().

PaccMoTpuM OJHOBJIEMEHTHOE MHOXECTBO, €JMHCTBEHHBIM JIEMEHTOM KOTOPOLO fB-
JIIETCS TIOCJIEAOBATE/IBHOCTD M3 OAHMX HyJjeil. OHo siBiaseTcs >(P(EeKTUBHO HYJIEBBIM:
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YTOOBI HAMTH MOKPHITHE U3 UHTEPBAJIOB CYMMAPHON MEpH MEHbIIIe JAHHOTO € > 0, BO3b-
MEM HaTypasibHoe k, s KoToporo 2K < e, v MOKpHITHE W3 €IMHCTREHHOTO MHTEPBATA
Qoo...0 (B MHJEKCE CTOMT CJIOBO M3 k HYyJICH).

®opmaiibHO TOBOpSL, X(€,0) = 0%, re 0F oBosmauaer MOCJENOBATEIBHOCTD U3 Kk
HyJeil, a kK — HauMeHblllee HATYpAIbHOE UHCJIO, Ul KoToporo 2% < e, 3nauenms
x(e, i) mpu i # 0 He onpene/IeHsL.

B sTOM mIpmMepe mocieToBaTeIFHOCTD W3 OJTHUX HyJIei MOXXHO 3aMEHWThH Ha JIOOYIO
BBIUHCIIMMYIO HOCJIEIOBATEIBHOCTD HYJIH ¥ €/IMHIII; HyXHO TOJIbKO BMecTo 0 pacemo-
TPETh HAYAJIBHBINA OTPE30K DTOH HOCJIC/IOBATEIILHOCTH JIJIMHBI K.

Ho BRAmcmMocTh CyIeCTBeHHA, KaK TIOKA3hIBAacT CIICMYFOMIAs 3a/1ava:

[Nokaxwre, 9TO CYIECTBYET HOCJEOBATEIBHOCTh w € ), IS KOTOPOH OJTHO-
DIIEMEHTHOE MHOXKeCTBO {w } He smisercst >hheKTUBHO HyJIeBHM. [Ykasadue. PaccMo-
TPAM BCE BHIUNCIVMBIE (DYHKIMM X, YIOBJICTBOPSIONINE BTOPOMY YCIOBHMIO W3 OIpere-
JieHns: 3{eKTUBHO HyJICBOTO MHOXecTBa. Mx cuétHoe umcmo. J1s KakI0it M3 HHX
PacCMOTPUM HauOOJIBIIEE MHOXECTBO A, YIOBJICTBOPSIOLIEE NEPBOMY YCJIOBUIO 3TOrO
orpefieficHrs (TlepecedeHre MOKPBITHIA IO BCeM £). ITO MHOXKECTBO OymeT (3¢ pexTus-
HO) HyJIeBHIM. OOBe/TMHEHNE CIETHOTO YHCIIA TAKAX MHOKECTB OYy/IET HyJIEBEHIM, U IIOTOMY
MOKHO B3SITh W BHE TOT0 O0BE/TUHEHIIS.

3ameudaHue. YTBep>K/ICHUE DTOM 3a/1auM OUEBUIHO CJICAYeT W3 TeopeMbl MapTtun-JIé-
da o HambompeM >(PPEKTUBHO HYJIEBOM MHOXKECTBe (Teopema 28, c. 72), KOTOPYIO
MBI JJOKOKEM B 2TOM pasfciic (M NPUBEIEHHOE BHONE yKa3aHME K 33/a4e WCHOJIB3YET
[0 CYIIECTBY TOT K€ METOJ[ J0KAa3aTeIbCTBA). MBI YBUIMM, UTO MHOXKECTBO {w} sBJIs-
eTcs 3(PPEeKTUBHO HYJIEBBIM TOTJA UM TOJBKO TOT/A, KOIAA MOCJIEIOBATEIbHOCTh W «HE
ci1ydaiiHa B cMbIciie Maptun-Jlédar.

Jlerko HOCTPOUTh M HEBBHIYMCIIAMYIO IIOCJIEIOBATEJIBHOCTh W, JJIS KOTODOH MHO-
KecTBO {w} sBseTcs >OGEKTUBHO HyJIeBHIM. Bo3bMEM MOOYIO MOCIEOBATEILHOCTD
w = 0702070 . .. (Hy/m 4epeayioTcsl C IPOM3BOJIBHBIME 1(ppamn). [Tokakem, 4TO MHO-
xecTBo {w} sBiseTcs 9P HEKTHBHO HY.JIEBBIM.

B camoM Jejte, 94TOOBI IOCTPOUTD HIOKPBITHE C CyMMAapHOI Mepoi 2~ ", MOKHO B3STh
BCE KOHEYHBIE CJIOBA JJIMHBL 21, B KOTOPBIX 71 HyJIEH 4YepelyeTcs ¢ 1 IIPOU3BOJIBHDI-
mu imdpamu (kak B w). Takux cjop 2", a Mepa Kax0ro MHTepBajia 2~ 2", MOdITOMY
CyMMapHasi Mepa pasHa 27",

Ha camoMm jzejie B 5ToM IIpuMepe MBI [JOKa3aJld, 9TO MHOXECTBO BCEX IOCIIEIO0Ba-
TEJIBHOCTEH, y KOTOPBIX HAa YETHBIX MECTAX HYJIM, siBJIsseTcs >(p(eKkTBHO HyJIeBbIM. Tem
CaMBbIM 1 JTI000€ €ro MOAMHOXECTBO (B TOM YMCJIE OJHOIJIEMEHTHOE) siBjsieTcs >(pdek-
THBHO HYJICBBIM.

Bospparasich k onpezesieHo >(h(eKTUBHO HyJIEBOI'O MHOXKECTBA, 3aMETHM, 4TO Tpe-
0OBaHUS B €r0 ONPEIE/ICHU MOXKHO PA3E/INTh B CJEyIOeM cMbIciie. ByneM Has3pBaTh
BBIUMC/IUMYIO (DYHKLIMIO X KOPPEKTHOI, €CJIM OHA Y/I0BJIEeTBOPsEeT TpedosanHuio (2) (1mpo
cymmy mep). Haromamm, uro TpeboBanve (1) ompesesieHHs O3HAYACT, YTO MHOKECTBO
A TIpu ;MoGOM PaIMOHAIBHOM € > 0 JICKUT B 0OBCIUHCHI MHOXCCTB

Qie,0) U Qxe,1) UQxe2) - - -
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Takym 06pa3zoM, KOppeKTHAs! (PYHKIWS X «OOCITY>KHBACT» BCE MHOKECTBA, JICKAIINC BHY-
TpH

() (Qse.0) U Qsety U sy -- ) = [ U Qeenty-

e>0 e>0 i
MBI BUMM, 9TO KaKJ0M (BBRIYMCIMMON) KOPPEKTHOI (DYHKIIMM X COOTBETCTBYET HEKOTO-
poe >(PphEKTUBHO HYJIEBOE MHOXKECTBO (33/1aBaEMO€E TOJIBKO UTO HAIIMCAHHOM (POPMYJIOi),
" 9T0 Y(PPEKTHBHO HYJICBHIMH SIBJSIIOTCS BCE TH MHOXECTBA (IS BCEX KOPPEKTHHBIX
(pyHKLIMIT), a TakKe BCE MX MOJMHOXECTBA — U 3THUM MCYCPIIBIBAIOTCS Bee d(PQPEeKTUBHO
HYJICBBIC MHOXECTBA.

[Ipexxae gyem cpopmymmposars TeopeMy Maprtun-JI€da, nagum onpesesieHUe 8bryu-
CAUMOU Mepbl HA TIPOCTpaHCTBE 2.

JleficTBUTEIBHOE 9NCJIO ¢ HA3BIBAIOT GbIYUCAUMbBIM, €CJIN CYLIECTBYET aJTOPHUTM,
BBIYMCJISIIOLLIMIA np1/16J11/1>1<eH1/1;1 K « ¢ JI000# 3aaaHH0IT TOUHOCTRIO € > 0. Tounee roBops,
0 BBIUUC/IMMO, €CJIM HalIETCS BRIYMCIUMAs (PyHKLUS € — a(€), onpeneéHHas Ha BCEX
TIOJIOXKUTEIIBHBIX PALIMOHATIBHBIX YHACIAX U MIPAHUMAIOINIAs PAIIMOHANLHBIEC 3HAYCHUS, JJIS
KOTOpOH

la —ae)| < e

MpY JTI000M PaLOHATIBHOM € > 0.

Iokaxwute, 4TO ONpPEACICHUE HE U3MEHUTCS, €CJIN JOIOHUTEIBHO MOTPeO0BaTh,
YTOOBI BHIJJABAEMBIC TPUOIDKEHUS OBUTH «IPUOTIDKEHUSAMU C HEOCTATKOMY», TO €CTh
qT00Bl a(€) < « JIA BceX €. [YKazaHWe: MOTepsB BIBOE B TOYHOCTH, MOXKHO JIEOOOE
MIPUOJIDKEHVE TIPEBPATUTH B MIPUOJMKCHUE C HETOCTATKOM (WUIH C M3OBITKOM).]

[Tokaxwure, 4TO CyMMa, Pa3HOCTh, IPOU3BE/ICHUE U YACTHOE JBYX BBIUMCJIMMBIX
JIENCTBUTEJIBHBIX YUCEJT BHIUUC/IMMBI.

HOKa}KI/ITC, qTO 4yMcCJia e (OCHOBa.HI/IG HaTypaJIbHbIX J'IOFapI/Iq)MOB) 1 7T BBIYUCJIN-
MEI.

Iokaxure, uTo DJ1eMEHTApHBIE (PYHKLUU (KOPEHDb, CUHYC, JIOrapu(pM, DKCIIOHEH-
T4 U T. J.) COXPAHSIOT BBIYHCIMUMOCTb, TO €CTh YTO UX 3HAYCHUS B BHIUMCIMMBIX TOUKAX
BeraucaAMEL. (ITpy 3TOM MBI IIpeAmoJIaraeM, eCTeCTBEHHO, 9TO OCHOBAHHUE JIOTApPU(MOB
U TI0Ka3aTeJIbHOM (PYHKIIMA BBIUMCIIMO. )

Mepa p Ha mpocTpaHcTBe ) HA3bIBACTCS BBIYMCJIMMOI, €CJIM MEpHl BCEX MHTEpPBa-
JIOB SBJIIOTCSl BBIYHCJIMMBIMUA OCHCTBUTEIBHBIMUA UNCIAMU, U, 00jIe€ TOTO, aJITOPHTM
niprbmmkeHust K (€2 ) MoXHO 3¢ (PeKTUBHO yKa3ath 1o x. Bosee dopmansHo:

Omnpenenenne. Mepa 1 Ha IIpocTpaHCTBe ) HA3BIBACTCS 6bIMUCTUMOU, €CIU CyIle-
CTBYET BHIYMCJMMAsT DYHKIWSA (X, €) — a(x, €), ONpeAeJEHHas IS BCEX CJIOB X U BCEX
TIOJIOKUTEJIBHBIX PALIVIOHAJIBHBIX YUCE]T €, OJIA KOTOpOﬁ

[ (Qy) —alx,e)| < e

U1 JIIO0BIX X U €.

Boo0ie roBopst, 910 omnpeiesicHAE HE TIPEIIOIAracT, 9To Mepa BCEro IIPOCTPAHCTBA
paBHA eIMHMIIEC, HO HA IIPAKTUKEC OHO HaM MOHATOOUTCS TOJBKO /UL TakWX f4 (TO €cTh
JUTSL PacIIPE/ICICHNIT BEPOSTHOCTEH).
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Teopema 28 (Maptun-JIéda). [lycmo p — eviuucnumas mepa Ha 2. Tozda cyuje-
cmaeyem Haubonvluee no SKIIOYEHUIO IGhPeKmusHo Hynegoe OMHOCUMENTLHO MEPbl i
MHO2Icecmeso.

IMepedopmympoBka: oObeuHeHNE BCeX ((HEKTHUBHO HYJIEBBIX (OTHOCUTEJIBHO JAaH-
HOI BBIYMCIMMOM MEPHI) MHOXECTB sIBJIsIeTCsl 2(()DEKTHBHO HYJICBEIM MHOXKECTBOM.

<« Kax MBI roBOpWIIM, KaKJA0i KOPPEKTHOM (DYHKIIUM X COOTBETCTBYeT (P(eKTUBHO
HYJIEBOE MHOXECTBO. TaKnx MHOXKECTB CYETHOE UMCIIO, U j1000e 3(QHEKTUBHO HYJIEBOE
MHOXXECTBO COJIEP>KUTCS B OTHOM M3 HUX, IT0O3TOMY MBI HEMEUICHHO 3aKJII0YaeM, 9TO
o0BeuHEHYE BCeX H(MPEKTUBHO HyJIEBHIX MHOKECTB SIBJISIETCS HYJICBHIM MHOKECTBOM.

[Tpobiema b B TOM, YTOOBI JOKa3aTh, UTO OHO SIBJIACTCS 3(eKkTHBHO HyIle-
BBIM. [I71s1 5TOTO MBI OyJeM IIEPEUMCIIATh BCE KOPPEKTHBIE (DYHKIINM, a 32TeM IIPUMCHUM
2(p(peKTUBHBIN BapHaHT TEOPEMBI O CIETHOM OOBCAUHECHNN HYJIEBHIX MHOKECTB.

[To TexHyYecKUM NIPYYMHAM HaM OY/IeT YZ0OHO M3MEHHTH OIpE/ICCHIE KOPPEKTHOM
¢ysaximm. VMenno, MBI Oy/ieM Ha3bIBaTh BRIYMCIAMYIO (DYHKIIMIO X KOPPEKTHOH, €CJI
BCSIKasi KOHEYHAsl YaCTHYHAsI CyMMa psijia

px(e,0)) + px(e, 1)) + px(e,2)) + ...

crporo mersnie €. (HamomammM, uto p(x) = pu(§2y).) 310 TpeboBaHme Iy Th O0JIEE CHITH-
Hoe (€CIM BCE YACTUUHBIE CYMMBI psijla CTPOTO MEHBIIE €, TO €I0 CyMMa HE IIPEBOCXO-
JWT €, HO He Hao0opoT). Ho jerko moHsATh, 4TO ompenaeicHue 3G(HEKTUBHO HYJIEBOTO
MHOECTBA HE W3MEHUTCA, TaK KaK TAM BCETAQ MOXHO 3aMEHUTDh €, CKAKEM, HA €/2.

B nameneriieM, TOBOPST O KOPPEKTHRIX (DYHKIMSIX (OHM TIOHAJOOSTCS HAM TOJIBKO B
STOM JIOKa3aTeJIbCTBE), MBI UIMCEM B BUAY 3TO YCHUJICHHOE TPeOOBaHME KOPPEKTHOCTU.

Caentyromas jgeMMa YTBEPKIACT, 9TO MOXHO D(PGHEKTUBHO NEPEUUCIIATh BCE KOP-
PEKTHbIE (DYHKLIMH X.

Jlemma. Cywecmeyem gviuuciumas (vacmuynas) (hyHKyusi mpex apzymeHmos

<q’E’i> '_)X(qaasi)

(g u i — HamypanvHvle YUCNA, € — NONONCUMETLHOE PAYUOHATBHOE YUCTO0), KOMOPAs!
npu nwobom uxcuposanHom q oaém xoppekmmuyio ynkyuio X, 08yx apeymenmos u
ace Koppexkmuuie (8vluucIuMble) QYHKYUU 08YX APSYMEHMO8 MOo2ym Oblmb NOLYYeHbl
maxkum 00paszom.

Jlokazamenvcmeo. Pacuiosioxum Bce 1porpaMmbl juist (PyHKUMEL JIByX apryMeHTOB
(KOPPEKTHBIX M HEKOPPEKTHBIX) B BBHIUHCIIIMYIO TOCJICTOBATEFHOCTD, U «IPOrPaMMOi
HOMEp ¢» Oy/JeM HasbIBaTh g-il WIEH STON MOCJIE/IOBATEIBHOCTH.

Msr onpeniesiM X (g, €, i) Kak pe3yJIbTaT MPUMEHEHUS [IPOrpaMMbl HOMEP ¢ K BXO-
JIaM €, i, eCJIM BBITOJHEHB! HEKOTOPBIE YCIIOBUS; €CJI HeT, To X (g, €, i) He OIpe/IesIeHO.
YC10BUA TapaHTUPYIOT, 9TO BCE X, KOPPEKTHH M YTO KOPPEKTHHIE (DYHKIIMH OCTAJIVICh
HETPOHY THIMH.

UroOs! BhrauCIUTh X (g, €, i), Mbl TIAPAJUIEJIBHO 3aIlyCKaeM IIPOrpaMMy HOMEp ¢ Ha
BCEX Iapax

(€,0),(,1),...,
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CHavaJIa Jies1asl O/IMH 1Al IIEPBOI'O BBIYMCJICHMSI, IIOTOM J[Ba I1Iara MEPBBIX JBYX BBIUMCIE-
HMit U1 T. 7. Kak Tossko BEIUNciieHne Ha mape (€, i) 3aKaHYMBACTCS U BHIJAET HEKOTOPOE
CJIOBO B KaUeCTBE PE3yJIbTaTa, Mbl HAYMHAEM IPOBEPKY KoppekTHocTH. [Iposepka 3Ta co-
CTOUT B TOM, YTO JIJIs1 BCEX OOHAPY>KEHHBIX CI0B Z MBI HAYMHAEM BCE C OOJIbLIECH U 00/Ib-
el TOYHOCTHIO BHIYMCIISTH COOTBETCTBYIONIVC 3HAYCHUS p(z), ITOKA He yOemmMcs, ITo
CyMMa DTHX 3HaueHMII MeHblIe €. TodHee roBops, IIPOBEPKA 3aKaHUMBACTCS YCIIENIHO,
KOI7Ia MBI OOHAPYKMBAeM, 9TO CyMMa TCKYIIMX IPUOIKCHUI MEHBIIC € HAa BEJIMUMHY,
MEHBIIYI0 CYMMAapHO! TMOTPENTHOCTH NPUOIMDKEHHI K p(z). 3mech BaXHO, UTO Mepa [
BBIYMCJIMMA, TAK YTO MBI MOXKEM BBIUHC/ISATH NPHOIMDKEHUS K p(z) ¢ JI0OOI 3aaaHHOM
TOYHOCTBIO IS JIOOOT'O CJIOBA Z.

Bo3MoxHO, 3Ta NIPOBEPKA HUKOTJA M HE 3aKOHYUTCS (TAKOE BO3MOXKHO, €CJIM CyM-
Ma Mep yXe 0OHapy>XCHHBIX MHTEPBAJIOB He MeHbINE €). (Bo3MokeH M oTprIiaTe/ThHBII
PE3yIIBTAaT MPOBEPKUA — KOT7Aa MPU HEKOTOPON TOYHOCTU BHIYMCICHUI OOHAPYKUBACT-
Cs, 9TO CyMMa Mep OoJIbllle €; MBI OyJIeM CUMTaTh, UTO W B PTOM CJIy9ac HpPOBEpKa He
3aKaHYMBACTCS. )

Temeps X (g, €, i) ompeiesiseTcsl KaK Pe3yJIbTaT IPUMCHEHWS IIPOTPAMMBL HOMEP ¢
K BX0ofy (€, 1), €CJIM TOT Pe3yJIbTaT ObLT MOJYYEH M MPOMIENT POBEPKY KOPPEKTHOCTH
B XO7I¢ ONMCAHHOTO HAMU IMPOLIECCa.

Ecm mporpamMma HOMEp g Ha CaMOM JieJIe BBIYMCJISCT KOPPEKTHYIO (DYHKIMIO, TO
BCE TECTHI KOPPEKTHOCTH (YCHEIHO) 3aBepiatcs u X, OyAeT COBmajaTh ¢ 3To# (QyHK-
LUei.

C napyroii CTOPOHEI, BO BCEX CiIydaax (yHKIMs X, OKaXeTCs KOPPeKTHOM. B camom
JeJie, U3 IMOCJIe0BAaTEeIbHOCTH OOHAPYKMBACMBIX 3HAYCHUIT ¢-if MPOrpaMMBI Ha Iapax
(e,0),(e,1),... Byaer ocrapjieH HEKOTOPHI HAYATBHBIA (B MOPSIKE OOHADYKCHUS)
OTPE30K, IJIc CyMMBL Mep €IlI€ MEHBIIE €; ISl BCEX CJICYIONINX IIap IIPOBEPKA HUKOI/IA
HE KOHYHUTCS.

JleMMa gokaszaHa.

OObsicHUTE, 1I0YEMY HaM [I0HATOOMIOCh U3MEHHTD OIIpe/esIeHIe KOPPEKTHOCTH:
I7ic He IIPOXOJNT JOKAa3aTeJICTBO IIPH CTAPOM OIIpeleJICHNA? [YKa3aHWe: €M psifi Co-
JEPKAT KOHEYHOE YMCJIO HEHYJIEBLIX WJIEHOB, CyMMa KOTOPBIX B TOUYHOCTH PaBHA €, MBI
DTOr0 HUKOIJA HE y3HAEM.]

Ilpogomxaem fokazaresibetBo Teopembl Maprun-Jléda. [lycre X — (ynkums u3
Jemmsl. [lpu xaxaom ¢ = 0,1, 2, . .. paccmoTpum > EKTUBHO HyJICBOE MHOXECTBO Z,,
COOTBETCTBYIOLIEE KOPPEKTHOH (GyHKIMH X,. MBI yXe 3HaeM, 4TO BCAKoe (PPEKTUBHO
HYJIEBOE MHOXECTBO COICPKUTCA B OJHOM U3 Z,; OCTaéTcs JOKasaTh, YTO OOBCAUHEHNE
Zy U Zy U. .. asigercs d(QQPeKTUBHO HYJIEBBIM MHOXECTBOM.

OT1o jelaeTcd 0 TOH Ke cxeMe, YTO U JOKa3areJIbCTBO TEOPeMBI O CUETHOM OObB-
€MHCHUN HyJIEBBIX MHOXECTB. VIMEHHO, 4TOOBI HATU IOKPBITUE CyMMAapHON Mephl He
Gosbie € aust |, Z,, Mbl O0BEIMHIM TIOKPBITHE PasMepa € /2 s Zy, IOKPBITHE pasMepa
€/4 nnsa 7y, u Tak ganee.

@®opmasIbHO TOBOPsI, MBI paccMaTpuBaeM (DYHKIMIO X (€, i), ONpeaeaCHHYIO TakK:

x(e,1g kD) = X (g, /27" k),
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rie [g, k] obo3HagaeT HOMEp MAPBI ¢, K TPU KAKOM-TO B3aMMHO OJIHO3HAYHOM KOJIHUPO-
BaHWM TIAp HATYPAILHBIX UHMCEJI HATYPAIBEHBIMH drciaMi. (OTO KOIMPOBAHWE JIOJIKHO
OBbITH BHIUMCJIVMBIM, HO B OCTAJIBHOM MOKET OBITh HMPOU3BOJIBHEIM.) B>

Terepp MbI MOKEM JIaTh OIIpeecHUe CiydaiHoi no Maptus-JIédy rociienoBaresib-
HocTH. [lycTh (huKCHpoBaHa HEKOTOpAs BRIYMCIMIMAs MEpa (4 Ha IPOCTPaHCTBE (2.

Ompenenenne. [Tocen0BaTe/IBHOCTD W HA3BIBACTCA CayyaiiHoli no Mapmun-JIéghy
OTHOCUTEJIBHO MEPHI {4, €CJIN OHA HE COMCPKUTCS B HanOOJIbIIEeM (P HEKTUBHO HYJICBOM
MHOXECTBE OTHOCHUTEJIHHO STOIM MEpEHL.

[lepedopmymmpoBka: HOCIENOBATEIBHOCTE CayvaiiHa 1o Maprun-Jlédy, eciau oHa
HE COACPKUTCS HU B KakoM >(D(PEKTHBHO HYJICBOM MHOXECTBE.

Emé onna nepedopMyJIMpoBKa: MOCJIEI0BATEIBHOCTD w CIydaiHa 1o Maprun-JIédy,
ecim MHOXeCTBO {w} He sBiiseTcsa 2(D(MEKTUBHO HyJICBBIM.

OTtcrynieHne o TepMuHoJormm. Ilonstre ciywaitHoit mo Maptun-Jlédy nocneno-
BAaTEJIbHOCTH (HOPMAIU3YET MHTYUTUBHYIO MJCI0 KTHIHYECKOM» (MM «TUIMMYHOI») IO-
cuezioBare/ibHoCTi. HepopmasibHO roBopst, OC/IE0BATE/IbHOCTD TUIIMYHA, €CJIM OHA HE
00J1aJaeT HUKAaKUMY OCOOEHHBIMU CBOICTBaMU (B LIEJIOM UL IIOCJIE/IOBAaTE/IBHOCTER He-
xapakTepHbMU) . [Tog00HBIM 00pa3oM IOHUMAETCS CJIOBO « TUIIMYHLI» B >KAPTOHHOM BbI-
paxkeHnn «OHETMH — TWITMYHBINA TPEICTABUTE b JIMIIHKAX JIOACH» (MM, €CaM B3SITh
0osiee COBpeMEHHBII npuMep, «BoBa — TUNHMUHBIA 10X»). «OCOOEHHOE» CBOWCTBO —
3TO CBOWCTBO, KOTOPBIM O0JIaAET JIMLIb IPEHEOPEKUMO MaJIasi YaCTh PACCMATPUBACMBbIX
00bekTOB. CKaXKeM, CBOWCTBO ITOCJIEOBATEIBHOCTH «HAYMHATHCS C HyJISI» He SBJLACTCS
OCOOEHHBIM, TaK Kak MM 00JIajacT IIOJIOBHHA II0C/Ie/I0BaTebHOCTENR. A CBOMCIBO «Ka-
/bl BTOPOI WIECH PaBeH HYJIIO» SBJIACTCA OCOOCHHBIM.

Ora He(popMasbHaAsI Hes MOJTydacT YTOUHEHHE B KOHCTpYKIMM MaptuH-Jléda: oco-
OCHHBIM CBOMCTBOM CUMTAaeTCA IIPUHAICKHOCTD (O QEKTUBHO HYJEBOMY MHOMXKECIBY, U
TaKUM 00pa3oM THIIMYECKVMU [I0C/IENOBATEIBHOCTSIMUA CTAaHOBATCS II0CJIEI0BATEIBHOCTH,
HE TPUHA/JIeKAINE HUKAKOMY () (EKTUBHO HYJICBOMY MHOXECTBY, TO €CTh CJIydailHbIC
no Maptun-Jlédy.

Bputo Obl IIPaBWJIBHO KCIIOJIB30BATh JIJIS TAaKMX IIOCJIEHOBATEJIBHOCTEH TEPMUH «TH-
IIMYECKUEY, OCTABUB CJIOBO «CJIyYaiHBIE» Il MHTYUTUBHOIO IIOHATHA, [OIIyCKAOIIEIo
Pa3IMYHBIC YTOUYHEHHS (OHUM W3 KOTOPBIX SIBJISIETCS TUIMYHOCTh 10 Maptus-JIEdy).
OnHako MOMBITKM BBECTH HOBYIO, 00Jiee MPABUJIBHYIO, TEPMHUHOJIOTHIO YaCTO IPUBOAST
JMIIb K YBEJIMYCHHIO IyTAHMIIBI (3TO 3aMeYaHWE aBTOPHI CAMOKPHTMYHO OTHOCAT M K
CBOUM IIOIIBITKAM Takoro popa). Tem Oojiee 4TO IyTaHMIA U TAaK BeJMKa, U B PasHBIX
TEKCTaX CJIOBA «CJIydaiHas II0C/Ie0BATENbHOCTE» NMEIOT PasHBIA CMBICII.

B >roit kHUre MbI OyaeM roBOPHUTH «cJiydaiiHas no Maprun-Jlédy» («MJl-ciryuvait-
Hasl», WIM «TUITTYECKasA») [0CJIeJ0BATEIbHOCTD, OCTABUB CJIOBO «CJIydaiHas» (0e3 yTod-
HEHUIA) U1 MHTYWTUBHOTO IPEACTABJICHHS O CJIYyYaiiHOCTH.

Crenyrolee yTBEp>KAEHUE, HECMOTPS HA BCIO €r0 OYEBUAHOCTD, IMOJIE3HO OCO3HATH
(¥ IPOYYBCTBOBATD €I'0 HAPAJOKCAJIBHOCTD):

Teopema 29. Mrooscecmeo A C §) signsiemes 3¢hghexmueHo Hynegvlm moeda u mons-
Ko moz20a, Ko20a éce e20 snemenmol He cayyaiinst no Mapmun-Jléghy («nemunuuno»).
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B wacTHOCTH, MHOXXECTBO BCEX HETHIIMYHBIX IIOCJIENOBATENBHOCTEN sIBJISIETCS (HAW-
60J1b1IIM) (PEKTUBHO HYJIEBBIM MHOKECTBOM, 2 MHOKECTBO BCEX THUITMYECKMX IOCIIE-
JIOBATEJILHOCTEN MMeeT mepy 1.

<« B camom fieste, 1eMeHTH 3((HEKTUBHO HYJIEBOTO MHOXECTBA HETUITMYHKI TIO OTIpe-
JICJICHUIO; C JIPYTOM CTOPOHBI, €CJAM BCE DJIEMEHTBI MHOXECTBA A HETHIIMYHBIL, TO A
CoziepKUTCS B HauOoJibLeM (M (HEKTUBHO HyJIEBOM MHOKECTBE U IIOTOMY SIBJIIETCS (-
(peKTUBHO HYJICBBIM. b

[Tapagokc 31€Ch B TOM, YTO CBOMCTBO MHOXECTBA «ObITh HYJICBBIM» CKOPEE O3HAUACT,
YTO Y HETO «MAJIO DJICMECHTOBY», YEM OI'PaHMYMBACT IIPUPOAY DTUX DJIEMEHTOB. Beskas
TOYKa HA OTpe3Ke (WM BCSIKasl TI0CJICI0BATEILHOCTE B £) 00pa3yeT HyJIEBOC MHOKECTBO,
Kakoit OBl OHa HM OBLIA.

C Ipyroit CTOPOHEL, MIOIy4aeTCsl, YTO CBOMCTBO «OBITh 3(DPEKTUBHO HYJICBBIM» MOKHO
chopMy/IMpPOBATh B TEPMUHAX OIPAHUYCHHI HA JIEMEHTHI MHOXXECTBA — 3aAIPELIACTCS
BKJIIOYATh B HETO ciydaiHble 1o MapTtus-JIEQy nocieoBaTeIbHOCTH. A HECITyJaltHBIX
(o Maprus-JIEQy) DJIeMEHTOB MOXHO BKJIIOYATh CKOJIBKO YTOJHO.

B wacTHOCTH, BCITIOMHMM, YTO BCSIKasl BRIYMCJIMMAsS TIOCJIEOBATEJIBHOCTH 00pasyer
> ¢eKTUBHO HyJICBOE OJHOZIEMEHTHOE MHOXECTBO (TI0 paBHOMepHOI Mmepe). Otciona
Cpa3sy e CJICLyeT TAKOE YTBEPXKJICHHE!

Teopema 30. Muoocecmao 8cex gviuucaumblx nociedogamenvHocmeil Hyiel u eou-
HuY sigasiemcst IphexmueHo Hyneavim nooMHoYcecmaom 1 OMHOCUMENbHO PABHOMED-
HOll Mepbl.

JI060IHITHO OTMETHTP, UTO TIO CYNIECTBY 3TO HAOMOAEHHME OBUIO C/ETAHO elie JIo
Maprun-Jléda, py M3y4eHMM KOHCTPYKTHBHOI'O BAapHAHTa MATEMATHUYCCKOIO aHAM3a
(«apumep 3aciasckoro» [190]). Tam peds nuia 0 ACHCTBATEJIBHBIX YMCJAX, 4 HE O IO-
CJIEZIOBATEIbHOCTAX HYJIEH W €IUHMII.

B cienyromieM pasaesie MBI TPOIOJIKUM 00CYSKICHHE CBOMCTB IOCJIC/IOBATEIBHOCTEHA,
MUJI-city4aiiHbIX IO paBHOMEPHOII Mepe. A ceifuac Mbl IPUBEAEM JIIOOOIBITHBINA KPUTEPUIL
MUJI-city9aliHOCTH TIOCJIE/IOBATEIBHOCTH, TIPUBEAECHHBIN co cChUIkoil Ha CoJioBes B [23].

Teopema 31. [locnedosamenvnocme w ne MJI-cnyuaiina no evtvucnumoit mepe j
mo20a u monvKo mo2da, ko20a Cywjecmayem GulMUCIUMAST NOCIeA08AMENbHOCTb UH-
mepeaos ¢ KOHEYHOU CyMMOll Mep, NOKPulearowas my nocnedosamensHoCmy oecko-
HeYHOoe YUCNo pas, mo ecmb GbIYUCAUMAs NOCAe008AMENbHOCMYb CNO8 Xo, X1, X2, - - - ,
0nst Komopoii

Zﬂ(ﬂx,) < oo

u w € £y, npu OeCKOHeyHO MHO2UX i.

< Ecnn nocsieioBatesibHocTh w He MUI-Cilyyaiina, TO MHOKECTBO {w} UMeeT mo-
KPHITHSI C CYMMO# Mep He 00Jibllie € /UIs JIIOOOTO TMOJIOKUTEIFHOTO PAIOHAIBLHOTO €.
CoequuuM Takue nokpwitus st € = 1,1/2,1/4,1/8, ... CoemHEHHOE TIOKPHITHE UMe-
€T CyMMy Mep He 60Jibllie 2 U HOKPbHIBAeT w OECKOHEYHO MHOI'O pa3 (Ha KaX/OM ypOBHE
XOTs OBI TIO pa3y).

HarpotuB, mycth €cTh HEKOTOPOE MMOKPHITHE TOYKHA W MHTEPBAJIAMU, COOTBETCTBYIO-
MM CJIOBAM Xp, X1, X2, . . . , 1 CYMMa MEpP DTUX WHTEPBAJIOB HE MPEBOCXOUT KAKOM-TO
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I'PaHULBl ¢, KOTOPYIO YJOOHO CUMTATh PALMOHAIBHBIM 4KCJIOM. UTOOLI HaWTU IIOKPbI-
THE TOYKM W C CyMMOW HE OOJIBIIIE €, PACCMOTPHM MHOXECTBO T€X TOUYeK U3 (), KO-
TOpBIE HMOKPBITHL He MeHee N pa3, rie LeJioe NooxuTebHoe N BEIOPAHO Tak, 4TOOBI
¢/N Obu10 MeHblue €. JIerKo NOHATH, YTO ITO MHOXKECTBO (/N-KPaTHO IOKDPBITBIC TOYKH)
IIpeJCTaBUMO B BUJE OOBECAUHEHNS HEIEePECEKAIOMXCA UHTEPBAIOB, U 3TU MHTEPBAJIBI
MOKHO IIEPEUUC/ATh aJTOPATMUYCCKY, TJISsI Ha IOCJIENOBATEIBHOCTD Xo, X1, X2, - . - B
saast N. TeM caMpM MHOKECTBO {w} sBiseTcs d()HEKTUBHO HYJICBEIM, a IIOCTCIOBA-
TEJIBHOCTh W — HECJIyd4aitHoit no Maprun-Jlédy. »

3ameuanue. DTa TeopeMa SIBJISETCS «KOHCTPYKTHBM3aIMeit» JieMMbl bopesst — Kan-
Tesu (eCM CyMMa Mep MHOXeCTB Ag, Ay, . .. KOHEYHA, TO MHOXECTBO TOYEK, IIPU-
HA/IJIeXKANUX OECKOHEYHO MHOIUM U3 A;, SBJSECTCS HYJICBBIM), W IPUBEIEHHOC HAMH
paccy»/icHHe SBJISETCS KOHCTPYKTHBM3AIMEH 0Ka3aTeabCTBA JIeMMBl bopesis — Kanres-
Ju. OTHAKO TYT HY’)XHA OCTOPOXKHOCTB: AJIS KOHCTPYKTUBH3ALMM TOAUTCSI HE BCIKOE
JoKa3aTesbeTBo. OOBRIYHOE TOKA3ATEILCTBO BTOM JIEMMH (PSA CXOAWUTCS, 3HAUUT, XBO-
CTBI €TO CTPEMSITCS K HYJIO U MOKPHIBAIOT MHTEPECYIONIEe HAC MHOKECTBO) HE T'OJTUTCS,
TaK Kak Mbl He yMeeM 10 € DP(PEKTUBHO HAXOIUTh XBOCT, MCHBIIMA €.

Ilpu ompenesieHNN CJIy4aiiHOCTH 10 MEPE MBI MPEATIO/IAraIf €€ BIYMCINMOCTb, MO-
CKOJIBKY DTa BBIYMC/IMMOCTH MCIOJIB30BAJIACH B JOKA3ATEJILCTBE CYILUCCTBOBAHMS MAKCH-
MaTBHOTO 3((EKTHBHO HYJICBOTO MHOXECTBA. B IpUHIMIIE MOXHO 0BOMTHCH U O3 Mak-
CMAJIBHOTO MHOXECTBA, CKa3aB, YTO CJIy9YaifHEIMU (II0 IIPOM3BOJIBHOM Mepe 4 Ha 1) 6y-
AYT Te MOCIICIOBATEIBHOCTH, KOTOPhIC HE JICKAT HU B KAKOM HYJICBOM MHOXecTBe. JlIs
aroro noHsTus ciayvaiiHoctn b. Kn€c-Xancen npeioxut repmun Hippocratic random-
ness [57] (a Il. Taqa — DoJjiee HEHUTPAJIBHBIN TEPMUH «CJIemast (0e30PaKyJIbHAsI) CJIydJaii-
HocTby, Dlind randomness). D10 He €JIMHCTBEHHBIN BO3MOXKHbIN BADUAHT OLIPEAE/ICHUS
CJIy9alfHOCTH OTHOCHTEJIBHO HEBBIUMCIMMBIX Mep: OTMETHM (Oe3 HOmpoOHOCTEH), UTO
MOKHO HCIIOJIB30BaTh TAKXKE pasHomepHsle mecmol ciayuaiinocmu (uniform randomness
tests, moaxox Jlermna —lawa, cm. o030p [8]).

JloKkaskuTe, 4TO JIJIsl TIEPEUHCIUMOlN CBEPXY MEPHI CYLIECTBYET MAKCHMAJIBHOE
>(pdexTrBHO HyJeBoe MuOXKeCTBO. (IIpn TOM MBI He mpeanosaraeM, YTO Mepa BCETO
TIPOCTPAHCTBA paBHA 1; B MOCJTCHEM CJIyYac W3 IEPEUMCIUMOCTH CBEPXY CIIEAYET BbI-
YUCJIMIMOCTb. )

Ipuseaure npuMep (HEBBIYMCIUMOI) MEPBI, JJIsl KOTOPOH MAaKCHMAJIBHOTO (-
(pEeKTUBHO HyJIEBOIO MHOXKECTBA HE CYLIECTBYET.

[Ykazanue. MOXHO MOCTPOUTb MEPY, OTHOCHTEC/IBHO KOTOPOIt I00asi BBIYMC/IMMAS
TIOCTETOBATEIFHOCTS Oy/IeT 00pa3oBLIBaTh >(PQEKTHUBHO HyJEBOE MHOKECTBO (M JTaKe
HEKOTOPHIHA ¢€ HaJaJIFHBIA OTPE30K OY/IET MMETh MEPY HYJIb), OTHOBPEMECHHO BCSKHM aJI-
TOPUTM, IIPETECH/IYIONNI HA MOpoXk/AeHue (G PEKTUBHO HYJIEBBIX MHOXECTB, Oy/IET 00
JIaBaTh MHTEPBAJ HEJOIYCTUMO OOJIBHION MEpHI, MO0 He OyJeT MOKPHIBATh HEKOTOPYIO
BBIUMC/IUMYIO T10C/IEA0BATEIBHOCTb. Mepa CTPOUTCS AMarOHAJIbHBIM IIPOLIECCOM, B KO-
TOPOM MBI 10 OYepelH pacCMaTpUBaecM BCE BBIYUCJIMMEIE TOCIIECIOBATEIBHOCTH U BCE
KaHIUIATHL B IOPOXKAAIONINE AJITOPUTMBL. |

[puBesmTe IpUMEp HEBBIYMCIMMON MEPHI, /I KOTOPOH CYIIECTBYET HAMOOJIb-
niee >((HEeKTUBHO HyJIEBOE MHOXKECTBO. [YKa3aHHE: MOKHO PACCMOTPETh HEBBIYMCIIMIMYIO
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Mepy, HACTOJIBKO GIJIM3KYIO K PABHOMEPHOM, YTOOH MEPhl BCEX MHOMKECTB OTIMIAIINCH He
00JIbIlIe YEM B KOHCTAHTY Pa3.]

3.4. CaoiicTBa cayyaiiHbix o Maprun-Jlédy
MOCJ/IeI0BaTEIbHOCT el

YcnaeHHBIH 3aK0H OOJIBIIMX 9HCeT TakkKe JaéT mpuMep 3h(EeKTUBHO HYJIEBOIO MHO-
®ecTBa (OTHOCHTEIEHO PABHOMEPHOIN MEpHI).

Teopema 32. Muooicecmeo nocnedogamenvrocmeil Hynetl u eOUHUY, Ost KOMOPbIX
1/2 ne ssasemcs npedenom nocredogamenpHOCMu uacmom, sigasemcs ghexmuaro
HYNeBbIM N0 PABHOMEPHOU Mepe.

<« JlocTaToOuHO MOKA3aTh, YTO MPH JIO00M PALMIOHAIBHOM € > 0 MHOXECTBO Te€X MO-
CJIe/IOBATEIFHOCTEN, Y KOTOPHIX YacTOTa OECKOHEYHOE YHCIIO pa3 CTAHOBUTCS OOJIbINe
1/2 + ¢ (wm mewbmie 1/2 — €), asngerca >pdexTrBHO HyIeBbM. 1 3TOTO 3aMe-
THM, 9TO OIICHKa MEpHI, IIPUBE/IEHHAS IIPU /IOKA3aTEIbCTBE 3aKOHA OOJIBIIMX UHCET B
npesIiylieM pasaee (teopema 27, c. 65), 0buta 3((PEKTUBHOIM: MOKPLITUE COCTOSIIO
nus3 l'[pOZ[OJ'[)KeHI/Iﬁ BCCX JOCTATOYHO AJIMHHBIX CJIOB C 0O0JIbILIMM OTKJIOHEHEM YaCTOTHI, A
ero mMepa 3(pPEeKTUBHO OLICHMBAJIACH CBEPXY OCTATOUHBIM WICHOM B CyMMe OCCKOHEUHO
yOBIBAIONIEH T€OMETPIIECKOMN ITPOTPECCHA. b

[MepepopmysmpyeM moKazaHHOE YTBEPXKACHVEC B TepMuHaX MJI-ciy9aliHBIX mociie-
JIOBaTEJIbHOCTEN:

Teopema 33. [lycmp w = wowy ... — cayuatinas 6 cmvicie Mapmun-Jlégha no-
€1e008aMenLHOCY OMHOCUMENbHO pasHomepHoll mepol. 1020a

. wotwp+...+wyp 1
lim =_.
n—o0 n 2

AHAJIOTMYHOE yTBEP)K/AEHHE CIPABEI/IMBO 1 [JIs1 HEPABHOMEPHBIX OCPHYJIJIMEBBIX MEP.
IlycTh gaHBI MOJIOXKUTEIBHBIE YWCJA P, ¢, A1 KOTOPEIX p + g = 1, nipuuém p u ¢q
BBIYMCIMMEL. PaccMoTpuM OcpHYJIMEBY Mepy C MapaMeTpamy ¢, p (COOTBETCTBYIONIYIO
TIOCIIE/TOBATEIFHOCTY HE3aBHUCHMBIX VICIIBITAHHI C BEPOSTHOCTBIO yCIexa p, CM. c. 65).
Jlerxo npoBepuTh, 9TO HTA MEpa BRYMCIAMA (IIOCKOJIBKY BBIYMCIAMEL P U §).

Teopema 34. Jliobas MJI-cnyuaiinas omHocumenvHo OGepHynnuesoil Mepvl C Bbl-
YUCTUMBIMU RAPAMEMPAMU ¢, P NOCTEO08AMENBHOCNb UMeem npeden uacmon, pas-
Hbl p.

<« B camoMm fiene, orieHKa BEPOSTHOCTEN MOCEAOBATEIBHOCTEH ¢ OOMBIIVIME YKJIO-
HEHUSIMU YacTOT OT p (IIPOM3BOAMMAsSI C IIOMOILBIO CPABHEHUSI MEPHI C APYTOit MEpoi, B
KOTOPO# p CBHHYTO, CM. 3aaqy 66, c. 68), maéT SBHYIO OIICHKY ¥ IIOKPHITHE, TOTOMY
roJrygacTcst 2(pPEKTUBHO HYJICBOEC MHOKECTBO. B

Emé neckospko cBoiicts THIMIHOCTA (MJI-Cily9aiiHOCTH) 0 paBHOMEPHOR Mepe:

Teopema 35. [lycmv w — munuueckass no pagHOMepHOl Mepe nociedosamens-
Hocmb. To20a nocnedosamenvHOCmb NONYYeHHAs! U3 w yoaneHuem, 000asneHuem unu
U3MEHEeHUEeM KOHEYHO20 HUCAA YNeH08, MAKJICe sIGNSAeMCsl MUNUYECKOu.
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« [ocraToyHo J0KazaTh, YTO JIOIMCHIBAHME B HAYAJIO IOCJIEOBATEIBHOCTHA HYJISI
WV eJIHUIIEL, A TaKKe yaJICHHE TIepBOTO €€ WICHA HE CKAa3BIBACTCS HA TUIIMYHOCTH.

B camoM pejie, MyCTb MOCJIEIOBATE/IbHOCTD W HETHIIMYHA, TO €CTh 00pasyeT dpdek-
TUBHO HYJIEBOE MHOXECTBO: II0 BCSKOMY € MOXKHO IIOCTPOMTb IIOKPBITUE HUHTEpBaJIaMu
¢ cyMMo#1 Mep He Ooutpinie €. [Iprmmaiem K c0BaM, 3a/IA0NIAM STH WHTEPBAJIBI, HYJb B
Hayaje. [losyunrcs oKphITHE U1 TOC/IeA0BaTeIbHOCTH Ow BJIBOE MEHBIICH MEPBL. DTO
paccy>kJIeHUA€E MOKa3bIBAET, YTO €CJIM w HE TUIMYHA, TO U Ow He TUIIMYHA. (AHAJIOIMYHO
g lw.)

C npyroit CTOPOHBI, €CIM y BCEX CJIOB, 3/AIOMIMX MHTEPBAJIBI MOKPBLITHS, yIAIATH
TIEPBBIA OUT, TO HOJYUINTCS CEMEMCTBO MHTEPBAJIOB BABOE OOJIBINCH MEPDI, TOKPHIBAIOIICE
HOCJIENOBATEIBHOCTD W', TOJIYYAIOLIYIOCS YIJIEHIEM U3 w IIEPBOIO OUTa. 3HA4IUT, w' He
TUIINYHA. P>

HOKa)KI/ITC, YTO 3aMEHaA BCEX HyIICfI Ha ¢IUHUIIBI 1 HaO60pOT COXpaHACT THUIIAY-
HOCTD IIOCJIEJOBATCJIBHOCTHU (HO paBHOMepHOfI Mepe).

TwmI9HOCTh TaKXKe COXpaHSACTCA IIpU IIEPEXOJC K BBIUMCJIVIMOM IIO/IIIOCIIEI0BATEIIh-
HOCTH, KaK IIOKAa3bIBACT CJICAYIOIIA 3a/1a4a.

Ilycts np, ny, M, ... — BBIYUC/IMMAS MOCJICJOBATEIBHOCTh PA3IMYHBIX HATY-
panbHBIX uncesd (n; # n; npu i # j). Toxaxure, 9T0 €C/M TOCIETOBATENBHOCTD W =
= Wowiws . . . THIIMYHA, TO ¥ €€ MO/IIOCIIE/I0BATEIFHOCT

WNn = WayWa Wy, - . .

TAMMYHA. [YkazaHue. U3 kakgoro uHTepBasa (ly B MOKPHITUM IS w|n HOJydaeTcs
KOHEYHOE CEMEICTBO MHTEPBAJIOB, Y KOTOPBIX WIEHBI C HOMEpAaMH Mo, My, . . ., N1 CO-
BIAJAOT ¢ OWTamMy cjIoBa X (371ech | — JIIMHA CJIOBA X), a OCTAJIFHBIC OWTHI JIOOBIC.
O0mas Mepa >THX MHTEPBAJIOB PAaBHA Mepe MHTepBana £1,.]

Mpm1 nipoioynkuM 3Ty TeMmy (0 BHIOOpE TIOJIIOCIICTOBATEIFHOCTY U3 CIIYYaliHOM TI0-
CJIeJIOBATEIFHOCTH) B TJIaBE O YACTOTHOM MOXOE K OIPE/IC/ICHUIO CIyYafHOCTH, TIpe/i-
JloxkeHHOM (poH Mumsecom (riasa 9, c. 291).

Ilycrb nocsienoBaresibHoCTh w TuIAYHA (MJI-cityvaiina) 110 paBHOMEPHOIA Mepe.
Paznemiv e€ Ha 6J0km mo jBe 1HdpHI 1 3ameHnM 0ok 00 Ha Hymm, a 6moku 01, 10
n 11 — nHa eaumwmnpl. JJoKaXuTe, 9TO HOJIyYCHHAS ITOCJICOBATECIBHOCT TUNMYHA TI0
OepHyJumMeBoi Mepe c napamerpamu 1/4,3/4. [Yxkazanue. OrnmcanHoe nipeoOpaszoBaHue
3a1aét orobpaxkenue ) B cebs. [Ipoobpas yioboro oTkpsiToro MHokectsa U nipu oToM
OTKPHIT, U PABHOMEPHAsl Mepa 3TOro 1poodpasa pasHa (1/4, 3/4)-mepe mHoxectBa U]

(ITpomomkenue.) Jlokaxkute, 9ro Jrodas tvmmrdeckas mo (1/4,3/4)-mepe mo-
CJIEZIOBATEIFHOCTh MOKET OBITH TOJy4YeHa OMMCAHHBIM CIOCOOOM M3 MOCIICAOBATEIIBHO-
CTU, TUIIMYECKOM 10 PABHOMEPHOIN Mepe.

[Ykazanue. [luist Jr060ro oTKphiTOro MHOXectBa B C € paccmorpum MHOXkecTBO B
BCEX TeX MoC/enoBaTeNbHocTell w, y Kotophix F1({w}) C B (1e mocmenosaresbHO-
CTH, KOTOphle He MMEIT MpooOpasa BHe B, wim J0OMONHEHHE K 00pa3y TOMOJTHEHUS
B). O6pa3 KOMIIAKTHOTO MHOXECTBA KOMITAKTEH, 1105ToMy B’ orkpeiTo. TIpoBepbre, uTo
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eci B ectb oObeIMHEHNE TIEPEUNC/IMMOTO CeMENCTBA UHTEPBAIoB, TO U B’ uMmeer Ta-
KOii BUjI, U OepHyJUIMEBa Mepa B’ He IPeBOCXOAUT PaBHOMEPHOI Mepsl B. CM. Takke
JIOKA3aTeJIbCTBO OoJiee oduiero yreepxkaeHus (teopema 123, c¢. 205).]

MHTepecHO MOHATH, KaKOBA MOXET OBITh «CJIOXHOCTRY MJI-ciyuaiiHoit (1o paBHO-
MEPHOI Mepe) IOC/IEAOBATEILHOCTU C TOYKM 3PEHUSI TEOPUM BBIYUCIMMBIX (DYHKLIMIA.
Ml yxe BUAEIH, YTO TaKas MOC/ICAOBATEILHOCTh HE MOXET ObITh BhIUMCIMMOI. OHa
TaKXe He MOXET OBITh XapaKTePUCTHICCKOM (DYHKIIHEH NEPEIMCIMOTO0 MHOKECTBA.

Teopema 36. [lycmbs A — nepeuuciaumoe MHOMCECME0 HAMYpabHblx yucen. Tozoa
€20 xapakmepucmuueckas nocne008amenyHOCmy dodi1ay . .., 20e a; =0 npu i ¢ A u
a; =1 npui €A, ne sgnsemcs MJI-cnyuaiinoii no pagHomepHoii mepe.

<« [lycts & — 1pousBosIbHOE HATYPAJIBHOE 4UC/IO. byneM nepeduc/isars MHOKECTBO
A, cress 3a MepBBIMU k WICHAMU €0 XapaKTEPUCTUYECKO MOCJieI0BaTebHOCTH. [lo
MEpe MEPEUnCIICHAST CPE/T DTHX WICHOB TIOSBJLSIIOTCSI BCE HOBBIC Ml HOBBIE €/TMHUIIBI M
MBI II0JIy4aeM BCE HOBBIC U HOBBIC BAPHUAHTHL k-OMTOBOrO Hayajla XapaKTEPUCTHYECKOM
HOCJIEAOBATEIBHOCTH (KAKOH-TO U3 HUX OKAXKETCS OKOHYATEJIBHBIM, HO y HAC HET criocoda
y3Hatb 00 3ToM). Ho Tak mim uHaue >tux BapuaHTOB He OoJibie £ + 1 wTyk (Yucio
eITVHUIT MOKET MEHAThCs oT O J1o k). U ecoii MBI Bce 3TH CJI0Ba BKJIIOUMM B TIOKPHITHE,
TO 0OIIAs Mepa MHTEPBAJIOB TOKPHITHS OyaeT He 6ompme (k 4 1)/2*% u takum oGpazom
MOKET OBITh C/EIaHa CKOJIb YTOAHO MaJIoi. (3amMeTuM, 9TO B onpe/eacHry >p)eKTUBHO
HyJICBOI'O MHOKECTBA KaK pa3 TpeOyeTcs MepeUnCIsATh JIEMEHTBI IOKPHITHS, HE YKa3bIBast
MOMEHTA OKOHYAHHsI TAKOI'O MePEeYUC/ICHUs.) b

BosHukaeT BOIPOC, MOKHO JIM BOOOIIE B KAKOM-TO CMBICJIE YKa3aTh KOHKPETHYIO CJIy-
qaitHyto o Maptun-Jlédy nocienoparessHOCTs. CrieAyromuil pe3yipTaT (IPUBOIMMBIN
JUISL UMTaTesIeH, 3HAKOMBIX C Ha4a/1aM/ TEOPUU BBIUYMC/IUMBIX (DYHKLMI, O KOTOPBIX MOX-
HO TIPOYECTh, HamprMep, B [173]), MOKa3pIBaCT, UTO CIAYYANHYIO IOCJICIOBATEIFHOCTE
MOXKHO HaWTW B Kiacce X, M II, apudmerrdeckoit uepapxuu (Apyroe OIMCAHUC IIOCIeC-
JOBATEJIBHOCTEN DTOTO KJIACCA — BBIYMCIMUMBIC OTHOCUTETBHO 0 TIOCIIEIOBATEIBHOCTH) .

Teopema 37. Cywecmayem goruucnumas omuocumensto O nocnedosamensnocme,
MUJl-cnyuaiinas no pasHomepHoil mepe.

<« JlocTaTo4yHO MOKa3aTh, YTO JIJIA JHOOOT0 IEPedrCIMMOr0 MHOMKECTBA CIIOB Xg, X1,
X2, ...,y Kotoporo Y. 27100 < 1/2, cymecTByer BBrdmcImMAas oTHOCHTETRHO O TIOCTe-
JIOBATEJILHOCTD, IJIsS KOTOPO¥t HY O/THO 13 CJIOB X; HE sIBJIsieTCsl HavastoM. (MakcnMaseHOe
> eKTUBHO HyJIEBOE MHOXXECTBO UMEET IIOKPHITHE C CYMMOI1 Mep MeHblue 1/2, 1 Bcakas
HOCJIE/IOBATEIBHOCTh BHE 3TOr0o MOKpuITUs Oyaer MJl-ciryuaitnoit.)

ITocMoTpHM, KaK MHTEPBANH {2, PACIpPEACIIOTCI MEXIY ABYMs IIOJOBUHAMU MHO-
xecTBa {1 (Kakye W3 HUX HAYMHAKOTCSI HA HyJIb, a KAaKUC HA CIVHUIY).

B cymme Mepa Tex U Ipyrux He [IpeBocxoaur 1/2, 3Ha4uT, Mepa HHTEPBAJIOB, IIPUXO-
JSIVIXCST HAa OJHY W3 ToJIoBUH, He Oousbwie 1/4. Ilpana, Habmogas 3a Moc/Ief0BaTe Ib-
HOCTBIO Xj, MBI HE MO)XEM C YBEPEHHOCTBIO BBIODATh HY’)KHYIO MOJIOBHHY (BAPYT IOTOM
0OBSBUTCS KOPOTKOE CJIOBO, KOTOPOE IOMANET B Ty HOJIOBUHY).

Ho ecim y Hac ecth opakyJ it 0, TO ¢ €ro IOMOIIBI0 TaKOi BBIOOP MOXKHO Clie-
Jarh (IIOCKOJIBKY IIpeBBILICHUE MepHl Hag 1/4 ectb nepeuucimmoe coowbrtue). CooTset-
CTBYIONLIYIO TIOJIOBUHY PA3/Jc/IM HA JBE YETBEPTH U MOCMOTPHM, B KaKOi M3 HHX Mepa
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WHTEPBAJIOB ITOKPHTHA OymeT He Ooipine 1/8. U Tak mamee. TeM caMbIM MBI TIOJTYUYHM
BHIUMCIIMMYIO (OTHOCHTEbHO 0) TIOC/IEI0BATENBHOCTL HYJIEH U €IMHULL C TAKAM CBOMA-
CTBOM: HAJl JIIOOBIM €€ HauaJIOM MHTEPBAJbI MOKPBITUS 3AMOIHSIIOT He 00JIee MOJOBUHBI
BCEX MPOIOJDKECHUI. B 4aCTHOCTU, HUKAKOE HAYAJIO 3TON MOCICAOBATEABHOCTA HE MOXKET
BOITH B TOKPHITHE, UTO HAM M TpeDOBAIOCH. B

Iloxoxee, HO DoJIee TEOMETPUYECCKU HAIVISAJHOE PACCYK/ICHUE HOJIyUUTCSl, €CJIM I'O-
BOPUTH O TOoUKax oTpe3ka [0, 1] BMeCTo JBOMYHBIX HOCIIETOBATEBLHOCTEH. TaKylo TOUKY
HaseBaloT MJI-cnyuaiinoii omHocumenvHo meput Jebeza na [0, 1], ecim e€ nporvHas 3a-
mick MJI-cityuaitHa OTHOCHTEIBHO PaBHOMEPHO Mephl Ha 2. (Hasune 1Byx ABOWYHBIX
3amrceil TyT HE BAXXHO, TAK KaK B 3TOM cuTyauun o0e OHM He ciydaiHbl.) Ciydaii-
HOCTb B 3TOM CMBICJIE MOXXHO 3KBMBAJICHTHO ONPEJC/IUTh U IEOMETPUYECKU. MHOXECTBO
X C [0, 1] oobaBuM 3¢hpexmusHo Hynesvim noomuoxcecmsom [0, 1], ecm cynmecTByeTr
JITOPUATM, KOTOPBIH 110 palMOHAJILBHOMY € > 0 Iepedrc/isieT IIOKPBITHE 3TOr0 MHOKECTBA
PAIMOHAJIBHBIMI MHTEPBAJIAMH, CyMMa /ITMH KOTOPHIX MeHblle €. CiydaiHpIME OyayT
TOYKH, HE MOKPHITHIC HUKAKUMY I(PPEKTUBHO HYJIEBBIMM MHOKECTBAMU (= HE TIOKPHITHIC
MAKCUMAJIBHBIM 3((EKTUBHO HyJIEBHIM MHOXECTBOM). Bc€ 3TO sBjisieTcsi IPOCTOM Iie-
pedopMyIIPOBKOM COOTBETCTBYIOUINX MOHATHI 11 KAHTOPOBCKOTO MPOCTPaHCTBa (IIO-
CKOJIBKY OHO omymyacTcs or [0, 1] Jmb HaJIMUMeM IBYX KOIMIA JUJIS JABOAYIHO-PAIIHO-
HAJIBHBIX TOYEK, 4TO HE CKasbIBAcTCd Ha HYJIEBBIX MHOXKECTBax). B wacTHOoCTH, BepHO
TAKOE CBOWICTBO:

[lokaxute, 4TO CylECTBYeT MaKCUMaJIbHOE D(P(PEKTUBHO HYJIEBOE MHOMKECTBO,
U OHO COCTOUT M3 TOYEK, ABOMYHLIC 3alMCH KOTOPBLIX HE cnyqaﬁHm B KaHTOPOBCKOM
MPOCTPAHCTBE.

Tenepp MOXXHO yKa3aTh «KOHKPETHYIOY» CJY4aiHYK0 TOUKYy. BospMEM mepeuncimmoe
CEMEHCTBO UHTEPBAJIOB CYMMAapHON JJIMHbI MEHBILIE 1, IHOKPBHIBAIOLLEE BCE HECJ1y4YaHbIE
Toukd. OHM B OOBETMHEHNN JAIOT OTKPHITOC MHOKECTBO, HE COBIIAJAIONICE CO BCEM
OTPE3KOM. /[lOIOTHEHNE DTOr0 OTKPHITOIO MHOMKECTBA OY/IET 3aMKHYTHIM MHOKECTBOM.
Havmenslnast TOYka 3TOro MHOXECTBA Oy/zieT (IO TMTOCTPOEHUIO) CJTyJaiiHOM.

Jokaxure, 94T0 HaMMEHbIas Touka orpeska [0, 1], He IOKPHITast HEKOTOPBIM I1e-
PEUHCIMMBIM CEMEHCTBOM HHTEPBAJIOB, SIBJISCTCS MEPEUMCINMON CHIBY, TO €CTh IIpeie-
JIOM BO3PACTAIONIEH BRIUYMCJINMOIN TIOCICIOBATCIBHOCTH PAIMOHAIBHEIX UKCesT (M TTOTOMY
BBIUKC/IMMA C opakyJiom 0').

Emé ojHa KOHCTPYKIMA NMOCJIE0BATEILHOCTH C TAKUM CBOMCTBOM (3ajalolieil city-
YaiiHOE NEePEUNCIMMOE CHU3Y YMCJIO) NpUBEJeHa B pasjese 5.7 Ha ¢. 178.

[MpuBeaéHHOE HaMU JOKA3aTEIBCTBO TEOPEMH 37 IIPEICTABISET COOOI PesIsITUBU30-
BaHHBII BapUaHT TaKOM 3a1a4n:

[Tycts MMeeTCs BRYMCIMMAsT TIOCJIE/JOBATEIBHOCTD CJIOB Xg, X1, X2, - . . , IPUIEM
cymMMa psjia
Y ol
i

MecHbIIIE 1 W IBJISETCA BBIYMCIMMBIM JCHCTBUTEJIBHBIM YKCJIOM. Tor;[a CyHIECTBYCT BbI-
qucCJIMMasl 1noCJICaJ0BaTCJIbHOCTD HyIICfI n CIUHUIT, JTJIA KOTOpOfI HM OJHO M3 CJIOB X; HE
SIBJISICTCA HAYAJIOM.
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[Vkazanue. [Tycth cyMma STOTO psijla MEHBIIE PAITMOHATIBHOTO YKCIa S, MEHBIIETO
CIUHUILIBI. Torz[a MOXHO TII0 MHHyKHMM HOCTpOI/IT]) BI)I‘H/ICIII/IMyIO TIOCJICIOBATCIIBHOCTh
Wow1Ws . . . C TAKMM CBOMCTBOM: 10Jis1 MHOXKecTBa U = UQ,, cpeau MPOROJIDKEHMI CJI0Ba
Wo - . . Wi COCTABJIAET MeHee S.]

[Mocremasis 3amada cBszaHa ¢ MojuQUKaIiell onperesieHus CiIyJaiiHocT o Map-
tun-Jlédy, npernoxenton Huoppom [141]. A umenHo, B ompefesncHun >(PQHEKTUBHO
HYJICBOT'O MHOXXECTBA MOXHO JOTIOIHUTEJILHO MOTPE0OBATh, YTOOB! /I KAKAOro € > 0
PSAA U3 Mep MOKPBIBAIOLINMX MHTEPBAIOB (CyMMa KOTOPOTO HE JOJDKHA MPEBOCXOAUTH €)
BBIUKCIIIIMO CXOTIJICA. JTO O03HAYACT, UTO JUISA KKA0ro € > 0 1 4 > 0 MOXKHO aJIropuT-
MHUYECKH YKa3aTh KOHCYHOE YMCIIO WIEHOB psija Y ; p(x(&, i)), KOTOPBIC BCE OIIPE/ICIIEHBI
Y IPUOJIDKAIOT CYMMY BCETO psijia ¢ onmokoi He 6oiee . (ITocKosIbKy WieHH psjia Heo-
TPHIIATEIIBHEL, DTO SKBHBAJIEHTHO TOMY, UTO €0 CYMMa SIBJISICTCST BEIYMCJIMMBIM JICHCTBY-
TEJIBHBIM YHCJIOM, KOTOPOE MOXHO yKa3aTh 1O £.) D¢ eKTHBHO HyJIEeBBIE MHOXECTBA,
JUTS. KOTOPBIX BBIIIOJHEHO 3TO [OMOJHUTEILHOE YCJI0BUE, Oy/IeM Ha3bIBaTh I PhexmueHo
nynesoimu no Llnoppy. (Inopp HasbiBaeT ux fotal rekursive Nullmenge, cM. onpe-
nenenue 8.1 B [141], B ormuare oT >(@EKTUBHO HYJACBHIX B cMbicie Maptun-JI€da,
kotopeie HaskBaloTes y [IHoppa rekursive Nullmenge, cMm. tam sxe onpejesienve 4.1.)

[Mokaxute, 4TO ecin B onpe/eseHnH > PEeKTIBHO HYJICBOTO MHOXECTBA TpeDo-
BaTh, YTOOBI CyMMAapHas Mepa MOKPHIBAIOLIMX UHTEPBAJIOB B TOYHOCTH PABHAJIACH €, TO
LOJIY4YUTCS OLIPEJEJICHUE, SKBUBAJICHTHOE olpeyesieHuto LInoppa. (MoxHO Takxe BMe-
CTO CYMMapHOI MepHI ITOKPHIBAIONIAX WHTEPBAJIOB TOBOPHTH O Mepe MX OOBE/TMHEHHS. )

3amaua 86 moka3piBaeT, 4TO ISt JM000ro 3ddexTuBHO Hysesoro no LlHoppy mHO-
ECTBA CYLIECTBYET BBIUMC/IMMAS MOCJICA0BATE/IBHOCTD, €My HE NpHHajIekauast. (s
IIPOCTOTHI MBI OIPAHMYMUBAEMCS! CJIy4aeM PABHOMEPHON MEpHI, XOTsI 3TO U HE CyILIECTBEH-
Ho.) IMockosbKy BbMMCIMMAS IOCTIEIOBATEIBHOCTh 00pasyeT ogHORJieMeHTHOe >diek-
THBHO HyJieBoe 110 IIIHOppYy MHOXKECTBO, OTCIO/Ia CJIEAYET, 9TO cpeH 3 (PEeKTUBHO HyJle-
BbIX 110 1ITHOpPY MHOXKECTB HET HauOOJIbIIErO (JPYIMMH CJIOBAMU, OOBEIMHEHUE HyJle-
BbIX 110 [IIHOPpY MHOXECTB He ABasgeTcsa HysesbM 10 [lIHoppy). Tem He mMeHee MOXHO
Ha3BaTh IOCJIEOBATEIbHOCTD, HE BXOAAIIYIO HU B OHO HyseBoe 1o LIIHoppy MHO»e-
CTBO, cayyaiiroii no lnoppy (wm munuueckoii no IlIHoppy).

[Mosry4eHHBII KJIace HOCIEJ0BAaTEIbHOCTEH OKaspIBacTCs OoJlee IMPOKUM: KaK II0Ka-
3BIBAET CJICAYIOIIas 3a1ada (M pe3yJIbTaThl IJIaBbl 5), CYIIECTBYIOT CJIydaiHble 1o ITHop-
PY TOCTIEN0BATEIBHOCTH, HE SIBJISIOIECS CTydaiHbIMKA 10 MapTun-JIEédy.

[okaxxure, 4TO CylecTByer ciayvaiHas no [IHoppy nocsenoBaTesbHOCTh W =
= WoWiWy . .., y KOTOPOH CJIOHOCTh HAYAJBHBIX OTPE3KOB PACTET JOrapupMUUecKH,
10 ecth KS (wp - .. w,_1) = O(logn).

[Ykazanwme. B 3amaue 86 Mbl BU/ICIH, KaK CTPOUTH BRIUMCINMYIO TIOCIICTOBATEIFHOCTE,
HE IPUHAJIEKAILYIO 3aaHHOMY d(pdekTuBHO HysieBoMy 110 [ITnoppy MuHOXecTBY. Ecom B
KAKOW-TO MOMEHT MBI 3aXOTHM BBECTU B 3TO IIOCTPOEHKUE Ipyroe 3QPEKTUBHO HYJIEBOE 110
[ITHOppY MHOXECTBO, TO BIIOJIHE BO3MOXHO, HAJ10 TOJIbKO BBHIOPATh JOCTATOYHO MAJIOE
HOKpBITUE (MCXO/Jsl U3 UMEIOIIEIOCS HA JAHHBIA MOMEHT 3auaca). Tak MOXXHO BBOJUTID
3(p(EKTUBHO HYICBBIC MHOKECTBA OJTHO 3a JIPYTUM. DTO HE JIACT BRIYMCJIUMOI CITyYaliHON
mo [ITHOppYy mOoCiIenoBaTeapHOCTH (KOTOpPOi OBITh HE MOXKET), TOCKOJIBKY HAaM HY>KHA
JIOTIOJTHUTEJIbHAST MH(POPMALIMS O TOM, KaKUe aJrOPUTMBI 33Jal0T (¢ (HEKTHBHO HyJIEBHIE
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o [[THOppY MHOXeECTBa, a Kakue HeT. Ho ecim BBOAWTE HOBHIE 2JITOPUTMEI ITOCTEIICHHO,
KOT/Ia TIOCTPOEHHBII KYCOK TIOCJICTIOBATEIFHOCTH YK€ JJIMHEH, TO 3Ta JIOMOJHATEIFHAS
uH(pOpMaLIKs OyaeT J0rapu(MIUYECKON M0 CPABHEHUIO C JUIMHOM MOCTIEA0BATEIBHOCTHL. ]

Ms1 BepHEMCS K ompesiesieHno ciydariHoctd o IHoppy B paszaene 9.8, rae Oyaer
JlaHa ero nepeopMyJIMPOBKA B TEPMMHAX BBIYMC/IMMBIX MAPTUHIAJIOB.

[MTokxaxkuTe, YTO IOCJIEIOBATEIPHOCTh W HE SBJSETCS CiaydaiHoil mo IHop-
Py TOTJa ¥ TOJBKO TOT/A, KOTAA CYIIECTBYET BHIUMCIMMAs TIOCIEAOBATEIIFHOCTh CJIOB
Xo, X1, - - -, AJISI KOTOPO# psad Y ; p(X;) BEIYUCINMO CXOJUTCS U CPEIN X; NMeeTcs OecKo-
HEYHOE MHOI'0 HauaJl MOCJIEI0BATEIbHOCTH w.). [YKa3aHue. DTO yTBEPKACHUE SIBJIICTCS
anHasorom kputepust CojioBes ciayvaiiHocTd 1o Maptus-JIédy, Teopemsl 31, U MOKET
OBITh JIOKA3aHO aHAJOTMYHBIM 00pazoM. B jaHHOM cilydae, BIpodeM, padOTacT M CTaH-
JlapTHOE JI0Ka3aTeJIbCTBO JieMMbl bopeid — Kanresum. ]

Emé omun BapuaHT CJIy9aliHOCTH BO3HHKAET, €CJIM B onpecyieHnd >(pGEeKTUBHO HY-
JICBOTO MHOKECTBA PACCMATPUBATh KOHEUHBIC MOKPHITHS (33/IaHHBIC CITMCKOM) BMECTO
OECKOHEUHBIX: 10 PALIMOHAIBHOMY € > (0 HaJO yKa3bpIBAaTh CIIMCOK MHTEPBAJIOB C OOLIEH
MEpPOIl MEHBIIE €, MOKPHIBAIOLINI MHOXKECTBA. (DTO COOTBETCTBYET MPOACIKEHUIO MCPBI
o JKopaany B Kypcax MaTeMaTHIECKOTO aHamM3a.) SICHO, 4TO IIPH DTOM IOJIy9acTCs
MCHBIIMIT KJIACC HYJICBBIX MHOKECTB.

Iokaxxure, 4TO MHOXECTBO SIBJISIETCSI HYJIEBBIM B 3TOM CMBIC/IE TOIJA U TOJIb-
KO TOI/IA, KOTTa OHO COJEPXKUTCS B JOMOJHEHWH 3(PEKTUBHO OTKPHITOTO MHOXECTBA
IIOJIHOI MEpPBHI.

[MocreroBaTeIFHOCTH, HE COACPKAIFECS B TAKAX MHOXECTBAX (= BXO/AIIVE B JHOOOE
5(EKTIBHO OTKPHITOE MHOXECTBO IOJIHOW Mephl), HA3BIBAIOT cayyaiiHeimMu no Kypuyy
(Kurtz random). ITockoJIbKY HyJIEBBIX MHOXECTB B DTOM OIPEJIEJICHAN MEHBLIE, YEM Y
Maprun-Jléda, u nake mensiue, yem y LlIHoppa, TO caydaiiHBIX MOC/IEJOBATEIPHOCTEN
OyzeT Oosibllle, U TaKe CTPOTO 0OJIbIIe, KaK TOKA3bIBACT CJICAYIOMIAs 3a/1a4a.

[Mokaxwure, 9ro ciyvaiinas no IIIHoppy HocCiIeoBaTeIFHOCTh BCET/IA YAOBJIE-
TBOPSIET YCUJICHHOMY B3aKOHy Oosbmmx umces. llokaxkure, uto ciydvaitHas 1o Kypiy
MOCACAOBATEIBHOCTh MOXKET HE YAOBJICTBOPATH YCWICHHOMY 3AaKOHY OOJIBLIMX UMCEJL.
[Ykazanue. [locTpoeHHOE IpU 10KA3aTE/ILCTBE YCUIICHHOTO 3aKOHA OOJIBIIMX YMCE]T MHO-
’ECTBO MMEET BEIYMCIVIMYIO MEPY, ITOCKOJIBKY PSI/T KCHOHEHITMATIFHO CXOAUTCs. Bo BTO-
POM CJlydae MOXKHO PACCMOTPETh T€HEPUUECKUE IOCJIETOBATEIFHOCTH, CM. pasael 5.9,
c. 202.]

3.5. [dedexr cayuaiinoctn

Coryacuo onpejesnennio Maprua-JI€da, s >phexkTUBHO HYJICBOTO MHOXECTBA A
1o Jiodomy € > 0 MOXHO >(P(EeKTUBHO yKa3aTh IMOKPHITHE A CEMElCTBOM HHTEPBAJIOB,
CyMMapHasi MEpa KOTOPBIX He MpeBocxoguT €. OOBbEIMHEHNE UHTEPBAIOB 3TOr0 CeMeli-
cTBa OyJeT OTKPBITBIM MHO)KECTBOM MEpHL He 0oJiee €.

BooOuie o0be/TMHEHIS BRIYMCINMBIX TI0CJIC/IOBATEIBHOCTEY MHTEPBAJIOB HA3BIBAIOT
appexmusro omxpuimuimu MHOXecTBaMd. Kak u B onpereneHnn 3O (eKTUBHO HYJIEBO-
ro MHOXecTBa (c. 69), MBI paspelniaeM He BCIOAY OTNpEIeACHHBIC MOCIEI0BATEIBHOCTH,



3.5. Jegpexm cayuaitnocmu 83

TaK 4To IIyCTO¢ MHOXKECTBO TOXe d(PekTuBHO OTKpPHITO. [lepedopmymporka: rddek-
THRHO OTKPHITOC MHOXECTBO €CTh OOBEMHEHNE TIEPEUNCIIVIMOTO CEMEMCTRAa MHTEPBAJIOB
(TIOSIBAIOMINXCS HA BBIXOJE TIEPEUHCISIONICTO UX AJITOPUTMA).

Ompenesterne 3¢ (eKTUBHO HYJIEBOTO MHOMXKECTBA MOXHO TeHeph NepedopMyJIpo-
BATE!

Teopema 38. Muoowcecmeo A sgnsemcst 3¢hghexmusno Hynegvlm OMHOCUMENLHO Me-
put g mo2oa u monvko moz2oa, koeoa A C (), U, 20e U, — pasHomepto 3¢phexmusro
omixpuimole mroocecmaa u p(U,) < 27", [Ipu smom modxcHo 0ononHumensHo npeono-
nazams, umo Uy D Uy D .. ..

FOBOPH O PaBHOMEPHOCTU, Mbl UMEEM B BUAY CYIICCTBOBAHUC AJIFOPUTMA, KOTOprﬁ
Ha BXO/ ITOJIYYACT 1 U ICPCUNCIIACT MHTEPBAJIbL, O6'[>€,Z[I/IHCHI/IC KOTOPBIX COCTABJIACT U ne

<« 370 omnpesieicHAE OTJIMYAETCS OT JAHHOTO HAMY PAaHBIIE B HECKOJBKUAX OTHOIIC-
HUAX. BO-TiepBBIX, B Ka4eCTBe € BBHIOMPAIOTCS 4MCIa BUAAa 2~ " (KOTOPBIMH, OYEBHUIHO,
MOXXHO OI'DaHUYMTHLCA).

Bo-BTOpBIX, MBI TOBOPUM 37eCh O Mepe (P(PEKTNBHO OTKPBHITHIX MHOXECTB, a4 O HE
CyMME MEp MHTEPBAJIOB, OOBEIAMHEHUSAMHU KOTOPBLIX OHH siBJIsOTCS. HO 3TO HE BaxkHO,
TaK KaK MHTEPBAJIBl MOKHO CUMTATh HENECPECCKAIONVMUCS: A00aBJIsIST HOBBII MHTEPBA
KaHTOPOBCKOTO ITPOCTPAHCTBA, MBI BBIUMTAEM M3 HEIO BCE CTaphle, pasOMBas OCTaTOK
B CyMMY HEMEPECEKAIOIMXCSl MHTEPBaIoB. Toraa cymMma Mep HE OTJIMYAETCS OT MEpHI
CYMMBIL.

Hakonel, Mbl TpeGyeM BJIOYKEHHOCTH MHOKECTB. JTOIO JIETKO JTOOUThCA, Nepeias
k nocsienosaresisocty Uy, Uy N Uy, Uy N U, N Us, ... — Haio T0JIbKO yOeuThest,
YTO TIEPECEYCHME KOHEYHOTo uncia S (EKTUBHO OTKPHITHIX MHOXECTBA A(PEKTUBHO
OTKPHITO (M COOTBETCTBYIOIWMI aJITOPUTM MOXET ORTH (P deKTUBHO yKazaH). B camom
JieJie, TyCTh JaHbl /IBa JITOPUTMAa, Iepednciistonnx uarepsaisl st Uy m U,. Torpa
B KX/ MOMEHT TeKylwe npudmnkenus 11 Uy u U, MoxHO nepeceus, 3To Oyzaer
KOHEYHOE OOBLEJMHCHUE MHTEPBAJIOB, M BCE 3TH HMHTEPBAJIBI MOKHO 00ABUTh B IEpe-
uycienue g Uy N Uy (ux jaxe MOXKHO CieJlaTh HEHEPEeCEKAIOLUMUCS, KAK OLMCAHO
BHIIIIE). D>

VMeHHO Tak U BBIIJISIACIIO OPUTMHAJIBHOE ompeseienre Maprun-Jléda [95]; cemeni-
crBa MHOeCTB U, ¢ yKa3aHHBIMU CBOMCTBAMU OH Ha3bIBAI mecmamu . Vimes Takoil Tect
Uy, Us, ..., MOXHO onpedesuTb (DYHKUMIO «Je(eKTa CIydyailHOCTHY, €My COOTBETCTBY-
IONMYI0: IeEKT MOCIeTOBAaTEFHOCTH W OTPe/IeIIeTCsT KaK HauOoJIbIee i, IPY KOTOPOM
w € U;. NedexT 6eckoHeUeH, Kor/a w IpuHauIeKuT BceM U, [Ipu TakoM orpeseseHmn
TECT HE TOJBPKO OTOPAKOBHIBACT IIOCJIEJ0BATEILHOCTH U3 (), Uy, HO 1 JUIS OCTanmpHBIX
TIOCJIE/IOBATEIPHOCTEN YKA3hIBACT, HACKOIBKO OHM OJIM3KM K OIACHOI 30HE (4eM OJmKe,
TeM OoJibie aedexT).

Haubosbuemy 3¢ppeKTUBHOMY MHOXECTBY COOTBETCTBYET TECT, KOTOPBIH OTOPAKO-
BBIBAET MAKCUMAJIbHOE UMCJIO MOC/IEI0BaTe/IbHOCTEH. MapTun-JIéd 3ameTn1, 4To MOKHO
TTOCTPOUTH YHUBEPCAIBHBIN TECT JaXKe M B O0JIee CIUIBHOM CMBICIIE:

Teopema 39. Cywecmeyem mecm ciyuaiinocmu, 0iist Komopo2o ¢yyHkyus depexma
SIGISIEMCST MAKCUMAIbHOU C MOYHOCNIbI0 00 A0OUMUGHOU KOHCMAHN®bL.
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<« OmmicanHoe BHIIIE HOCTpOCHUC HOKprTHfI I MAKCUMAaJIBHOTO HYJIEBOI'O MHOXKC-
CTBa ,Z[aéT TAKOW TECT: MBI MOKEM COCIWHUTH TECTHI

Ut: Ul o U o U DL
U U2 DU DU D ...
U U DU DU ...

B €JIMHBINA TECT
(ULGUUPU...UUf U ) DU UURU...uUk, U )DL

B »ToM Tecte MepH oreHmBaoTcs kKak 1/4 + 1/8 4 ... < 1/2 aiis mepBoro MHOKECTBA,
1/84+1/16 4+ ... < 1/4 s Broporo u T. j.; pyHKUMs AedekTa jJis Pe3ybTHPYIONero
tecra He MeHblie d' — i, rae d' — dynxkums aedexra st i-ro Tecta. »

QOynkms gedeKTa MOXKET PACCMATPUBATHCSI KAK KOMITAKTHBIN CIIOCOD MPEACTABIICHUS
TECTa: Mbl paccMaTpuBaeM (GyHKUMM Ha ), 3HAYCHMSIMU KOTOPBIX SIBJISIIOTCSI HATYPaJib-
HBIe YHCIA U OECKOHEUHOCTb, IIPU 3TOM MHOXecTBO U, Tex w, Ha KOTOPHIX AedeKT
IIPEBOCXOUT 1, JOJDKHO OBITH >(P()EKTUBHO OTKPBITHIM (PaBHOMEPHO IO 7).

He 00s13aTesibHO OIpaHUYMBATECS (DYHKUMAMU C LIEJIBIMU 3HAaYeHUAMU. Byjaem roso-
pUTh, 4TO (PYHKIMA u, olpeleitHHad Ha () ¥ IPUHUMAIOWIAS HEOTPHULIATEIIBHBIE 3Ha-
yeHUS (BO3MOXKHO, OECKOHEUHBIC), SABJISIETCA Nepeducaumoll CHU3y, ecim JUJIs Jo0oro
PALMOHAJIBHOIO ¥ MHOXKECTBO TeX IOC/IeIoBaTeJbHOCTER w, riae u(w) > r, sddek-
THBHO TEPEYMCIMMO PaBHOMEpHO Mo r. Ciemyiomas TeopeMa MO3BOJISET JaTh SKBU-
BAJICHTHBII BapUAHT ONpEAE/ICHUs NMEPEYNC/IMMOCTH CHU3Y. byzneM HasbiBate 0a3ucHoll
(pyHKIIMel Ha KaHTOPOBCKOM IIPOCTPAaHCTBE (DYHKIMIO C PALAOHAJIBHBIMU 3HAYCHUAMH,
3aBUCSILYIO TOJIBKO OT HEKOTOPOI'O HAYaJIbHOI'O OTpeska II0CJIeoBaTe/IbHOCTA-apI yMEH-
ta. Takas QyHKUMA 3a0a8TCs JJIMHOR STOIO OTPe3Ka, HEKOTOPBIM YUCJIOM 1, U TabJMueit
n3 2™ palMOHAJIBHBIX 3HAUEHHI, COOTBETCTBYIOIIMX 2™ BapHaHTaM 3TOTO OTpe3Ka, Mo-
3TOMy Oa3uCHbIE (DYHKLIMM MOXHO CUMTATh KOHCTPYKTHUBHBIMU OOBEKTAMH M F'OBOPHUTH O
BBIYMC/IMMBIX 110CJIEJJOBATE/IBHOCTSX TaKUX (DyHKLMIA.

Teopema 40. Credyrowjue ceolicmea QyHxyuu v, onpedenéHHoll Ha KAHMOPOBCKOM
npocmpaxcmese U nPuHUMarwel HeompuyamenvHole (803MOICHO, DECKOHEUHbIE) 3HA-
YeHusl, pA8HOCUIIbHDL:

(a) v nepeuuciuma CHU3Y;

(0) v sensemcsi mouHoil 8epxHeil 2paHvlo BbIMUCAUMOL nociedogamenpHocmu 6a-
3UCHBIX (DYHKYUIL;

(B) v si81s1emcst nOMOYEUHbIM NPeoeiom 8blHUCTUMOU HeyObl8aiowell nocinedosd-
menbHOCmu OA3UCHbIX (DYyHKYULL;

(T) v s18755€mCcst NOMOYEUHOl CYMMOIl 8bIUUCTIUMO20 PSIOQ, COCMABNIEHHO20 U3 HEOo-
MPUYAmMenbHoIX OA3UCHBIX PYHKYUIL.

<« [IBa 1ocjIeHAX CBOMCTBA DKBUBAJICHTHBI, TaK KaK PasHOCTb U CyMMa JIByX Oasuc-
HBIX (DYHKINMI SBJISIETCS] OA3MCHON (DyHKIIICH.
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UroOpl HepeiiTy OT TOYHON BepXHEW I'PaHH K IIpeJiely BO3PACTAIOLIeN IOCIIeJ0Ba-
TEJIBHOCTH, IOCTATOYHO 3aMETUTh, YTO MAKCUMyM KOHEYHOTO 4MCJIa OA3WCHBIX (DYHKIMI
ABJISIETCS Oa3MCHON (PyHKLIMEH.

Ocraércs JokaszaTh, 4YTO NEPBOE CBOWCTBO PABHOCUJIBHO OCTAJIBHBIM (HAIIPUMED, BTO-
pomy). Ilycts v = sup, v;. 3amMeTnM, 4rto sup, v;(w) > r TOIZa U TOJBKO TOIJA, KOIrJa
vi(w) > r IPU HEKOTOPOM i, TaK 4TO MHOXeCTBO {w | v(w) > #} oKasbiBaeTcst (paBHO-
MepPHO) 3PPEKTUBHO OTKPHITHIM.

Hakonel1, ecsin nmpu KaKAOM + MOYKHO AJTOPUTMHUYECKH TEPEYMC/ISITh UHTEPBAJIBL,
Ha KOTOPBIX U (w) > r, TO PYHKLMS U €CTh TOUHASI BEPXHSSI IPaHb Oa3UCHBIX (DYHKLIMIA,
KOTODBIE PaBHHI # BHYTPH TAKWX MHTEPBAJIOB U HYJIO B OCTAJBHBIX MECTaX. B

OrOpocuB OrpaHMYEHHE LEIOYKCJIEHHBIMEI 3HAUYCHUSAMU U HEepPeXois K SKCIOHEHIIN-
AJIbHOM 1IKaJIe, MOXKHO JATh TAKOE OLPEJEJICHUE: 02PUHUYCHHbIM N0 GePOSMHOCMU me-
CMOM CAYHQUHOCMU OMHOCUMENbHO GbIMUCAUMOL Mepbl pi Ha () Ha3BIBAETCS Nepeun-
cauMast cHU3y (YHKUUS U, 1J1S KOTOPOH

pw | ulw) >ch) <1/c

JJIsL JHOOOTO TIOJIOKUTEIIFHOTO PAallMOHAIBHOIO €. DTO ONpPE/EICHIC COOTBETCTBYET MH-
TYWLAX: TIOCIEA0BATEBHOCTEN, B KOTOPHIX TECT HAXOAUT MHOTO 3aKOHOMEPHOCTEH (3Ha-
YEHUE TECTa OOJIBLIE C), HE AODKHO OBITH MHOTO (BEPOSITHOCTh CJIyYaliHO IIOJIyYHThb
Takoe 0OJIbIIOE 3HAYEHHE He IpeBocxoautr 1/c¢).

Teopema 41. Cpedu ozpariuuenHblx no 8ePOSIMHOCTU MECMO8 OMHOCUMETbHO 8bl-
YUCTIUMOIL MEPbI [ CYWEeCMBYem MAKCUMANbHbIT (C MOYHOCTBIO 00 NOCMOSHHO20 MHO-
Jcumenst); OBOUUHBLI N02apuhm Mmaxo20 mecma coenadaem C YHUBEPCATbHbIM Mie-
cmom u3 meopemvl 39 ¢ moynocmpio 0o O(1).

<« [Tpou3BOMBHBIL TECT MOXKHO 3aMEHHTh HA TECT CO 3HAYCHHMAMHU BHIa 2", 3aMEHUB
u(w) HA MAKCIMAIBHYIO IEJIyI0 CTEICHb NBOMKW, MCHBIIYIO U (w); DTO M3MEHWUT TECT
He Gosiee UeM B KOHCTaHTY pa3, COXPAHUB IICPEUHICIIMOCTh CHIU3Y. TeCT ¢ TaKMMM 3Ha-
YEHUSIM COOTBETCTBYET HA0OPY >(D(PEKTHBHO OTKPBHITHIX MHOXECTB, M YCJIOBHE Ha TECT
COOTBETCTBYET YCJIOBUSIM Ha 3TH MHO)KecTBa. OCTaéTcst coC/IaThCsl Ha Teopemy 39. »

EcTb 1 IPYyrol KJIacc TECTOB, KOTOPBIE HA3BIBAIOT 02PAHUMEHHbIMU 6 CPeOHeM TecCTa-
Mu. B 5TOM BapHaHTe OIpaHUMYEHUE HA IEPEYUCIMMYIO CHU3Y HEOTPULATEBHYIO (DYHK-
o ¥ oosee cwipnoe: [ u(w) dp(w) < 1.

Teopema 42. Cpedu ocpanutenHblx 8 cpeOHeM Mecmos OMHOCUMENbHO GbIYUCU-
MOU Mepbl ji cywecmayem Maxkcumanbhbili (¢ MOYHOCMbI0 00 NOCMOSIHHO20 MHOJICU-
mens).

<« CeMeCTBO BCEX MEPEUNCIIAMBIX CHIABY (DYHKIN MOKHO S(PPEKTUBHO NIEPEUNCIISATD
(HarpuMep, UCXO[d W3 UX IIPEACTABJICHUS B BUJIE TOYHOM BEPXHEU I'DAHU IEPEUMCIIN-
MOT0 MHOXKECTBA Oa3MCHBIX (QyHKIMIT). Jlagee, UX MOXXHO KOPPEKTHPOBATh, JOOUBASICH,
9TOOB! UHTErpasI ObLI He Oostblle (CKaXeM) 2 M OCTaBJIss TeCTH Oe3 m3MeHeHuit. (31ech
Ba)KHO, YTO Mepa f BbMUCAAMA.) IlonyduTcs paBHOMEpHO MepedricMas CHH3Y IIo-
CJIEZIOBATEILHOCTD Uy, Uy, . . . , COCTABJICHHASI M3 TECTOB M IIOYTU TECTOB (C TOUYHOCTHIO
J0 MHOXUTeEJA 2). VI3 He€ fieaeM YHMBEPCAILHBINA TECT, CHOXKUB U; C BBIYACIAMBIMHA
koo uLmeHTamMy, 06Pa3YIOUIMMH PsIJl ¢ CyMMOii 1/2 wiu MeHslie. »
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Jlorapumbpl yHUBEPCATIFHBIX TECTOB (OIPaHIMYCHHBIX B CPE/HEM U II0 BEPOSTHOCTH)
OyneM HashBaTh deghekmamu CayuaitHOCmu OTHOCHUTEIPHO BBIYMCIAMON Mephl p (¢
JIOTIOJIHUTEJIBHBIM YTOUHEHUEM «OI'PDAHUUYEHHBIA B CPE/THEM» WJIU OIPAHUYEHHBIH 10 Be-
poATHOCTU») U 0003Hauath cootsercTsenno df u d, or cios “expectation” u “proba-
bility” . (Beravicmmyio Mepy (& MBI IIpeAnonaraeM (PMKCIPOBAHHON M B OOO3HAYCHHE HE
BKJIIOYAEM. )

Teopema 43.
df (w) — 21ogdf (w) < df (W) <df ().

O06a HepaBeHCTBA HOHUMAIOTCS ¢ TOYHOCTHIO 70 O(1)-citaraeMoro (U BXOJSIIME B
HUX BEJIMUYHHBI OTIPE/IC/ICHB C TAKOH TOYHOCTHIO).

<« Bropoc HEpaBeHCTBO cCJie/lyeT U3 TOIO, YTO BCSKWII OIPAaHUYEHHBI B CPEIHEM
TECT OTPAaHMYCH M TI0 BEPOSTHOCTH. UTOOH JTOKa3aTh MepBOE HEPABEHCTBO, yOETVMCS B
ToM, uro 2 B crenenu df — 2log d” umeer OTPAaHUYEHHBII MHTErpaj (IepeYncauMOCThb
CHM3Y CJIEAAYET U3 TOro, 4ro (pyHKumsi X — 210g X MOHOTOHHO BO3PACTAET; TO HE TaK
JUUISL MQJIBIX 3HAYCHUWI, HO OHM BCE PAaBHO HE Ba)XHBI, TAK KaK JIAIOT TOJIHKO KOHECUYHBIN
BKJIAJ] B MHTETPaJl, U TaM (PYHKIIMIO MOKHO 3aMEHUTH Ha BO3pacraionnyio). B camom zele,
MHOECTBO TeX TocsieoBarepaoctei, e dF (w) naxomurcs Mexay h U n+ 1, umeer
Mepy He Ooustbiie 1/2", OCKOJIBKY TecT 29 ram MPEeBOCXOAUT 2", a MOABIHTErPAJIBHOE
BHIPAKEHUE HA 3TOM MHOkectBe paHo O(2"/n?); ocraércs 3amertutsb, uto psj 1/n?
cxourcs. »

[Tokaxkute, 4TO KOHCTAHTY 2 B TeopeMe 43 MOXHO 3aMEHHTh Ha JII000€ YHCIIO,
ooJibiiee 1.

W3 noxazaHHO# TeOpEeMBI, B YACTHOCTH CJICAYET, UTO JIKOOOM BUJ TECTOB MOXKHO HC-
HOJIb30BATHCS )15 OIpe/iesieHus! cityvaiiHocTu no Maptun-JIédy (/151 orpaHM4YeHHBIX 110
BEPOSITHOCTH TECTOB MBI OTO YK€ OOCYKAIN): CIyYalHbl T€ U TOJBKO Te IOCCA0BA-
TEJILHOCTH, Y KOTOPHIX Je(PEeKT KOHEUEH.

Pasnuiia B onpesiesIeHUSX ABYX BHAJIOB TECTOB HAIIOMUHAET Pas/IM4Ue MEX]Y IIPOCTOM
KOJIMOTOPOBCKOH CJIOXKHOCTBIO (KOTOPYIO MBI PACCMATPUBAIM PAHbLIE) M MPE(PUKCHON
CJIO)KHOCTBIO (CM. CJIEAYIOHIYIO TJIABY).

Tectel cirygaitHocTn OBUTH OTIpefiesieHBl W m3ydeHH emé B 1960-¢ n 1970-e rommt
(orpaHMYEHHBIC [T0 BEPOSITHOCTU TECTHI IO CYNIECTBY OBLIM OIPE/ICJICHH YK€ B CaMoil
repBoit padote Maptun-JI€dha; orpaHndeHHBIC B CPEHEM TECTH M3YYAIMCh B paboTax
JI.A. Jlesuna u I1. aua), HO OTOM OHM (710 HEAABHETO BPEMEHH) MCIOJIB30BAINCE MAJIO.
boJiee noapoOHO 06 MX MPUMEHEHUSIX MOXHO IPOYECTh B [8].



4. AnpHopHas BepPOATHOCTb M Npe(UKCHAA
CJIOYKHOCTD

4.1. BeposiTHOCTHBIE MAaIIMHBI H MOJyMepsl Ha N

PaccmoTpyum airoput™ (MarvHy, IpOrpaMMy) C AATYMKOM CITy9aiiHbIX OuToB. Takoi
AJITOPUTM COJEPXKUT ONEPAUMN
b :=random

IIPY KOTOPBIX HEPEMEHHON b NPUCBAUBACTCS HYJIb WIM €IMHUIA C PABHBIMUA BEPOSTHO-
crsamu. (BerpeTuB Takyro KOMaHAy, MBI TPEPHIBAEM BBIIOJHEHHE aJIropuTMa, dpocaem
YECTHYI0 MOHETY U Pe3yJsbTaT OpocaHMs 3aluchiBaeM B repemenHyio b.) Taxue anro-
PUTMBI HAa3bIBAIOT 8EPOSMHOCTHbIMIL.

Pesysbrar paboTEl BEPOATHOCTHOIO AJTOPUTMA 3aBUCUT HE TOJBKO OT €r0 BXOJd, HO
¥ OT Pe3yJIbTaTOB OPOCAHVIT MOHETHI (CJIyJaifHhIX OUTOB). TakuMm 00pa3oM, TIpU JTaHHOM
BXOJI€ BBRIXO/ (pe3yabTaT PabOTHI) AJTOPUTMA SBIISCTCS CIIYYANHON BEJIMINHON.

Bonee dopmanbHO BEpPOSTHOCTH TOTO WA MHOTO BHIXO/IA BEPOSTHOCTHOT'O QJITOPHT-
Ma A ompenesissercs Tak. Ha mpoctpascTse 2 BceX OeCKOHEYHBIX MOCIEIOBATEIBHOCTEH
HyJIeW ¥ €IMHUI] PAacCMATPUBACTCSl PaBHOMepHasi OepHysumeBa mepa. [Ipm sTomM Mmepa
MHOXkecTBa {1, BCex OECKOHEUHBIX MPOAOKCHMI JAHHOTO KOHEYHOTO CJIOBA U PaBHA
RN

Jluis JaHHOTO BXO/Ia X U HOCJIE/IoBATEIbHOCTH w € £ uepe3 A(x, w) obo3Hauum pe-
3yJbTAT PaboTHl A Ha BXOJI€ X, €CJIA B KAYECTBE CIYUYANHHBIX OUTOB OEpPyTCst OUTHI M3 TO-
CJIe/TOBATEIBHOCTH W (KaXKIbIi BBI30B random Gepér HOBEI Out). SHavenne A (X, w) —
HEKOTOPBII KOHCTPYKTUBHBI OOBEKT (UKCIIO, CJIOBO); OHO MOXET OBITh HE OIPEC/ICHO
MPY HEKOTOPBIX X WM w. JIJIST KaJ0ro BO3MOXKHOTO BBIXOJA y aJTOPHUTMA PACCMOTPUM
MHOXeCTBO {w | A(X,w) = y}. DTO MHOXECTBO M3MEPMMO (M JaXe OTKPHITO B CMbI-
CJIE €CTECTBEHHOI TOMOJIOTUU B )); OHO SBJISCTCS OOBEJUHEHUEM HHTEPBAJIOB (2, IS
BCEX CJIOB Z, KOTOPHIC SABJISIOTCS Pe3yJIbTATaMU OpOCAHWIT MOHETH K MOMCHTY IIOSIBJIe-
HUS BEIXOJa y. Mepa BTOro MHOXXECTBA M HA3HIBACTCSI 8€POSIMHOCMbIO 8blx00d ¥ npu
exooe Xx.

B nToM paszene Mpl Oy/ieM paccMaTpHBATh BEPOSITHOCTHBIC MAIIIMHEL O0€3 BXO/IA, BRIXO-
JITaMH KOTOPBIX SIBJISIOTCSI HATYpasIbHBIe uncia. [IpuMep: mammHa 6pocaeT MOHETY, TOKa
He TMOSIBUTCSI ¢IMHULIA, ¥ BBIJAET HA BBIXOJ UKICJIO HYJIEH mepes mepBoi eauHuLeit. Jns
STOTO AJITOPUTMA PaCIIpec/ICHHAEe BEPOSITHOCTEN Ha BO3MOXHBIX BBIXO/IaX TAKOE: BEPOSIT-
HOCTD p; HosiBJeHus uncia i pasHa 2~ (+D . B camom zieste, po ecTh BEpOATHOCTD TOTO,
YTO TepBoe OpocaHye MOHETH Jajio eIUHWILY, p; — BEPOATHOCTH TOTO, UTO IIEPBOE
Opocanne ajio HyJIb, a BTOPOE — €IMHUILY M TaK Jajiee.

87
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B 1aHHOM KOHKpETHOM CIIydae CyMMa psfia Y, p; PABHA eJUHUIIE: BEPOSTHOCTh TOTO,
YTO MalllMHA TaK HAYETO W He HareuartaeT (Tak CIYYWTCs, eCJI BCE BpeMst Oy/yT BHITa-
JaTh HyJI1) paBHA HYJ0. HO 11 ApyrHux aJropuTMoB Ta CyMMa MOXKeT ObITh M MEHBILIE
€/IUHULIbI.

Wrak, Kaka0#1 BEepOATHOCTHON MalIMHE 0€3 BXOJa, BBLIAIONICH HATYPAJIPHBIC UKCTA
HA BBIXOZE, COOTBETCTBYET MOCJIEAOBATEIBHOCTD Po, P1, - - -, TAC P; €CTh BEPOSITHOCTH
nossJieHUs ynciia i. Kakue mocjie10BaTeIbHOCTH ACHCTBUTEIBHBIX YHCET Po, 1, - - - MO-
TYT MTOJYYUThCS TaKuM obpasom? OmHO yciroBre oueBmmHO: Y, p; < 1. Ho, koreuHo, 3T0
yCIJIOBUE HE SBJISAETCS IOCTATOUHBIM: BEPOSATHOCTHBIX MANIMH CYETHOE UMCIIO, 2 BOSMOXK-
HBIX TIOCJICTIOBATEIBHOCTEN Po, P1, . - - — KOHTUHYYM.

Hagaém c 6ojiee mipocToro BoOITpoca: KAKOBa MOXKET OBITh BEPOSTHOCTh OCTAHOBKH
BEPOSITHOCTHOM ManmHbI (6e3 Bxoma)? UToObl chopMyIpoBaTh OTBET, BREIEM HOHATHE
TIEPEYMCIMMOTO CHU3Y ACHCTBUTEIHHOIO YHCIIA.

ToBOpAT, YTO MEWCTBUTEIFHOE YHCIIO (¢ NEPeyuCUMO CHU3Y, eCIM OHO €CTh IIpeses
BRIIMICJIIMO¥ HeyOBIBAIOIIEH TTOCIeTOBATEIFHOCTH PAIIMOHAJIBHEIX IHCE]T.

JlokaxxnTe, 9TO €CM JCHCTBUTEJIBHOE UYHMCJIO O BBIYMCIMMO (CyIIECTBYET aj-
TOPUTM, KOTOPBIN MO JIIOOOMY PAaLMOHATIBHOMY € > 0 yKa3bplBaeT NPHUOIDKEHHE K & C
MOTPEIHOCTBIO He 00JIee €), TO o NEPEUNCIUMO CHU3Y. [YKazanue. [locaenoBarebHOCTS
TIpVOIVDKEHMIA CHI3Y MOXKHO TIEpeesaTh B BO3PACTAIOIIYIO. ]

Z[OKEI)KI/ITC, qTO JICACTBUTCIIBHOE YKCJIO (¢ BBIYMCIMMO TOIJ/Ia ¥ TOJIBKO TOI/A,
Koraa 00a unciia @ U —a MEPEUNCIMMBI CHU3Y .

BoT skBUBalICHTHOE OIIpejeieHre MEPEYUCIUMOCTH CHUARY: YHMCIIO O IIEPEYHCIAMO
CHU3Y, €CJIM MHOXKECTBO BCEX PALMOHAIBHBIX YMCENI, MEHBUIMX ¢, IEPEUNCIIMO.

B camom geJie, eciit o €CTh Ipejiesl HEYOBIBAIOLIEH BBIUYMCIIMMOM HOCIIEIOBATE/IbHO-
cti ap < a1 < @y < ..., TO MEPEUNCIISAS BCEC UHCIA, MCHBIIVE KaKOro-IMOO M3 @;, MBI
MIEPEYUCIIMM BCE UHCHA, McHbIIME «. HampoTus, yMes Iepedrciiarh Bee palOHAIBHBIE
YrcJ1a, MEHBIIME ¢, MBI MO’KEM COCTaBUTh M3 HUX IIOCJIEOBATEIBHOCTD. 3aTeM 3Ty IO-
CJIeOBATEIBHOCTD HAMO C/IC/IaTh HEeyOBIBAIOLICH, BEIOPACHIBAS M3 HEE UWICHBI, MEHBIINE
YK€ BCTPEUABUINXCH.

[NonsTrEe MEepedncIMMoro CHA3Y JEUCTBUTEJIBHOTO YHCIA AAET OTBET HA IIOCTABJICH-
HBII1 HAMHM BOIIPOC:

Teopema 44. (a) [lycmv M — npou3ssonvHas eepossmrHocmuas mawura (6e3 exo-
oa). Tozoa seposmHocmb €€ 0CMaHOBKU ecmb NepeyuciuMoe CHU3y O0elicimaumensvHoe
qucno.

(6) Bcsikoe nepeuucnumoe cHusy OeilcmeumenbHOe HUCHO eCib 8EPOSIMHOCTs OC-
MAHOBKU HEKOMOPOU GEPOSIMHOCHIHOU MAUUHDL.

« (a) BepogtHoCTb p, OCTaHOBKM MalllUHBI B TedeHWE n (WIM MeHee) NIaroB e€CTh
HEKOTOpOE PAaIOHAIFHOE YMCIIO: 32 N IIarOB MOXKHO cJeJiaTh He Oosiee n OpocaHwmit
MOHETHI, IT03TOMY KaKIBII MCXO/l MMEET BEPOATHOCTH, KpaTHy0 1/2", M BEepOSTHOCTH
OCTAHOBKH Taxxe kparna 1/2".

Uuncno p, MOKHO HATH, MOJEIMPYsl pabOTy MAIMHBI IIPW BCEeX BapWaHTaX Opoca-
Huit. C pocToM n OHO BO3pacTaeT (TOYHee, He YOBIBACT) M CTPEMUTCS K BEPOSATHOCTH
OCTaHOBKH MAIIMHB! (0€3 OrpaHMYEHUS UNCJIa 1MaroB).
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(0) Ilycts g — IPOM3BOJIBHOE IIEPEUUCIMMOE CHH3Y 4YMCJIO. DTO O3HAYaerT, 4To
q = lim g, 71711 HEKOTOPOIT BEIYMCIMMOIA TTOCJIEOBATEIBHOCTH

oS <p<...

PaLMOHAJIBHBIX yncest. [locTpouM MaivHy, BEpOSTHOCTh OCTAHOBKM KOTOPOUM PaBHA ¢.
Maiiyna 6pocaer MOHETY M BOCIPUHMMAET 10J1yYeHHble Outhl bo, by, by, . . . Kak nociie-
JIOBaTeJIbHBIC 3HAKU JBondHOro yucia B = 0,bpby b, . . . ; MapaJJIeTbHO OHA BBIYHCIISICT
paIWIOHAJIBHBIC YUCTIA o, §1, G2, - - - A OCTAHABJIMBAETCS, KaK TOJHKO MMEIOMIEHCS y Hee
“H(POPMAIMHE JOCTATOYHO, YTOOB! YTBEPX/IaTh, 910 8 < ¢q. JIpyrumu ciioBaMu, OHa OcTa-
HABJIMBAETCs, KaK TOJIbKO O,boby . .. b;111 ... (Texymias BepXHsisi OLIEHKa Juis uncia 3)
OKa3bIBACTCSI MEHbIIIE ¢; (TEKYIIeH HIKHEHN OUeHKH Ui yucia g). CUMBOJIMYECKH DTOT
Tporiecc m300pakEH Ha puc. 4.1.

9 N4 ...

Puc. 4.1. Cpasuenune  =0,bob; ... u g =1limg;.

[MocTpoenHast ManmHa OCTAaHABIMBACTCS TOTJA M TOJIBKO TOI/Ia, Korja 3 < g. Yoe-
JauMcst B oToM. Eciin uncio 8 MeHblle ¢, TO MalllHa OCTAaHOBHTCA. B camom jeie,
yucjia ¢; CTPEMSITCS K ¢, 2 BepXHUE OIEHKW i ducia  crpemsites K 3, U 1oToMy
B KAaKOH-TO MOMEHT ¢; IPEBBICUT TEKYILIYI0 BEPXHIOIO OLeHKYy. C apyroit CTOpPOHHI, B
CJIydae OCTaHOBKU 3 < ¢ IIO TIOCTPOEHHIO.

TaknM 00pa3oM, BEpPOATHOCTh OCTAHOBKY €CTh BEPOSITHOCTE COOBITHS 3 < ¢, TO €CTh
JumHa npoMexyTka [0, g), To ecth ¢ (umcino B, COCTaBACHHOE W3 CIyYalHBIX OHWTOB,
PaBHOMEPHO pacnpesesieHo Ha otpeske [0, 1]). »

BepHéMest K BOIIPOCY O TOM, KaKMM MOXET OBITh PACIIPEAE/ICHHUE BEPOSITHOCTEH Ha
BBIXOJAX BEPOATHOCTHOH MammHbl. Ham monamoOutcst ciegyromee onpeaesneHye. [oBo-
PAT, YTO MOC/IEAOBATEALHOCTD ACUCTBUTEILHBIX YUCEIL Po, P> P2, - - - NEPEUUCTUMA CHU-
3y, €CJIM CYICCTBYET BBHIUMCIIAMASL BCIOY OIIpc/IesICHHas (DYHKIUA p JBYX HATypaJIbHBIX
apryMeHTOB C palliOHAJILHBIMY 3HAYCHISIMA (paspellacTcs TAKKE JONOJIHUTEIBHOE 3Ha-
YeHUe —oo), JIJIsi KOTOPOiA

p(i,0) <p(i, D < p(L2) < ...

pi = lim p(i, n)
n—oo

JUISL JTIOOOTO .
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MoskHO CKa3aTh, 9TO B 3TOM OIPEICICHAN MBI TPEOYEM MEPEUNCIIMOCTH CHU3Y Y-
CeJI p; «PaBHOMEPHO MO i». MOXHO OBUIO OBl OINPEACINTEH MEPEUNCIUMOCTh CHU3Y
MO-JIPYTOMY, KaK TIOKAa3bIBAET CJIEAYIONAs TEOpeMa:

Teopema 45. [locnedosamenvrocmo py, pr, P2 - .. NEpedUCTIUMA CHU3Y mo20a U
moneko mozoa, ko2oa MHodcecmso nap (r, i), 20e i — HAMypagbHOe HUCHO, 4 ¥ —
PAayuUOHATbHOE YUCTO, MeHbUlee P;, Nepevuciumo.

<« [lepeunciuMoCTh MHOMKECTBA O3HAYAET, YTO CYILECTBYET AJITOPUTM, MEPEUMCIs-
IONMMI €r0 DJIEMEHTH (B TPOM3BOJIBHOM MOPSIKE, C MPOW3BOJBHBIMU IIPOMEKYTKAMI;
ITOPUTM MOKET HUKOIJIA HE 3aBEpliaTh paboTy, JasKe €CJIM MHOKECTBO KOHEYHO).

Ipennosnoxum, 4To MOCACAOBATEIBHOCTD Po, P1, P2, - - - IEPEUNCINIMA CHU3Y U p; =
= lim, p(i, n). Asroputm nepeGupaer Bce naphl (r, i), BO3BPAIIAsSCh K KAKJOH Hape
OeckoHedHOEe WiCIo pas. [Ipu n-m oOpaiieHuy K mape (r, {) MBI cpaBHuBaeM » ¢ p(i, n);
ecim OKasbBaeTcs, 410 + < p(i, n), To mapa (r, [) BKJIIOYaeTCs B mepednciicHue. SIcHo,
YTO TAKUM OOPA30M MBI TIEPEUNCIIMM BCE Hy>KHBIE TIapHl M TOJIbKO MX (v < lim, p(i, n)
TOIAA U TOJIBKO TOrAQ, Koraa v < p(i, n) AJjsi HEKOTOPOro n).

HarpoTtuB, IIycTh CBOVCTBO » < p; NIEPEUMCIMMO. BO3EMEM alropuTM, NEpednCIsIo-
VA Takue Tapsl. YToOB! BRUUCINATE p(i, n), CCJIAEM N1 IIAroB IIEPEUHCICHs; 0TOEPEM
BCE MApHI (r, i) C JTaHHBIM i ¥ BO3bMEM B HUX MakcuMmayeHoe ». llojoxum p(i, n)
PaBHBIM 3TOMY # (€CJIM AP C HYXXHBIM 3HAUEHHUEM [ HE OKAXKETCsl, TO p(i,n) = —oo),
Jlerko noHATh, 4TO ¢ POCTOM N Hap CTAHOBUTCS OOJIBLIE U 3HAYCHUE P (i, N) MOXET TO/Ib-
KO BO3pacTH, a rpefeda lim, p(i, n) paBeH p; (IOCKOJIBKY B NEPECUNCICHUM MOSIBIISIIOTCS
BCE palMoHAJIbHBIC YKCiIa, MCHBIIME p;). B

Terepb MOXHO JaTh OOCLIAHHYIO XapPaKTEPHU3ALMIO PACIIPEIC/ICHUIT BEPOSITHOCTEH,
COOTBETCTBYIOIIMX BEPOATHOCTHBIM MallIMHAM.

Teopema 46. (a) Ilycmy M — npousgonvHasi 8epossmHocmHasi Mawuna 6e3 exo-
0, BO3MOJNCHBIMU BbIXOOAMU KOMOPOil s187s10mcs1 HamypanvHwle yucna. Iycmy p; —
eepossmuocmy nosigneHust yucna i Ha ewvixooe. Toe0a nocnedosamenvrHocmy p; nepe-
yucauma cruzy u Yy ; p; < 1.

(6) lycmov po, pr, ... — nepeuuciumasl CHU3y nocine008amenvbHOCMy Heompuya-
menpHbiX Oelicmaumensuslx ducen, npuuém Y ; p; < 1. Toz0a cywecmgyem eeposim-
HocmHuas mawuna M, Ons Komopoil eepossmHOCMb NOSGNEHUsT YUCHA | HA 8bIX00E
pasHa p;.

<« [lepBast gacTh JI0Ka3aTeabCTBA (YTO BEPOSTHOCTHU MEPEUNCIMMBL CHU3Y) IPOXOIUT
TOYHO TaK €, KaK W PaHbllie, TOJIHKO BMECTO €JMHCTBEHHON BEPOSITHOCTH OCTAHOBKH
MBI OLICHUBACM CHH3Y BEPOSITHOCTb OCTAHOBKU C OTBETOM [ ([JIs1 KXJIOIO i).

Bropas gacTh Ha caMoM Jejie TOXe MaJlo MeHsieTcs. PaHbllle y HAac BBIIEISIIACH
BCE OOJIBIIAs YacTh IPOCTPAHCTBA IO/ 00JIACTh OCTAHOBKH. Tereph 00JaCTh OCTAHOBKH
OyJeT TofieieHa Ha CYETHOE YMCJIO TIOA00IacTel; /Ul KakJI0ro i ecTh 00JIacTh OCTa-
HOBKU C OTBeTOM i. Bospacraionme npub/ImKeHHUst CHU3Y K p; COCTABJISIIOT TPeGOBaHMsI
K pasmepy coorsercrByiomell obsiacru. Hama 3ajaua — pacipesesisith 1IpOCTPAHCTBO
MEKTy BCEMH TPeOOBAHMAMU. DTO MOXKHO JIEJIaTh CAMBIM IPOCTBHIM CIIOCOOOM, BBIICIISS
KK/TOMy HOBOMY TPEOOBAaHHIO KYCOK OTpeska (cJieBa HAIlpaBO) B COOTBETCTBHM C YBe-
JIMYEHHWEM ero 3aka3a. Takum oOpazoMm oTpe3ok (He os3aTesIbHO BeCh!) pacipesiesiseTcs
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MEX/Ty Pa3IMYHBIMUA BO3MOXHBIMH BBIXOJIAMU. 3aMETHM, 9TO 00JIACTh OCTAHOBKY C BBHIXO-
JIOM i He SIBASICTCS CBS3HONM (OHA COCTOMT M3 OT/ICJIBHBIX TIPOMEKYTKOB, UHCJIO KOTOPHIX
YBEJIMUMBAETCA IO XOIY IMPOLIECCa).

[MapastenbHO C© pachpenejieHHEM OTpPe3Ka Mo 00JIACTSIM MBI TOPOKAAEM OUTHI CJIy-
YaHOr0 4Mc/Ia 5, ¥ KaK TOJIBKO CTAHOBUTCS ACHO, B Ubl0 00/1aCTb Nonanér 3, COOTBET-
CTBYIOIIIEE UKCIIO BHIIAETCS HA BBIXO.

bosiee popmasbHO MOXKHO CKa3aTh 3TO ciieaytoumm oopaszom. Ilycrs p; = lim, p(i, n)
B COOTBETCTBUHM C OIIPE/ICICHNEM MEPEeINCINMOCTH CHIBY. bes orpaHmdcHust obuiHOCTH
MOXXHO CUMTATh, 9TO Bce p(i, n) HEOTPUIIATEIRHH (3aMEHAM OTPHIIATE/IbHEIC HA HYJIB),
Y 4TO ISl KQOKJIOTO N JIMIb KOHEYHOE YWCJIO 3HAYCHUI p(i, n) OTIAYHBEL OT HYJs (110-
JokuM p(i,n) =0 npu i > n). byaeM OoTKJIAIBIBaTL OT HyJIsl CJIEBA HAIIPABO OTPE3KH,
ToMeyvast Kax/Iblii HaTypPaJbHbIM 4uCJIOM. [Ipu 3TOM MBI XOTHM, YTOOBI K n-My uIary
CyMMApHasl JUTMHA BCEX OTPE3KOB, IIOMEUCHHBIX YHCIIOM i, paBHsUTAch p(i, n). Tloatomy
TIPY VBEJIMYCHIN 11 Ha €JIMHUITY MBI CMOTPUM, HACKOJIBKO YBEJIMUIUTUCEH 3HAYeHUS p (i, 1)
TP Pa3HBIX i, U T00ABJISIEM OTPE3KU HEAOCTAIONIETO0 pa3sMepa C HY>KHBIMA ITOMETKAMH.

3a mpenester otpeska [0, 1] MBI He BBIAIEM, HOCKOIBKY p(i,n) < p; m Y. p; < 1.

BeposatHOCTHAsS ManmHa JEWCTBYeT CJICAYIONNIM OOpa3oM: MBI OCTAHABJIMBAEMCS C
BBIXOJIOM [, €CJIM TIOJIy4eHHbIe K JJAHHOMY MOMEHTY CjiydaiiHbie outel boby . .. by Tako-
BbI, UYTO OTPE30K HA JEHCTBUTEJILHON MPAMOM, COCTOALINI U3 4KCE/I, IBOUYHLIE 3AIIUCH
KOTOPBIX HaUMHAIOTCsL Ha Do by . . . by, LEJIMKOM COJIEPXUTCSI BO BHY TPEHHOCTH O/IHOI'O U3
OTPE3KOB, IOMEYECHHOT O YMCIoM i. (BHYTpeHHOCTS oTpeska [u, v] ecTh uaTepsai (u, v).)
Jlerko TIpoBepHTH, YTO BHIXOJ i TOSBUTCS TOIJA M TOJIBKO TOT/a, Korja [ TIpuHAa[Ie-
UT BHYTPEHHOCTH OJJHOTO W3 OTPE3KOB, IIOMEUCHHBIX YHICIIOM i, a O0IIas Mepa DTOro
MHOkeCTBa (0OBEIVHEHNsI COOTBETCTBYIOIINX MHTECPBAJIOB) paBHA KakK pa3 p;. »

Bynem HaseBaTh nepeuyucnumoi cHu3y noiymepoi Ha N JI00YI0 IOCJIETOBATEIIb-
HOCTb 4HCEJ p;, 0OIJA0IYI0 YKa3aHHBIMU B TeopeMe cBoiictBamu. (MHorma Ml Oyznem
Tarke nucath p(i) BMecto p;.) Takum 00pazoM, y HAac €CTh JBAa ONpPEIC/ICHUs Tepeun-
CMMBIX cHI3Y TostyMep: (1) pacripesiesieHnst BEpOSTHOCTEN Ha BRIXOJAaX BEPOSITHOCTHHIX
ManmH; (2) [epeYrciMMBbIe CHU3Y PSIBl ¢ HEOTPUIIATCJIFHBIME WICHAMM M CyMMOM HE
oosipiie 1. TOJIBKO UTO [TOKa3aHHAS TEOpEMa YTBEPXKAACT, YTO DTH ABA ONPEICICHHS
OKBHUBAJICHTHBHI.

CioBO «TI0JIyMEPa» BBIIVIIANUT JOBOJIBHO CTPAaHHO (OCO6GHHO Yy4nTHIBAsK 06I/IXOZ[HOC
BBIPAKEHHE «OTPAHUUMTHCS TOJYMEPAMU»), HO JAPYToro yrnoTpeOUTEJIBHOIO TEPMUHA
HeT. Eciu He TpeOoBaTh MEPeUCIMMOCTY, MOXHO Ha3BaTh noaymepoi Ha N moOyio
(pyHKIDNO § V— p;, 1015 KOTOPOH Y ; p; < 1. Takue (PyHKIIMM MOXKHO paccMaTpUBaTh Kak
pacrpesiesieHus BeposTHocTeit Ha MEokectBe N U { L}, rae | — crienuasibHbLi CHMBOJT
«HEOIpeIeACHHOCTIY. [Ipr 9TOM BEPOATHOCTD UWC/IA | €CTh p;, a BEPOSITHOCTh L ecTh
1—1Y; pi- Ho Mb1 Oynem paccMaTpuBath JIMLIb IIEPEUMC/IMMBIE CHU3Y MOIyMepHI (€C/IN
00paTHOE HE OrOBOPEHO SIBHO).

Ms1 onpeniensia (NEPEYNCIMMbIE CHHA3Y) TOJYMEPHl HA MHOMXKECTBE HATyPaJIbHBIX
yuces1. Ho 3Ti onpenesieHns 06€3 BCAKUX M3MEHEHUIT IEPEHOCATCS U HA JBOMYHBIE CJIOBA
(w1 mo0ble pyTHe KOHCTPYKTVBHBIE OOBEKTH). HampuMep, ecimm MBI pacCMOTpUM Be-
POSITHOCTHYIO MAllIMHY, BBIXO/IaMH KOTOPOH SIBJISIIOTCSI JBOMYHBIE CJIOBA, TO OHA 33/1aET
HEKOTOPYIO TIEPEUNICIIFIMYIO CHI3Y ITOJIyMEpy Ha MHOKECTBE JIBOWYHBIX CJIOB.
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Baxxnoe 3aMeuanme: B IJ1aBe 5 MBI OyJIeM pacCMATPHBATh JIPYroe HOHATHC MOJTyMe-
PHI Ha TTPOCTPAHCTRE KOHEUHBIX W OSCKOHEYHBIX JBOWYHBIX TIOCIIEIOBATEIIFHOCTEH. JTO
MOHATHE OyIeT COOTBETCTBOBATh MAIIMHAM, KOTOPBIC TIOPOKAAIOT BBEIXOA OUT 3a OUTOM
U He 00s3aHbI OCTAHAB/IMBATLCA. HO 1MOKa 4TO mOsB/IEHME HA BBIXOJE CJI0BA X O3HAYAET,
YTO MAlIMHA HAIledaTaja Bce OUTHI CI0BAa X M OCTAHOBIJIACH, TAK UTO JBOMYHEIE CJIOBA
HUYEM He OTIMYAIOTCS B STOM CMBICJIC OT HATYPAIBHBIX UHICEI.

UToOB! MOTUCPKHYTH Pa3Indre MEKIY STUMU OINPEACICHUAMHU, MBI Oy/leM Ha3bIBaTh
HOJIyMEPBI M3 DTOr0 pasjiesia OUCKPEMHbIMUL, B OTIINYUE OT HENpepblHbIX TI0JIyMEpP, WK
nonymep Ha depege, KOTOPHIE MBI PACCMATPHUBAEM B TJIaBe 5.

4.2. HawnGoJbmas moJiymepa

Bynem cpapnuBaTh mojiymMepsl Ha N ¢ TOYHOCTBIO /10 MyJIbTHIIJIMKATABHOM KOHCTAH-
Thl. HazoBEM nepevnc/MMyIo CHHU3Y TOJYMEPY M MAKCUMAAbHOU, WA Haubonvwel,
eci Juta Ji000i PYroil NEePeuncMMON CHU3Y [0JyMEpPhl M’ BHIIOJHEHO PaBEHCTBO
m' (i) < em(i) 1 HEKOTOPOTO ¢ W Juis BeeX . (TepMMH «HanboJbInassy 6ojlee TOUeH,
TIOCKOJIBKY PeUb WAET MMEHHO O HAaMOOJIBIINX IEMEHTaX B HEKOTOPOM YACTUIHO YHOPS-
JIOYEHHOM MHOXXECTBE, HO Yalle TOBOPSAT O MAKCHUMAJIBHOM IEPEUMCIMMON MOJyMepe. )
I/IHOFZLa HCHIOJIB3YETCA TEPMUH KYHUBEPCAJIbHAS TI0JIyMEDPa».

Teopema 47. Cywecmseyem HauboOnbuias nepevuciumas cHuzy noaymepa Ha N.

<« Mbl JIOJDKHBI [10CTPOUTH BEPOSITHOCTHYIO ManiHy M ¢ TakuMm CBOMCTBOM: ISl
moboro pyroit Manmibl M’ BepOATHOCTH MOSBJICHHS [IPOM3BOJIBHOTO YMCIA | HA BBI-
xo7ie ManwiHel M MeHbliie Takoi ke BeposTHOCTH is M’ He Gojiee 4eM B KOHCTaHTY
pas.

DTOro MOXHO JOOUTHCS Tak: IycTb MalmHa M cHavaj1a cily4ailHO BbIOEpET BEPOAT-
HOCTHYIO MallHy (BEPOSTHOCTH BBHIOPATh Ty WM WHYIO MAalllMHy MOTYT OBITH JIOOBIMI,
BaKHO TOJIBKO, UTOOBI BCSKAas BEPOSTHOCTHAS MAIMHA IMOSBIISUIACH C ITOJIOKUTEIIBHOM
BEPOSITHOCTBIO), a TIOTOM MOJICJVIPYET BHIOPAHHYIO ManmHy. Ecim BeposiTHOCTH TOrO,
uro Maumna M’ Oyzer BbiOpaHa, paBHa p, TO BEPOATHOCTh M (i) MOABJIEHUS | HA BbI-
xoje mauwmnbl M He menbuie p - m'(i), rue m'(i) — BEPOATHOCTH LOABJIEHUS | HA
BhIxoie Mammael M'. TIopToMy MOKHO IOIOXUTh ¢ = 1/p.

CoywaitHeniT BEIOOP MOXXHO peasM30BaTh, HamprMep, Tak. [leperymepyeMm Bce Ma-
HIMHBI KaKUM-JIM00 €CTECTBEHHBIM 0OPa3oM; MOJIyYuTCsl mocjeaoBaresisocts My, My,
M,, . .., BKinovaiowas Bce BEPOsITHOCTHBIE MalliHbl. Maiina M Gpocaer MOHETY, 0Ku-
Jast TIOSIBJICHYIS] TIEPBOU e/IMHMITEL. lajlee oHa MosieupyeT padoTy ManmHsl M;, rie i —
4YrICJIO HYJIER IIepe]l IIEPBOA eAUHULIEN. P

Jlis cpaBHEHHS IIPOBEAEM IAPAJUICIBHO [OKA3aTeJbCTBO DTOM TEOPEMEI Ha S3BIKE
MEPEUNCANMBIX CHH3Y PAI0B. MBI TOJKHEI JOKA3aTh, TPyOO TOBOPS, UTO CYIIECTBYET
«CaMBIH TIJI0X0 CXOASIIMINCS» MEPEUHUCTUMBII CHU3Y PSifl, WICHB KOTOPOI0 MAXKOPUPYIOT
(C TOYHOCTBIO JTO YMHOXEHIISI HA KOHCTAHTY ) JHOOOM JTPYTOM CXO/AIIIICS TIePeYrCIAMBII
camsy psapa. (TodHee roBopsi, HAC MHTEPECYIOT HE IIPOCTO CXOMSIIMECA PSIBL, a PAIbI
C cyMMoll HE OOJIBIIE CIWMHWIIBI, HO OTO HE MMEET 3HAYCHUS, TaK KaK BCE PaBHO MEI
paspelraeM yMHOKEHHE Ha KOHCTAHTY.)
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Wned nokasaTeJIbCTBA IIPOCTa: BO3BMEM BCE NEPEUUCIIIMBIE CHU3Y PAIbl C HEOTPUILIA-
TeJIFHBIMI WICHAMW M CyMMO# He OoJieliie 1, 1 CIOKUM 1X ¢ K03 (DUIMEeHTaM, KOTOPHIE
oOpasyiot cxonsamuiics psia. CyMMapHBIN psif, OYeBHAHO, OyaeT HauOoJbIIM (C TOY-
HOCTBIO [0 YMHOXEHHMS Ha KOHCTAaHTY). Bompoc TOJIBKO B TOM, KaK CIeJIaTb, YTOOBI
TIOJTyYIUICS TIEPEUUCIIAMBII CHU3Y PSLI.

IpousBojibHasl nepevncMas CHU3Y IOJyMepa 3aJacTCsl BBIYMCIMMON (PyHKLHEH
p: {i,n) — p(i,n). Takux pyHKIMIT cuéTHOE UUCIO (TIOCKOJBKY AJITOPUTMOB CYET-

Hoe uKcio). Pacnonoskum ux B nocnepoparensaocts p@, pM, p@ |y paccmoTpum
(pyHKIIIO
n
. 0o
pli,n) =Y Mp® G, n),
k=0
rjie Ay — BBHIUMC/IMMAS HOCIE0BATEIBHOCT PAMOHAIBHBIX uncen ¢ Y Ay < 1 (ma-

npumep, Ay =2 ¥~1). Onpenenénuas Takum oGpa3oM (GyYHKLMSA p BO3PACTAET C POCTOM
n (npu (QUKCHPOBAHHOM [), MOCKOJBKY CyMMa BK/IIOYAaeT BCE OOJIBIIEC WJICHOB M CaMH
wieHsl pacTyT. Ilpu stom

tim p(i,n) =Y Ag lim p® (i, n)
n—oo T n—oo

JUISL JOOO0TO i, TO €CTh MOCTPOEHHAS TOJIyMepa eCTh JACHCTBUTEIFHO CyMMa BCEX ITOJIY-
Mep ¢ KodppuImeHTaMu Ay .

DTO paccyXJcHWE, OTHAKO, COAEpXWT Ipobes. [lpobGiaemMa B ToM, 9TO (PyHKIWMS
p(i, n) mommKHA OBITH BHYACIMOIL. [103TOMY He/OCTATOUHO IIPOCTO PACIIOIOKUTE (PYHK-
1M, 33/IaI0IIIE TTOJYMEPH, B IIOCJIE0BATEIBHOCTD, HYXHO €IIE, YTOOBI 3Ta HOCIeI0Ba-
TEJIPHOCTh OBLIA BRIYMCIAMON (KaK (PyHKLMS TPEX apryMeHTOB). MBI HE MOXKEM ITPOCTO
HATIMCATH TIOAPS BCE IPOrPaMMbl ¥ cKazath, uto p'Y — 310 dyHKims, BbIumCIIse-
Mmast k-it porpammoit (Juist PyHKUMI ABYX HATYPaJIbHBIX apI'yMEHTOB C PALMOHAJILHBIMU
3HAYCHUAMH). MOXET CIYYUTHCS, UTO k-5 IporpamMma He 3a/1aéT MepeUrc/IIMYIO CHH-
3y HOJyMepy (BBIUMCJISIET HE BCIOJY ONPEACJIEHHYIO (DYHKIMIO, WM 3Ta (QYHKIMS HE
MOHOTOHHA II0 BTOPOMY apryMEHTy, WA CyMMa IIPE/ICJIOB OOJIBIIE €TIHUIIBI).

[Monoxkenue cracaeT Takas

Jlemma. Besikyio npoepammy P ons ¢hyuxyuu 08yx Hamypanvuuix apeymenmos c
HEOmpuyamenbHolMU PAYUOHATbHLIMU 3HAYEHUSIMU MOJICHO ANI20PUMMUYECKU Nnpeod-
pasosamy ¢ npozpammy P, komopas svruucinsem eciody onpedenénnyio pyHkyuwo moeo
Jice muna, 3a0ar0uyo HeKOMopyr nepevuciumyto cHusy noaymepy. Ilpu smom, ecnu
cama npozpamma P 3adasana nonymepy, mo nosas nonymepa (coomeemcmeyowast
P") pasna cmapoii.

Hokazamenscmeo. Ilycte P — nmanHas HaM niporpaMMa (He 00s3aTeIIbHO BCIOZTy OII-
peneiéntasn). i Hayasa noaoxuM P’ (i, n) paBHBIM MAKCUMAJILHOMY U3 HEOTPHULATE b~
HBIX YKCEJI, KOTOPhIE TIOJIyYaloTCs 3a N 1IAroB Mpy BhluMcsieHnu 3Havenuit P (i, 0), . ..
..., P(i,n) (ecom 3a n waroB HY OJHO U3 BHIYMCJICHWI He NaET pe3yJibTaTa WM BCe
Pe3YJIBTATH OTPHIIATENbHEL, TO P’ (i, n) = 0). DTo y*Ke rapaHTHpyeT BCIOAY-OIPeIe/ICH-
HOCTE P’, a Takke HEOTPHIIATEIBHOCTh M MOHOTOHHOCTH II0 BTOPOMY aprymenty. [Ipu
9TOM, ecr (JIIs AaHHoro [) 3Hadenus P (i, n) onpejeseHsl IpY BCEX N1, HEOTPHIATEIb-
Hbl U He yOBIBAIOT 110 1, TO lim, P'(i, n) = lim, P(i, n).
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Ham em¢ HykHO, YTOOH ) p,f <1, rae p; = lim, P'(i, n). JIsIa Ha4as1a 3aMeTUM, 9TO
MOKHO 10J1arath P’(i, n) paBubiM HyJIO 1Ipy Beex 1 < . (SIcHo, 4To Takoe npeodpaso-
BAaHUE HE HAPYIIUT MOHOTOHHOCTH U He U3MenuT npeaesa lim, P'(i, n).) Cymma P'(i, n)
O BCEM | NpY (PUKCUPOBAHHOM 1 TETIepb OyJeT KOHEUHOM, 1 €€ MOXHO BHIUMCINTh. Ham
HYHO, YTOOBI 9Ta CyMMa He TIPEBOCXO/VIA eTMHVITH. UTOOBI STOro JOOMThHCS, IIPHHY-
JUTEIBHO CKOppekTupyeM P’: mepecraneM ypeqmuamBate P’ ¢ POCTOM 1, KaK TOJIBKO
TAKOE YBEJIMUECHHUE CJEIAeT CyMMy CJIMIIKOM Oospmiof. (Criepsa MBI KOPPEKTUPYEM BCE
3HaueHus npu n = 0, notom npu n =1 u Tak nanee.) Jlemma nokazaHa.

(AnanorryHast jieMMa BEpHA M ISl IIPOM3BOJIBHBIX IIEPEUMCIMMBIX CHI3Y (DYHKITVIA,
HE 00513aTeIbHO HEOTPUIIATEIBHBIX; BMECTO HYJIS HAT0 MCIOJIB30BAaTh 3HAYCHHE —oo.)

Hcrosp3yst JieMMy, MBI MOXXEM PACIIOIOXHUTh BCE TIEPCUMCIIVIMBIEC CHU3Y ITOJyMEPHL B
BBIUMCIIMYIO TIOCJIE/TOBATEIFHOCTD 1 32TE€M CIOXKWUTH UX € KOX(PPUITMEHTaMH, [OTyINB
HAUOOJIBIIYIO TIOTyMEPY M TEM CAaMBIM 3aBEPIIVB JIPYTO¢ 0KA3aTEIbCTBO TEOPEMBI 47.

QurcupyeM HEKOTOPYIO HAaMOOJIBIIYIO TIEPEUNCIIUMYIO CHI3Y TIOJIyMEpY, KOTOpPYIO OY-
JeM o0o3Ha4Yath m. 3HaueHWe m (i) STOU TOJyMEpH Ha 9ucJic i MBI OyJeM HAa3bIBaTh
anpuopnoii geposimmuocmpio uucya i. CMBICJ CJIOB «AlIPAOPHAsl BEPOSITHOCTH» TAKOW.
ITycTh MeeTcsl HEKOTOPOE yCTPOMCTBO — UEPHBIN SIIMK, P BKIIOYCHUN KOTOPOTO Ha
BBIXOJE MOXKET IOSIBUTHCSI (UEPE3 HEKOTOPOE BPEMSI) HEKOTOPOE HATYPAJIBHOE UMCJIO.
He 3Hast HUYero o0 yCrpoiiCTBe sIIMKA, Mbl XOTUM /IO €r0 BK/IOYeHust (@ priori, Kak
cKazaym OBl (PMI0CO(BI) OIEHUTH CBEPXY BEPOSTHOCTDH IOSBIICHUS HA BHIXOJIC 9WCia i.
Tak BOT, eci ANMK CINTATH BEPOATHOCTHOI MAIMHOM, a B Ka4eCTBE OICHKN BHIOPATH
qucyio m (i), TO Mbl HE CWJIPHO 3aHM3AM OLEHKY (MakCUMyM — B KOHCTAaHTY pa3).

Kak MBI yBUTMM, aripriopHast BEPOSITHOCTh YKMCJIA § TECHO CBSI3aHA C €T0 CJIONKHOCTHIO.
Ipybo roeopst, 0HA TeM OOJIBIIe, YeM YHCJIO TIPOINE. ITO YTBEPK/CHHEC MMEET BITOJTHE
TOYHBIA CMBICJI: MBI BCKOPE IIOKQXEM, YTO HECKOJIBKO MOAM(PULMPOBAHHASL CI0XKHOCTD
(Tak Has3bIBacMast «IpedrKCHASY CIIOKHOCTB) uucaa | pasHa — log m(i).

4.3. IlpedukcHpie MaNIHHBI

[NpedurcHas CII0KHOCTh OTJIMYACTCA OT OOBIYHOM TEM, 4TO MBI PACCMATPHUBAEM «Ca-
MOOTPAHMYEHHBIE OMMCAHUS»: JICKOAMPYIOLIEH MalMHE HE COOOLIAETCsI, I/ie KOHYAeTCs
OIMCAHKE, A4 OHA PEIACT 3TO CaMa. Ty MJCI0 MOXHO YTOUHSATH PA3HbIMU (M HE SKBU-
BJICHTHBIMHU) criocobamu. Mpl 00cyuM ux MoApoOHO jajee, a ceiiuac nmpuseaeMm ¢op-
MaJIbHBIE OIIpE/IeJIeHHS.

Ilycts / — (yHKLMS, apryMeHTaMu KOTOPOU SBJSIOTCA [BOMYHBIE CJIOBA. bynem
roBOpUTE, YTO (PyHKUMS [ SIBJSICTCS. NPEPUKCHO KOPPEKMHOI, SC/N BBILIOJIHECHO TaKOe
CBOVICTBO:

(f (x) ompenesieno) u (x — Havasio y) = f(y) onpeaesieHo u paBHO f(X).

Teopema 48. Cpedu npedukcHo KOppeKMHBIX CNOCOD0E ONUCAHUSA UMEEMCs ONMu-
MANbHBI.

<« HaHOMHI/HVI, YTO CIOCOOOM OIMCAHMS MBI HA3HIBAEM BbIYHC/IUMYIO q)yHKL[I/I]O, apry-
MCHTAaMH U 3HAQUCHUSIMHA KOTOpOfﬁ SIBJIAIOTCSA IBOUYHBIC CJIOBA. Tenepb MBI pacCMaTpPUBACM
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He Bee Takue (QYHKIMM, KaK PaHbIie, a JIAIb TPehUKCHO KOPPEKTHBIE, U CPABHUBAEM CO-
OTBETCTBYIOLIME MEPH CJIOKHOCTH (CJIONKHOCTh MO-TIPEKHEMY OIPEIeISIeTCs KaK JIJIMHA
KpaTuaiiiiero onucanus). Teopema yTBEPK/IAeT, UTO B KJacce NMPe(rKCHO KOPPEKTHBIX
Croco0OB OMMCAHMUS MMEETCS ONTUMAIBHBINA 4 3TOr0 KJjaacca cnocod D; onrumaiib-
HOCTh O3HAYAET, YTO JUISA JHOOOTO MpepuKCHO KoppekTHoro crocoda D’ mmeer MecTo
uepasercTBo KPp(x) < KPp (x) + 0(1).

3nech Mbl munieM KP Bmecro KS, 4roGbl MOJYEPKHYTh, YTO MBI PACCMATPHUBACM
TOJILKO TIPEUKCHO KOPPEKTHBIE CIIOCOOHI OMMCAHMSI, XOTS [UIsl JaHHoTro criocoda D oripe-
nesienue KP p(x) nnueM He orsmmvaercsa ot KS p(x).

Panpiite (1711 OOBIYHOI CJIOKHOCTH) OTNITUMAJIBHBINA CIIOCOO OIMUCAHUS CTPOLIICS TAK:

D(py) =p(»),
rae p — Kakoi-mbo OecripepuKcHBIA Kox cjoBa p (Hampumep, p = pO0l, roe B p
YABOCGH KaKABIK OMT cjioBa p), a p(y) — pe3yJbTaT MPUMEHEHUS] NPOrpaMMbl p K

BXOzly y (CJIOBO p HOHMMAETCs KaK IIPOIrPaMMa B HEKOTOPOM YHUBEPCAJIbBHOM SI3BIKC
TIPOT PAMMHPOBAHHUS) .

Byner sm D mpedukcHO KOppeKTHHIM? JIerko IOHATH, UTO HET, ITOCKOJIBKY CPEIH
MPOrpaMM p €CTh BCSIKWME, B TOM YHCJIE M HE TPehHKCHO KOppeKTHhle. Ecim kakas-To
HpOrpaMMa p HEKOPPEKTHa U, ckaxeM, p(0) = au p(00) = bnpu a # b, o D(p0) = a
u D(p00) = b, uro npoTuBopednT TpeOOBAHUIO KOppeKTHOCTU 1id D.

[TosToMy MBI TIpUHYMTEIFHO «CKOPPEKTUPYEM» IPOTpaMMBl M BMecTo p(y) Oynem
paccMarpuBarth [p](y), onpeaeseMoe Tak:

(1) IlapannespHO IIPUMEHSIEM IIPOIPAaMMy p KO Bcex cjioBaM. Kak ToJIbKO Kakoe-To
BBIUMC/ICHUE 3aKAHYMBAETCS, MBI BBIIFICHIBAEM €TO apryMEHT M pe3ysbTaT. [losydaem
HOCJIEIOBATEIBHOCTD 1D (i, Z;), y KOTOPHIX z; = p(¥;).

(2) Dra ToCTIeIOBATEIFHOCTD TIPOPEKUBACTCS C YIETOM TPeOOBAHUS KOPPEKTHOCTH.
YI00HO WCIIOIB30BaTh TAKYI0 TEPMUHOJIOTHIO: CJOBA Yy U ¥’ CO8MeCmHbl, SCU OfTHO U3
HUX SIBJISETCS HAaYaJIoM JPyroro (paBHOCWIIBHAS (DOPMYJIMPOBKA: €CJIM 00a OHU SIBJISIOT-
Cs1 HAYaJIOM HEKOTOPOTO TPEThEro €jI0Ba). [IpopekuBaHME COCTOUT B CJICLYIONIEM: €CJIH
Kakas-to napa (i, z;) IPOTHBOPEYMT OJHOM W3 HPEeAbAYmMX rmap (y;,z;) npu j < i,
TO OHa BhIOpachiBaerca. CJI0BO «IIPOTUBOPEUMI» O3HAYAET, YTO Y; COBMECTHO C Y, HO
z; # zj. (3aMeTUM, YTO MOKXHO OBUIO OBl CPaBHMBATH OUEPENHYIO APy TOJBLKO C HEBHI-
OpOIICHHBIME HIAPaMHU (¥}, Z;), HO 3TO HE BAKHO.)

(3) Bce a1ty nocTpoeHus He 3aBUCSIT OT BXoja y. Beruncisia [p](y), MBI oxxnjgaeM
HOsIBJIEHUS (HEBBIOPOIIEHHOM) mapsl (¥;, Z;), y KOTOPOH y; sIBAseTcs HavasaoMm y. Kak
TOJIBKO TaKasl I1apa HOSIBJISIETCS, Mbl BBIIAEM Pe3yJIbTar z; B Kadectse [pl(y).

Jlerko MOHATE, 9TO KakoBa OBl HU ObLIa Iporpamma p, GyHKIWMS y — [p](y) saBis-
ercsl npepMKkcHO KOppekTHoil. B camom jene, mycts [p](y) = z. OTo 3HAYUT, 4TO B
«IPOPEKCHHOIM» TOCIEI0BATEIBHOCTA BCTPETIIACH Tapa (y;, ), TAe y; SBJISLCTCS Hada-
Jom cyoBa y. Tlycth Teneps y sipisieTcss HadajgoMm ciosa y'. [pu Beraucienvm [p](y”)
MBI TAKKE MOXKEM BOCIIOJIb30BATHCS MApoit (y;, z). BoJiee paHHue (HEBHIOPOIIEHHBIE) A~
pol (yj,zj) HAM JMOO He TOMOMIYT (€C/IM y; HE COBMECTHO C y;, TO y; HE MOXET OBITh
HayajioM cJIoBa y'), MO0 TamyT TOT e Pe3yibTaT (€CIM y; COBMECTHO C y;, TO Z; = Z;).

Ecrm nporpamma p ¢ camoro Havdasa Oblia IpeHMKCHO KOPPEKTHOH, TO €€ KOppeK-
THPOBKA HUYETO HE MEHSET, TO ecTh [p](y) = p(y) mpm Bcex y. B camom nene, BHIOpO-
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TICHHBIX TIap He OyeT, U 3HadeHue [p](y) COBMAAET co 3HAUCHWEM p HA CAMOM CJIOBE ¥
WM Ha KaKOM-TO €r0 Hadayie (UTO OTHO ¥ TO K€ B CHJIy KOPPEKTHOCTH p).

Ocralioch IPOBEPUTH, YTO MOCTPOCHHBIN crlocol onucanust D sipsisieTcst NpedUKCHO
KOPPEKTHLIM U ONTUMAJIBHBIM (B KJIACCE NMPEPUKCHO KOPPEKTHDIX).

B camom mene, Mel gomkEB cpaBHUTE D(pry) u D(pry,) B ciiydae, korma ppy
SBJISCTCS HAYAJIOM pry,. B »TOM ciyuae p; m p, (Oyayum Hadajamu cjioBa p,Yy,) Co-
BMECTHHI, W 10 CBOICTBAM Oecrpe(MKCHOTO KOAUPOBAHUA p; = p,. ClenoBatesbHO, )y
€CThb HAYIO }», M MOYKHO BOCIIOJIB30BATHCSI KOPPEKTHOCTBIO [py] (WM, 4TO TO XK€ ca-
Moe, [pa]).

Koppektaocts D mokazana. ONTAMAJIBHOCTD BHITEKAeT W3 TOTO, 4TO [p](y) = p(¥)
JUTSL KOPPEKTHOTO P, ¥ TIOTOMY TIEPEXO]T OT MPOU3BOJIBHOTO KoppekTHOTO [’ (¢ mporpam-
MO p) K D yBeJmamBacT CI0XKHOCTh He Oojiee 4eM Ha JJIMHY CJIOBA p. b

OUKCUPOBAB MIPOMZBOJIFHBIM 00Pa30M OITUMATBHBIN TTPEePUKCHO KOPPEKTHHINA CII0CO0
OITVICAHUS, MBI OITYCKAEM MH/ICKC U FOBOPUM O npeurcHoil croscrocmu KP(x) ciosa x.
Kak 00b19HO, HaZI0 IMETH B BU/TY, 9TO 3aMEHA CHOCO0A OMMCAHUS MPUBOJUT K M3MCHEHUIO
(yHKIMHM C10XHOCTH (HO TOJIBKO HA OIPAaHMYEHHOE CJIAragMoe).

CyliecTBYeT M ApPYToit BAPUAHT ONpPEACIeHUsT MPEe(PUKCHOM CJI0KHOCTH, B KOTOPOM
TpeboBaHMe KOPPEKTHOCTH 3aMeHSeTC s Ha Jipyroe. ByeM Ha3pBaTh (DyHKITNIO, apTyMeH-
TAMU KOTOPOH SBJISIOTCS TBOMYHBIC CJIOBa, OecnpeurcHoil, eCiin HUKAKKe [IBa CJIOBA B
e€ obacTu ompe/esieHs He CpaBHUMBI. Ecim GecripedpukcHast (hYHKIWSI oIlpesieicHa Ha
KaKOM-TO CJIOBE, TO OHA YK€ HE MOKeT ObITh ONpe/e/ieHa HM Ha ero Havajax, HA Ha ero
MPOJOJIKEHUAX.

Bynem paccmarpuBaTh Terieph TOJIBKO OecHpedhrIKCHBIE CIIOCOOBI OITUCAHUS, TO €CTh
OecrpePKCHBIC BRIYMCIMMBIE (DYHKIIAV, apTyMEHTAMU W 3HAYCHUSMU KOTOPBIX SABJISIOT-
Csl IBOMYHBIC CJIOBa. J1J1s HUX CIIpaBe/JIMBa TEOPEMa, aHAJIOTHIHAS TeopeMe 48:

Teopema 49. Cpeou GecnpeghurcHbix cnocobo8 OnUCaHlst UMeemcst ONMUMATbHbII.

<« JloKa3aTesibCTBO CJIEAYET TOH %Ke CXeMe, HO KKOPPEKTUPOBATH» MPOIPAMMBI CJIETY-
eT vHave. I KaK/I0i IIPorpaMMel p mocTporM GecriperkcHyo GyHkimmo y — {p}(y)
CJIeTyIonmM 00paszoM:

(1) Kak u panslie, napajuieJIbHO IPAMEHSIEM p KO BCEM BXO/aM, IOJIydasl [IOCIIE/I0-
BATEJILHOCTh 11 (¥i, Z), Y KOTOPHIX z; = p(¥;).

(2) Dra noc/e10BaTeNbHOCTD IPOPEKUBAETCS: €CJM B KAKOH-TO mape (¥;, z;) CJIOBO
Vi COBMECTHO C KaKMM-TO U3 Hpeabliymux y; (upu j < i), T0 3Ta 1apa BHOPAChIBACTCA.

(3) Hanee, uMest BXOM ¥, MBI OXI/IAEM TIOSBJICHUs! (HEBBIOPOILICHHOM) APt (y;, Z; )
C HEPBBIM WICHOM y; = y. Bropoit wien »roit mapst u Oyzmer {p}(y).

Jlerko niposeputh, uto dyHkimMs y — {p}(y) smasercs decnpedrKCHON U YTO OIMK-
CaHHOE NPe0OPA3OBAHME OCTABJISIET HETPOHYTHIMU OecripepuKCcHbIE (DyHKIMM.

Jlajee paccy’xJeHUE B TOYHOCTH IIOBTOPSIET JOKA3ATEIbCTBO TEOPEMBI 48. B

Teneps MOXKHO (PUKCUPOBATH ONTUMAJIBHBIN OeCIPePUKCHBIN CIIOCOD OMMCAHMUS 1 pac-
CMOTPETh COOTBETCTBYIOLLYIO (DYHKIMIO cJIoskHOCTH (0003Haunm e KP').

Kakas e w3 Mep cioxnoct KP u KP' apiseTcs «IIpaBWIbHO»? ITO CKopee JIEI0
BKyca. MBI yBIMM BCKope (CcM. pasfcii 4.5), 4To Ha caMOM JeJie DTU MEPHl COBIA/a-
10T ¢ ToYHOCThIO J10 O(1) (4 COBHIAJIAIOT ¢ MUHYC JIOTApU(PMOM ATIPUOPHOIN BEPOSTHO-
CTH), TaK 4TO CKOpee CJEAyeT CIpaIFBaTh HE O TOM, Kakas Mepa CJIOXKHOCTHU JIydlle,
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a 0 TOM, Kakoe ollpejiesIeHue OoJlee eCTeCTBEHHO. JTO TeM 0oJiee BOIIPOC BKyca. ABTO-
paM TIPeCTaBJISETCS, YTO DOJIEe ECTECTBEHHO ONPEAEICHNE C TPEPUKCHO-KOPPEKTHHIMU
crniocobamu ornvicaHust (He 3psi MBI €ro IPUBE/IX MEPBBIM). BMecTe ¢ TeM B HEKOTOPHIX
paccyxkaeHusix (HaIpUMep, IIPU JI0KA3aTesIbCTBE TEOPEMBl O CJOXKHOCTU IIAPHI B Pas-
Jeje 4.6) UCIOJb30BaHUE BTOPOIO OIPEiesIeHHs MO3BOJIAET JaTh IPOCTOE M KOPOTKOE
JOKa3aTeJIbCTBO.

(00 ucropum nosiBieHUs MPE(PUKCHONR CJAMKHOCTH cM. [11]; oTMeTHM, 4TO B mep-
BBIX PYCCKMX ITyOJIMKALMSIX, HAYMHAsi C Juccepraiyu JleBuHa, HCHOJIBb30BAJIUCH IIpe-
(PUKCHO-KOPPEKTHBIE OIMCAHUSA, a YelTHH HCIojb30Bal OecipedrkcHbe. B coBpeMen-
HOI1 aHIJIOSA3BIYHOM JUTepaType [UIst IPE(PUKCHOM CJIOKHOCTU UCII0JIB3YeTCs 0003HAYECHNE
K(x).)

Hackouibko cpoiictsa 1ipedukcroit cioxknoctu (KP, KP') ormuaiorcs ot cBoiicTs
00praHOI? UTO M3 paHee M3BECTHBIX CBOYICTB OCTaéTcsa B crje?

o JIpexne BCEro OTMETUM OYEBUIHOE CBOWCTBO:
KS(xX) < KP(x)+01) u KS(x)<KP'(x)+ 0Q),

MIOCKOJIBKY OecIpedrKCcHEe M TPe(PHKCHO KOPPEKTHBIE CHOCOOBI OIVICAHWS, WIC-
HOJIB3yEeMBIC TIPH ONPE/ICICHIN MPE(GUKCHON CJOKHOCTH, SBJIAIOTCS YaCTHBIM CITy-
yaeM crioco0oB onvcaHus u3 onpeaesienns KS.

e Mui Busiesin, uro KS (x) < /(x) + O(1) (1ocTtaroyHo paccMOTpeTh TOX/IECTBEH-
HBIi1 C1I0cO0 ormcanmst). Tereph ATO paccysk/JcHUE He MPOXOIUT, TaK Kak TOX/Ie-
CTBEHHBI CIIOCOO OIMCAHWS HE SBJIIETCS HU OecipehIKCHBIM, HY IIPe(hHKCHO KOp-
pexrHbM. Kak Mbl nokaxeM B pasfesie 4.5, 3TO He CJIydaiHo: [JIs NpedUKCHOI
CJIOKHOCTH QHAJIOTUYHOE HEPABEHCTBO HEBEPHO.

e Tem He MeHee MOXHO J1aTh OLEHKU IPEPUKCHOM CJI0KHOCTM B TEPMUHAX /JIMHBL.
(Mt ciiertaem »1o s KP/, koHCTpyKImm it KP amamormanst.) JlokaxkeM, 910
KP'(x) <21(x) + O(1). B camoMm neie, crocob ormcanus D, oIIpe/ie/IEHHBIA
(popmyutoit

D(x01) =x

(X mostyuaeTcs yaBOEHHEM BCEX OUTOB B X), sIBJIAeTCs OecnpeUKCHBIM. BoiOupas
Oosiee FKOHOMHOE DecrpepuKCHOe KoaupoBanre £ BMECTO X01, MOXKHO MOIYy4UTh
U JIydllIie OLeHKU:

KP'(x) <I(x)+ 2log [(x) + OQ1)

HOJIYUUTCS, €Cn MoJIoXuTh X = bin(/(x))01x; nrepupyst 5Ty KOHCTPYKIIHMIO, T10-
Jlydaem
KP'(x) <1(x) +logl(x) + 2loglog I (x) + O(1)

1 Tak Jajice.

o CBOVICTBO HEBO3PACTAHMS CJIOXKHOCTH IIPH AJITOPUTMUYECKOM IIPe0oOPasoBaHIH OC-
TaCTCSI BEPHBIM:
KP'(A(x)) < KP'(x) + O(1)
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(KOHCTaHTa 3aBUCUT OT aJropuIMa A, HO He oT x). B camom jene, jerko mpo-
BEpUTH, YTO eciu D — GecripedrKCHEIN CrIoco0 OIMVICAHUsI, TO KOMIIO3ULIS X —
— A(D(x)) tarxxe siBiisieTcs 6ecrnperKCHbIM ClIOCOOOM ONuMcaHusi. 3aMEHUB CJIO-
BO «OecnpeprKCHBIM» HA «IIPE(UKCHO KOPPEKTHBIN», [0JIy4acM AHAJIOIMYHOE yT-
pepsxaeHre 111 KP evecto KP'. D10 CBOMCTBO MO3BOJISIET FOBOPUTE O IIPedUKC-
HO¥1 CJIOKHOCTH ITPOM3BOJIFHBIX KOHCTPYKTHBHBIX OOBEKTOB (T1ap CJIOB, HATypalb-
HBIX YHCEJI, KOHEUHBIX MHOXECTB CJIOB U T. II.), HE YTOUHSS CIIOCO0A UX KOJHUPO-
BAHMUSL.

Kak MBI yBUAMM, HEPaBEHCTBO ISl CJIOKHOCTY MAaphl CJOB C NPE(PUKCHOM CJIOK-
HOCTBIO yXe He TpeOyeT JIoraprdMIIecKon T0OaBKU:

KP(x,y) < KP(x)+ KP(y)+ O(1)

(Teopema 60 B pasmene 4.6, c. 112).

TTprMeHUM CBOKMCTBO HEBOBZPACTAHUS CJIONHOCTH ITPU AJITOPUTMUYECKOM IIpeodpa-
30BAHUM, B34B B KaueCTBE A ONTHMAJbHBIA COCO0 ommcanuss D s oObIYHOM
(1e mpepuKCHOIT) KOJMOTOPOBCKOI ciaokHOCTU. Ecym p sBjsercda kparvaitnmm
ormicanvieM x otHocutessHo D, To D(p) = x u I(p) = KS (x), mosromy

KP(x) = KP(D(p)) < KP(p)+ O(1) <I(p) +2logl(p) + O(1) =
=KS(x) +2log KS (x) + O(1).

Me! BocniosibzoBasiuch coiicteom KP(p) < I(p) + 2logl(p) + O(1), noxazan-
HBIM PAHEE; €CJIM UCTIOJB30BATh 00JIC€ TOYHBIC OLEHKHU, TO MOJTYyYUM HEPABEHCTBO

KP(x) < KS(x) + log KS (x) + 2loglog KS (x) + O(1)

W aHaJIOTUYHbIC ¢MY HCPAaBCHCTBA.

4.4. OTCTYHJICHI/ICZ MaluHbl ¢ CAMOOTPAHHYCHHBIM BXOJI0M

DTOT pa3zicyI IIOYTH HE UCIIOJb3YETCHd B TAJIBHEHIIIEM. Mzl monbITaeMcst IpoaHaIm-

3MpOBaTh W/CIO «CAMOOTPAaHIMYCHHOIO» BXO/Ia M ¢€ BO3MOXKHBIC YTOYHCHIISI, TEM CaMBIM
MOTHBHPOBAB OHpe/IcIeHIs NPe(GUKCHO KOPPEKTHHIX 1 OECTIPE(PUKCHBIX CIIOCOOOB OIH-
caHusl.

OOBIYHO, ITOJ]aBasT HA BXO]] MAIIMHBEL JBOMYHOE CJIOBO, MBI YKA3bIBAEM HAYAJIO M KO-

Hell 3Toro cjaosa. Hampumep, mpu onpefesieHMN BBIYMCJIHUMOCTY HA MalivHe ThlopuHra
OOBIYHO TPEAOJIAraloT, YTO MAIIMHA W3HAYAIBHO BUIUT MEPBBII CUMBOJ CJIOBA, a KO-
HeIl CJIOBA OTMCUEH CIICNWATHFHBIM yKazaTesieM (VMM MOKET OBITh, HAIPUMEpP, CHMBOJI
«IIpo0esT», KOTOPHI WAET 3a MOCIICTHAM OUTOM CJIOBA).

FOBOpH O CaMOOI'PAaHNYCHHOM BXO/I€, MBI UMCEM B BU/lY HCCKOJIBKO JIpYTYIO CHUTya-

1IIO: MAalIHA TOJIyYaeT OUTHl CJIOBA OJIMH W3 JPYTUM (CJIeBa HAIPABO) W B HEKOTOPBIA
MOMEHT BBIZAET OTBET.
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4.4.1. BecnpedukcHbie GyHKLMU

BoT 01HO U3 BO3MOXKHBIX YTOYHEHWiA. ByaeM cuMrarh, YTO y MalWHEL, TIOMUMO pa-
OO0uYeil JICHTHI, €CTb @XOOHAsl JIeHmA, HA KOTOPOil MMEeeTCsl OJHOCTOPOHHSS UMTAIOLIAs
rojioBka. KpaitHss JieBas KJeTKa JICHTBI COACPKUT CHELIMAIBHBIA Mapkep #, crpasa OT
KOTOPOTO 3almicaHa OeCKOHEYHasl TI0CJIe/IOBATE/IFHOCTD HyJiei u eauHmr] (puc. 4.2).

# 0 1 0 0 0 1

]

Puc. 4.2. OaHOCTOPOHHSAS UMTAIOIIAsl FOJIOBKA HA BXO/JHOH JICHTE.

W3HayasipbHO yuTaonias rojoBKa CTOUT y JIEBOTO Kpasi JIEHTHl (M BUJIAT CHEIMAIbHBIIA
Mmapkep). [lopeenue mamumnasl ThiopyHra ONPEACISICTCS CUMBOJIOM, KOTOPBIA BUAUT YU-
TaoIas TOJIOBKA, a TakkKe (KaK BCETAa) CHMBOJIOM, KOTOPBII BITUT IOJIOBKA Ha padodeit
JieHTe. B 3aBHCHMOCTH OT 3THX CHMBOJIOB M TEKYILETO COCTOSHUS MAIlMHA TIPeANPUHAMA-
€T TO WIU MHOE ACHCTBHE. DTO JENCTBUE COCTOUT B U3MCHEHUM BHYTPEHHEIO COCTOSIHUS,
3aIFICK HOBOT'O CHAMBOJIA Ha PabOodYeii JIEHTE, a TAKKE MOKET BKJIIOUATH B CeOs CABWAT Ha
paboueit JIeHTe U CBHT BIIPABO UMTAIOIIEHN TOJIOBKU. Pe3ynpTaT paboTHl MAllHBI OORY-
HBIM 00PA30M 3aIMCHIBACTCS HA padoueil jieHTe (M3HAYAIBHO IyCTO#).

[Mycts M — takas manmna. Byzem 3aryckarh e€ Ha BCeBOBMOXHBIX BXOJIHBIX JICHTAX.
Kax TOJIBKO MalllMHA OCTAQHABJIMBACTCS, MBI 3AIVCHIBACM /IBA CJIOBA: Ty YaCTh BXOTHOMH
JIEHTBI, KOTOPYIO OHA YCIIEJIA IIPOYECTh (CJIOBO X ), U pe3yJibTaT padoTel (y). MHOXECTBO
MOJIYICHHBIX TakuM oOpasoM mmap (x,y) obosmaumM I'p. Ecim 1gBe pasimdHble mapsl
(x1, m) u (X2, y2) mpuHauexkar [y, TO cI0OBa X; M X; HECPAaBHHUMBL. B camom fere,
€CJIM X; SBJIICTCS HA4aJIOM Xp, TO BBIYMACJICHUE C X3 HA BXOJE JIOJIKHO IIPOTEKATh TaK
e, KaK M BBIUMCJICHHE C X; (ITOCKOJIBKY CHMBOJIBI HAa BXOJE TE e) M BMECTe C HUM
JIOJDKHO 3aKOHUMTHCS. T1oaTOMYy ¥1 = ¥2, @ €CJI X1 7 X, TO YacTh CJIOBA Xy OCTAHETCsI
HEMPOYUTAHHON, YTO MIPOTHUBOPEUMT OIpe/IeIcHII0O MHOKeCTBa [Mpy.

B wactHOCTH, TIepBbHIE WIeHH BeexX nap u3 [y pasmmaHsl, nosToMy 'y 3amaét Heko-
TOPYIO (PYHKIIMIO Y, APTYMEHTaMU U 3HAYEHUSIMI KOTOPOIA SIBJISIIOTCS JTBOMYHBIE CJIOBA.
Bysiem rosoputs, uto Manmia M Oecnpegukcro sviuucisem >1y pyHimo. Jerko mo-
HSTh, 9TO (PYHKIVS Yj BBIUMCINMA B OOBIYHOM CMBICJIE: UTOOBI BBIUMCINTH Ypr(X),
Ha/J0 3anyctute M Ha X U 1OC/IE OCTAHOBKU JIONIOJIHMTEJILHO HPOBEPUTH, YTO TOJIOB-
Ka Ha BXO/IHOH JICHTE JIOHLIA 0 KOHLIA CJIOBAa X, HO HE BBIILIA 32 €ro mpeiessl. Scuo
TaKkxe, 9T0 (PYHKIMS Yy SBISICTCS OecrpedukcHoil (JIoOBIe 7Ba CJIoBa W3 €¢ 00JIacTH
oTIpe/ieicHNsT HecpaBHUMBI). BepHO M oOpaTHOE yTBep:K/eHHe:

Teopema 50. Jiobas becnpegurcras avraucaumas (ynxyus 6ecnpepukcro eviuu-
CUMA HEKOMOPOU MAWUHOL.

<« OTO yTBEpX/ICHIE BOBCE HE CAMOOYCBU/IHO, TIOCKOJBKY MalmHa [, BRIYMCIISIO-
mast (B OOBIYHOM CMEBICJIE) HEKOTOPYIO OecnpedrKCHYIO (PyHKIHIO f, 3HAeT, I7e KOHYa-
€TCSI BXO/I, ¥ MOXET WCITOJIb30BaTh ATy MHGpopMaImio. TeM He MeHee OHO BEPHO: €CJIH
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yarims f 6ecripepUKCcHAs, MBI MOXXEM TOCTPOUTH JAPYTYIO ManmHy M, 11 KOTOpoit
™=/

Dro nenaercs ciaeayonmM odopazoM. Maimua M Ha paboueii JieHTe NMapajuiesibHO
MOJIC/IMPYET BBHIYMCJICHWS] MAlIMHBl F HAa BCEX apryMeHTax, BPeMsi OT BPEMEHM 4YHTas
Ouepe/IHble CHMBOJIbI HA BXOJ/IHOM JieHTe (KOIJa MMEHHO DTO HYXXHO JIeJIaTh, OIIMCAHO
Hke). [Ipy TosBICHNM HOBOI MApH CJIOB X, ¥, JUTIA KOTOPHIX f(X) = y, MBI CpaBHUBA-
€M X C y¢ IIPOYMTAHHON JacThIo BXo/a (BHaYasIe oHa IycTa). Ecim npounTanHas 9acTh
BXO71a HE SIBJIAETCS HAYAJIOM X, TO MBI HE JIeJIaeM HAYETO (U IIPOIO/DKAECM ITOPOXKAATD IIa-
pht ciioB). Ecum rpountaHHast yacTh COBIAAAET C X, TO Mbl OCTAHABJIMBAEMCS U BBIIAEM
Ha BXo y. Eciin ke npounTtanHasl 4acTh SBJSIETCS! COOCTBEHHBIM HAYaJIOM CJIOBA X, TO
MBI YMTaeM CJICTYIONNI OUT BXO/a U ITOBTOPSIEM CPaBHEHHE — 70 TEX 0P, IIOKa MBI HE
MIPOYTEM Ha BXO/IC JIMOO CaMo CJIOBO X (B ATOM ciydac M OCTaHABJIMBAECTCS C BBIXO/IOM
¥), JIMOO KaKoe-TO CJIOBO, HE SIBJISIOIIEECS HadaIoM ciioBa x. Ha aTom 00padoTka mapst
(x,y) 3aKaHUMBACTCS, U MBI SKAEM MOSIBJICHUS CJIETYIONIEH NapHL.

Kak BBITJISLIUT DTOT NMPOLIECC BhIUMCIeHUs? BHavasie Ha BXojie HE NPOYUTAHO HUYETO.
Korpa nossisercs nepsas napa (x,y), Mbl CMOTPUM, I11yCTo Jii x. Ecim ga, 1o (Tak
HUYETO W He TIPOYTS Ha BXOJie) TeYaTacM Ha BHIXO/IC ¥ W ocTaHaBimBaeMcs. Ecym Her,
TO 9MTAEM BXOJI JI0 T€X I10P, ITOKa JIMOO He IPOUTEM BCE X, JIMOO HE OTKJIOHMMCS OT X (TO
€CTh IIPOYTEM KyCOK BXO/Id, KOTOPBIN HE SIBJISICTCS HadaJIoM CJIoBa X ). B mepBoM ciydae
MBI TI€YaTaeM Ha BHIXO/IC Y M OCTAHABJIMBAECMCS, BO BTOPOM 3aKaHYMBaeM oOpaboTKY mapsl
(x,y) ¥ KIEM NOSABJICHUS CJIETYIOIIEH Naphl.

®opMasIbHO FOBOPSI, MHBAPUAHT, KOTOPBIA BBIIIOJHEH 0C/e 00PabOTKM HECKOJIbKUX
rmap, TakoB (00603HAYMM MMPOYMTAHHYIO YacTh BXOJa Uepe3 r): JIMOO

(1) f(r) ompenesieHO, MalllMHA 3aKOHUIUIA pabOTy W BHIAJIA HA BBIXON [ (7), JMOO

(2) r He ABISETCS HAYAIOM CJIOBA X HHU IS KAKOM W3 OOHAPYKEHHBIX TIap (X,y),
HO BCSIKOE COOCTBEHHOE HAYAJI0 7' CIIOBA ¥ SBJSIETCS COGCTBEHHBIM HAYAIOM OJHOTO W3
Takux cja0B. (CoOCTBEHHOE HAYaI0 — DTO HAYaIo, HE COBIA/AIONIEE CO BCEM CIJIOBOM.)

Hcnosp3yst 3TOT MHBAPUAHT, JIETKO 3aBEPLUIMTH (POPMAIbHYIO IPOBEPKY, HO MBI BME-
CTO 3TOrO [OYEPKHEM OCHOBHYIO M/CIO: €CJIM MBI Y€ [IPOUWIN HEKOTOPOE CJIOBO F, U
BBISICHUJIOCH, 4TO (DYHKLMS f OIpe/iesieHa HA HEKOTOPOM COOCTBEHHOM IIPO/IOJIKEHUU
cjoBa #, TO 3aBeloMo f(#) He ompeneseHo, W TIOTOMY MOXXHO IPOYECTh CIETYIONTHi
OUT BXO/la, HE OIACcasICh IIPOYCCTH JIMIIHEE. P

DaKkTUYECKN Ta K€ MOJISJIb BBIYMCJICHHI MOXET ObITh OIUcaHa B 00Jiee MPUBBIYHBIX
JUls nporpaMmMucToB TepMuHax. IlpejacraBum cebe nporpammy, KOTOpast UCIOJIb3YeT Ofle-
parop

b := NextBit

I1py BBHIOJIHEHNH 3TOTO OnepaTropa padoTa MPOrPaMMBbI IPUOCTAHABINMBACTCSI, HA SKPAHE
MOABJIETCS HAAMUCh «Beeaure ciaeayomuit Outy. Korma kaveHT 370 geaeT (CKaskeM,
HaxaB kiauiy «0» wim «1»), COOTBETCTBYIOLIMIT OUT HIOMEIACTCS B IEPEMEHHYIO D, 1
paboTa MporpaMMBl IIPOAOJIKACTCA.

Kaxofi Takoii IporpamMmme cooTBETCTBYyeT (hYHKIMs: e€ apryMeHT x OUT 3a OMTOM
cooOLIaeTcs IporpaMMe B OTBET Ha €€ 3allpochl; 3HAYEHME PABHO y, €CJM LIporpaMMa
HarevyaTaja y 1 OCTAaHOBWJIACH, TPHU DTOM 3AlIPOCHB BCE OMTHI CJOBA X M TOJBKO WX.
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(Ecim oHa 3amnpocwia cIeAyIomMii OuT, IIpouTst BCE CI0BO X, WIA HEJOy3HaJla OUTBI
STOTO CJIOBA, TO X HE BXOAWUT B 00JIACTh ONpeseseHns (DyHKIINN. )

Anantypysi NpuBeJEHHBIE BBIIIE PACCYXJICHUS, JIETKO MOKA3aTh, YTO (DYHKLIMM, CO-
OTBETCTBYIOLIME TAKMM IIPOrPAMMaM — 3TO B TOUYHOCTH BBIYMCJIMMbIE Oecrpe(rKCHbIC
¢ysxinm. (CIOBUT TOJIOBKM Ha BXOJHOII JIGHTE B TOUHOCTH COOTBETCTBYET 3aIIpocy Clie-
JIyIOIIlero owra.)

4.4.2. Ilpe(pMKCHO KOppPEeKTHbIE (PYHKIUH

Ecte u npyras, OoJiee IpUBBIUHAS CxeMa PAabOTBHI MPOrPaMMBI, MOJIYYAIOLIEH CBOMH
BXOJ] OUT 3a OWTOM (IIPMYEM KOHEI] BXO/la HUKAK He OTMcuaeTcs). Bymem cumrath, 9to
KJIMeHT HAOMPACT BXOIHOE CJIOBO, HE JIOXUIASICH 3allpOCOB, HAKMMAS HA KJIaBHATYpe
ximaBuim «0» 1 «1» (M HUKax He 00o3HAuYas KOHEI[ BXomaa). HaxaTele M KJIABUIIM 3aIIo-
MHHAIOTCSI ¥ TIOCTYNAIOT B MPOrpPaMMy IO TPeOOBAHUIO.

OuepenHOl OUT YUTAETCS KOMAHAOM

b := NextBit

I[TomMuMoO HeE, ecTh KOMaHIA
b := NextExists

OHa TIO3BOJICT BHIICHWUTH, MMECTCSA JIA B OYCPETN HAKATHIX KJIABWIN €ME He MPOYr-
tapHasg. ClieMyeT YTOYHWUTh TAKXKe, YTO MPOHCXOMUT, CCIIM IIPY BBHITOJHEHUN KOMAaHIbI
NextBit ouepenph HaKaTBHIX KJIABHII ITycTa. MOXHO CUMTATh, YTO DTO BEAET K aBapuw,
a MOXKHO CUMTaTh, YTO pab0OTa BCETO JIMIIb MPUOCTAHABJIUBACTCS A0 MOSBJICHUS CJISAY-
ouero o6urta (Haxatus ciaenymooweit kiasmim). Kakoit w3 3Tux BapuaHTOB BHIOpATh, HE
WMeeT 3HAYCHUSA, MOCKOJBKY MOXKHO JOKUIATHCS TOSBJICHUS BXOJHOTO OWTa, TIPEX/e
YeM ero 4mTaTh. s 5TOro Hy>)KHO HAIMCATH 9TO-TO BPOJIC

while not NextExists do {nothing};
b :=NextBit

IIporpaMMucTsl OBl Ha3BAJIM OMKCBHIBAEMBIN B 3TOM Pa3Ae/ie MEXaHU3M JOCTYIA K BXOIY
«HEOJIOKUPYIONIMY UTCHVEM B OTJIMYME OT paHee PacCMOTPEHHOTO «OJIOKHPYIOMIETO».
HeGsokmpyioree 9TeHne Mo3BoJIsIET IPOrpaMMe IIPOI0JDKATh BHYTPEHHIO padoTy, Off-
HOBPEMEHHO CJIE/IS 32 BXOJOM WM OXKU/Iasl MOSBJICHUS TaM HOBOT'O CHMBOJIA.

IIpu 3TOM BO3HUKAET OUEBHAHAS MpoOJIeMa: BOOOIIE TOBOPS, BEIXOJ TETEPh 3aBUCHT
HE TOJIBKO OT BXOJHBIX OUTOB, HO TaKX€ M OT MOMEHTA, B KOTOPBIA OHM OBLIM MOAAHBI
Ha BXO/I.

Hazoeém nporpammy xoppexkmHoi, ecim JiIs He€ pe3yJsibTaT padOTH HE 3aBUCHT OT
MOMEHTOB HAKaTWS KJIABHIIL: /IS JTAHHOTO BXOJHOTO CJIOBA X JIMOO padoTa MpOrpaMMEI
HE 3aKaHYMBACTCSI, B KaKM€ MOMEHTHI €r0 HHM TOJaBaif, MO0 BCETia 3aKAHIMBACTCS C
OJHUAM U TEM K€ Pe3Y/bTATOM.

Kaxx10i1 KOppeKTHOI ITporpaMMe COOTBETCTBYET YacTHUHAs (PyHKLUs (3aBUCUMOCTD
BBIXO/Ia OT BXO/a).

Teopema 51. (a) Ima ynxyus sviuuciuma u s671semcst nPehUKCHO KOpPeKmHoil.
(6) Jlrobast npehukcHo KOppeKmHast 8bINUCTUMAST (DYHKYUSI COOMBEMCMBYEM HEKOMO-
POl KOppeKmHol npozpamme.
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« (2) BprumcimMocTh (PYHKIMA OYCBUIHA: €CJIM €CTh IIPOrpaMMa, BHIUMCIISIONIast eé
B ONMCAHHOM pekMMe (BXOJ TIOMAETCS 1O JacTsM), TO eCTh U MPOrpaMMa, BHIUYMCIISIO-
wast e€ B 0Obr4HOM cMebIciie. [IpoBepnM mpeduKcHY0 KOPpeKTHOCTh. [lo onpexnenenuro
(pazmest 4.3) MBI TOJIXKHBI I0KA3aTh, YTO €CJM KOPPEKTHAS MPOrPaMMa BBLAAET BBIXOA ¥
Ha BXOJIe X, TO OHA TafT TOT e BBIXOI U JUIA BXOJa X', SBJIAIONIETOCS TPOTODKEHAEM
Bxo7ia X. B camom fese, mpocseM 3a paboToi porpaMMbl Ha Bxoje x. 1o mpeamosio-
KEHHUIO OHA HAIleYaTaeT y W OCTAHOBUTCA. B caMblil mocjieJHAII MOMEHT, KOT/Ia MalllVHa
yKe BCE caesiana 1 coOMpaeTCst OCTAHOBUTHCS, TO0ABUM K BXOAY X HEJOCTAOIMIMIL 10 X’
KyCOK. JTO y*e He MOBJMSCT HAa PaboTy MPOrpaMMBI, U OHA MO-TIPEKHEMY HalleuaTaet
y mipu Bxozie x'. B cuity KOppeKTHOCTH Iporpamma OyeT IeYaTarh CJI0BO Y TIPH JII0OOM
JPYroM BHIOOPE MOMEHTOB HAXKATHS KJIABHII JUTsT OYKB U3 X'.

(3ameyanme B CKOOKax: Ha CAMOM JIeJIE CIIEIKa TyT HY>KHA JIMIIb IS HATJISTHOCTH,
BE/Th MBI MOKEM HaKaTh OCTABIIVECS KIABHIIN 1 IIOCJIE 3aBEPIICHUS PAOOTH IIPOI PAMMBL,
OTIpE/IC/ICHHE TOTO HE 3alrpeniaert. )

(0) Tokaxem, uTo 151 1000 MPEPUKCHO KOPPEKTHOM BBIYUCIMMON (DYHKLIUM MOJX-
HO TOCTPOUTH COOTBETCTBYIONLYIO rporpammy. Ilycrs f — takast pyHKUmSI.

KoppekTthas mporpamma feficTByeT cieayommM odpasoM. OHa Mapajuie/IbHO NpPH-
MEHSET [ KO BCEM CJIOBaM, a TAaKK€ PETYJISIPHO IIPOBEPSET, HE TIOCTYIUI JIM Ha BXOJ
HOBBIIl CUMBOJI (11 9mTaeT ero). Ecim BeIsicHUTCS, 9TO f(X) = ¥ JIJI1 HEKOTOPHIX X U ¥,
IIPUYEM TEKYIIEE CI0BO HA BXOJE PABHO X WM HEKOTOPOMY IIPOJOJDKEHUIO CJIOBA X, TO
HA BBIXOJ BHIAAETCS ¥ M pabOTa 3aBepIIacTCs.

Ecim f(x) =y, TO DTa nporpaMma BBIJIACT ¥, B KaKHM€ MOMEHTHI HE I10/1aBail OWTHI
cJ0Ba X Ha BxOA. B camoM pesie, eciid MOMOXAATh AOCTATOYHO JOJIO, TO CJIOBO X
Oy/IeT 110/IaHO LIEJIMKOM, a MojiejmpoBaHue f(X) 3asepurcs. B aror MomeHT MammHa
OCTaHOBUTCSI ¥ BBIAACT ¥, €CJIA OHa HE OCTAHOBWJIACh PaHbIIE. A paHBIIE OHA MOIJIa
OCTAHOBUTHCSL, eCI f (x') OKA3AI0CH OIPEICEHHBIM JIJISl HEKOTOPOTO HAYaia X’ BXOTHOMN
nocsenosaresibHoctn. Ho torpa x' sBisiercss Havagom X u f(x') HMOJBKHO PaBHATHCS
TOMY K€ CJIOBY ¥, NMOCKOJIbKY (pyHKUHMsI f NpedMKCHO KOPPEKTHA MO HPE/IOJIOKEHHUIO.
[TosroMy Ha OTBET 3TO HE IOBJMSET.

C sipyroi cropoHsl, eciu f (x) He onpejesieHo, a pyHkLust f npeUKCHO KOPPEKTHA,
To f(X') He ompemescHO W JUIA BCEX HAYAN CJIOBA X, MODTOMY pPabdOTa MAIIMHBL HE
3aKOHYUTCH. P

OTa TeopeMa MOKA3BIBAET, YTO KOPPEKTHHIM MAIIMHAM C HEOJOKUPYIOIMM YTEHH-
€M COOTBETCTBYIOT BBIYHMC/IAMBIE NPE(PUKCHO KOPPEKTHEIE (DYHKLMM M TOJBKO OHH, TEM
CaMbIM MOTHBHPYSI OIIpeAesIeHAe Pe(UKCHO KOPPEKTHON (DYHKLIVH.

JlokaxkuTe, 9TO CYLIECTBYeT AJINOPUTM, IIPeoOpasyoLiuii JIOOYIO [IPOrpaMMy p
OIMCaHHOro Bu/a (¢ koManjamu NextBit u NextExists) B Apyryo nporpammy p’ Toro
e BWIa, NPUUéM p’ Bcerna KOPPEKTHA M BRIYUCIAET TY K€ (QYHKIMIO, 9TO U p, €CJIn
MPOTrpaMMa p KOPPeKTHA. [YkasaHue. Bocnosb3yiTech KOHCTPYKUMEH U3 TOKA3aTeIbCTBA
TeopeMbl 51 B 00€ CTOPOHBI.]

(ITpouoskenue.) JlOKaKUIE, YTO TEM HE MEHEE HE CYLIECIBYET AJIIOPUIMA, KO-
TOPHI IO 33/TaHHO¥ TIPOTpaMMe p TIPOBEPSLI OB, SIBJISCTCS JI OHA KOPPEKTHOM. [Ykaza-
HHUE. DTO JIeJaeTCs OOBIYHBIM /UL TEOPUM BBIYMCIVMBIX (DYHKIIHI CTIOCOOOM: CBE/ICHHIEM
npo0sieMs! octaHoBKH. CM., Harpumep, [173].]
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4.4.3. HenpepbiBHble BbIYMCIUMbIE OTOOpPaKEHUS

CymecTByeT 1 pyras, 6ojiee aOCTpaKTHAsI MOTHBHPOBKA TOHATHS TTPEe(PUKCHO KOp-
pektHON QyHKIMM. OHA UCXOMUT W3 OOUICH CXEMBI ONPEC/ICHAS BBIYUCIAMOCTH JIsS
00BEKTOB BBICIINX TUIIOB, HO MBI M3JI0KUM €€ TIPUMEHUTEIFHO K KOHKPETHON CHUTYalluH
(y*e M Tak TOT pa3/ies — MPeTHA3HAYCHHBIN TOTONIHBIM YATATEsIsIM! — UpEe3MEpHO CKy-
4yeH). KopoTko roBopst, npeuKkCHO KOPPEKTHBIE (PYHKIIUM COOTBETCTBYIOT BBIUMC/IFIMBIM
HEIMPEPBIBHLIM OTOOPAXKEHHUSIM OUTOBBIX MOCJICIOBATEJILHOCTEI B HATYPAJIBHBIC YUCJIA C
JIOTIOJTHATEJIHHBIM 3JIEMEHTOM «HEOIIPeIeIEHHOCThY. Ceifac MBI OOBSICHIM, UTO MMEETCSI
B BUJIY.

PaccMoTprM MHOKECTBO Y. KOHEUHBIX M OECKOHEYHBIX JBOWYHEIX TIOCIICTOBATEIHHO-
creit: X == U Q. g KaKI0ro (KOHEYHOT0) CJIOBA X PACCMOTPHM MHOMKECTBO Xy €TI0
KOHEYHHIX M OECKOHEUHBIX TPOAOJDKeHM. BBeméM Ha X 9acTWYHBIA HOPSIOK, CUMTas,
9T0 X < ¥, €C/IN Y SIBJISIETCS MPOJOJIKEHUEM X.

Bpeném Ha MHOXKECTBE Y. TOITOJIOTMIO, CUMTAS OA30BBIMEI OTKPHITHIMU MHOKECTBAMU
MHOXECTBA X (9TO 3HAYNT, UTO OTKPHITHIMHM MHOXECTBAMH CUHATAIOTCS] BCEBO3MOXKHEIE
00BbEJHEHNSI MHO)KECTB BUAA Xy ). JIETKO MPOBEPUTH, UTO 3TO ACHCTBUTEIBHO TOINOJIO-
rus (He o0Jsiajialolas CBOMCTBOM OTIACJIMMOCTH).

Hmeer mecto cepyrommii (MOYTH OUEBHAHBIN) (DAKT:

Teopema 52. Muosicecméo A C X omkpeinio 8 9moii monono2uy mo20d U MoabKo
mo20a, ko20a ono obradaem 08yMsi CEOUCMBAMU

(1) emecme ¢ KajcobiM OBOUYHBIM CIOGOM OHO codepoicum ece e20 (KOHeuHble Ul
DecKoneuHble) NPOOONJICEHUST;

(2) ecnu beckoneunas nocnedogamenvbHoCmy npuHaonedcum A, mo Hekomopoe eé
KOHeYHoe Hauano makdce npunaonexcum A.

<« O0beuHeHre 0a30BBIX OTKPBITHIX MHOXKECTB O4YEBUIHO oOsIafaeT cBoiicTBamu (1)
u (2). C apyroit cropoHsl, eciii A 001aaeT STUMH CBOICTBAMM, TO OHO SIBJISETCS
00beJMHEHUEM MHOXECTB Yy 110 BCeM (KOHEYHBIM) CJIOBAM X, [IPUHALISKAIMM A. B

Teneps BBeIEM TOIMOJIOTHIO HA MHOXECTBE N | HAaTypaJIbHBIX YMCEJI € 100aBIECHHBIM
K HeMy 2sieMeHTOM L (HeomnpeneséHHOCTh). Ha 3TOM MHOMKECTBE TakKe I10JIE3HO BBECTU
YaCTUYHBIA TOPSIOK, CUMTass, 9To | MeHbIe BCEX OCTAJIBHBIX 3JIEMEHTOB, a MEXIY
co0oit oHM HecpaBHUMEI (puc. 4.3).

0 1 2 3 4

ui

Puc. 4.3. Tonosoruueckoe NpocTpaHcTBoO N .

Byaem canTaTh OTKPHITHIME JIIOOBIC MHOXKECTBA, HE COfIcp KaIye yieMenTa L, a Tak-
e BeE mpocrpanctso N U {1}, (JIerko mpoBEpUTh, YTO AKCHOMBI TOIOJOIHYECKOTO
MPOCTPAHCTRA BHIITOJHEHE]; TIPOCTPAHCTBO ITO TAaKXKe HE SBJSETCS OTACTMMEBIM. )
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Uactruasle ¢yaxkimy w3 Y. B N OTOXKICCTBIM C OTOOpakeHMSAMHU Braa Y. — N,
OITpe/IeSIEHHBIMI HA BCEM X (3HadeHWe | COOTBETCTBYET HEONPEACIEHHBIM 3HAYCHUSM
({yskuym). Jlerxko omucate KJIacc HEMPEPBIBHBIX OTOOPAKEHHMIT (HAIIOMHHM, 4YTO OTO-
OpaKCHHE HA3bIBACTCSI HEIIPEPBIBHBIM, €CJIM 1IPOOOPa3 JII000r0 OTKPBITOIO MHOMKECTBA
OTKPHIT):

Teopema 53. Omobpasicenue F: 3 — N nenpepwigno mozda u monavko moz2oa,
K020a 8blnojiHeHbl 08a YCA08UsI:

(1) F monomonno (eciu x <y, mo F(x) < F(y) 6 cmpicie 88e0¢HHbIX HA Y. U
N, nopsoros);

(2) Ecnu F(x) # L 0na 6eckoneunoii nocnedosamenvrocmu x, mo F(x') # 1 ona
HEKOMOpO20 KOHeuHo20 Hadaia x' < X.

<« Ilycts F wenpepwieHO. [Tposeprm yemosre (1). Tlyets x < y. Ecmm F(x) € F(y),
To F(x) ects HaTypasbHoe unciio (aue L) u F(x) # F(y). Torna npoobpas OTKPHTOro
muOoKecTBa {F(x)} CONEPKUT X, HO HE CONEPXKUT ¥ U TIOTOMY HE SIBJISIETCS OTKPHITHIM.

[Tposepum yciosue (2). Ecim F(x) # L 1u1a GeCKOHEYHOI MOCJIeA0BATEIbHOCTH X,
TO OTKPHITHIA IPO0OGPa3 OTKPHITOro MHONKeCTBA { F(X)} COAEPKUT X U HOTOMY JIOJIKEH
COEPKaTh HEKOTOPOE KOHEYHOE HAYAJIO IOCJIEIOBATEJIBHOCTU X.

Ocrasioch TIpoBepuTh, YTO ecam st F BemosHeHs! yeaosus (1) u (2), To oToOpa-
skerme F HempepbBHO. JlOCTaTOYHO TIPOBEPHUTH, UTO MPOOOPa3 KAKJIOTO HATYPATEHOTO
YKCIIa OTKPHT (IIpoo0pa3 BCEro IPOCTPAHCTBA OTKPHIT, 4 OCTAJIBHBIC OTKPHITHIE MHOXe-
CTBA COCTOAT M3 HATYPAILHBIX uMcesn). JlJis 5TOro JoCTaTouHo MpoBepuTh yciaosua (1)
u (2) npeapIyIeH TEOPEeMBbl, KOTOPHIE MPSMO CJASIYIOT U3 MpeAnoyIokeHns. (3aMeTnM,
uro ecim X’ ecth Havasio x u F(x") # 1, ro F(x") = F(Xx) B Cujly MOHOTOHHOCTH.) P

C kax/(bIM HelpephIBHEIM oToOpaxenneM F: ¥ — N, cesxem muHO)ecTBO ['F BCex
map (x,n) € Z x N, ms xoropeix F(x) = n. 3amernm, uro mMuokectBo ['p ABIIsIETCSH
JIMIIb 4acThiO rpaduxa oroOpaskeHus [ (Mbl PacCMATPUBAECM JIMIIb KOHEYHBIE CJIOBA X
U He paspellaeM dJIeMeHTy | OBITh BTOPHIM WICHOM IIapHL.)

Teopema 54. Coomeemcmeue F — T'p signsiemcst 83aumno 00HO3HAUHbIM COOMEEM-
cmeuem mMexcoy HenpepwlgHbiMu omobpasceHusimu Y. — N u muoocecmeamu A C
C = x N, obnadarowjumu dsyms ceoiicmeamu:

(1) (x,n)eA, x<y = (y,n) €A;

(2) (x,n) €A, (x,m) €A = m=n.

<« Ilycrs oroGpaskenue I menpepbiBHO. Ecim F(x) = n € N, T0 yciosue (1) npeasl-
JIYIIEH TeOPEMBI TapaHTUPYeT, 9To F (y) = n Juist MoOoro cJioBa y, MPOTOJDKAIONIETO X.
Tem campiM ycsioBue (1) BIIOJHEHO Uil MHOKecTBa ['p. BpmosmHeHo u yciosue (2),
TOCKOJIBKY F (X) He MOKeT OBITh PaBHO JIBYM PasHBIM HATypasbHBIM YHICIIAM OJHOBpE-
menHo. Takum obpaszoM, jJist modoro HerpepbisHoro F muoxectBo I'p obiianaer cBoit-
creamu (1) u (2).

Jlerko Buyiets, uro I'p ojHO3HAuHO onpexpessier F: urodwsl Haittu F(x) s Ko-
HEYHOTrO X, MBI wiieM mapy (x,n) € ['r. Ecim takoit mapet wer, to F(x) = L. dua
OeckoHeYHOTo X 3HadeHWe F (X) OJJHOBHAYHO OIpEeiIIeTCs 10 HEelIPePHIBHOCTH.

Ocrasioch II0Ka3aTh, 4To JII000Ee MHOXKECTBO A, oOmanaomee ceoiictBamu (1) u (2),
pasHo I'p nipu Hekotopom F. B camom jieste, orpesiesiuM F (X) MpyU KOHEYHOM X KaK TO
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eIIMHCTBEHHOE 11, I KOTOPOTO (X, n) € A (CBOUCTBO (2) rapaHTHUPYET €IUHCTBEHHOCTH)
wm Kak L, ecsm Takoro n He cymecTryeT. Cro#icTBo (1) rapaHTHpyeT, 9TO MOCTPOCHHAS
TakuM 00pa3oM (PyHKIMs (OIpefesIEHHAss HA KOHEUHBIX CJI0OBAX) MOHOTOHHA. OcTajiock
Joonpe/e/iurh €€ Ha OeckoHeuHblx cjioBax. st 6eckoHeuHoro x € Y nosioxkum F(x)
pasubM F (x'), ecym maiiéTes koneunoe x' < x, st kotoporo F(x') # L; ecim Tako-
ro x’ me Haipéres, To F(x) = L. KoppekrHocts onpeaeienus (HezasucuMocts F(x) or
BbIOOpa X' < x) rapantupyercs cBoictBoM (1). O4eBUIHO, HOCTPOEHHAS TAKUM 00Pa3oM
dynkimsa F obnagaer ceoiictBamu (1) u (2) npepiayiieil TeOpeMbl UM IIOTOMY Heripe-
poiBHA. CToutb e oueBuHO, 4to ['r = A. »

Jlerko rousiTh, yro cBoiicrea (1) u (2) nocjieHel TeopeMbl 03HAYaIoOT, YTo A I1pej-
cTaBisieT coOoi rpauk NpeUKCHO KOPPEKTHOM (pyHKIMM. TeM caMbIM MBI HOJIydaeM
B3aMMHO OJHO3HAYHOE COOTBETCTBUE MEX/ly HENPEPbIBHBIMU OTOOpaKeHUsMU X — N |
U TIpeUKCHO KOPPEKTHBIMU (DYHKIIMSIMMU.

Hazosém mempepsiBHOE oToOpakenme F: X — N gbiuuciumoiyv, eciv MHOXECTBO
I'r nepeuncimmo. JleTko MpOBEPUTH, ITO ITO PABHOCHIIBHO BHIUMCIUMOCTH COOTBETCTBY-
touieit yactnuHoi (pynkimn n3 = B N. (HYactuunas ¢ynxuums 13 = B N Beruucmma torja
U TOJIBKO TOTJa, Korda eé rpaduk nepeuncanm.) [losTomy BeYMCINMBIE OTOOPAKEHHS
Trma 3 — N COOTBETCTBYIOT BEIYMCJIMIMBIM ITPE(IIKCHO KOPPEKTHBIM (DYHKIWSAM, 9TO M
SIBJISIETCS] OOEITAHHO [TOTIOJTHATEIFHON MOTHBHPOBKOM HOHSTISI ITPE(hUKCHO KOPPEKTHO

byHKIIH.

4.5. OcHoBHas TeopeMa 0 Npe@UKCHOIl CJI0KHOCTH

B sToM paszjesie MBI JOKa3KeM, YTO TPU MEPHL CJIOKHOCTA — [Ba BapHaHTa IIpe-
dukcnoit cioxknocti (KP ¢ npeMkcHO KOPPEeKTHBIMU criocobamu ormcanust u KP' ¢
OecripeMKCHBIMU), 4 TAKKe MUHYC JIOTapudM arpUOPHOI BEPOSTHOCTH COBMAJAIOT C
ToYHOCTBIO 10 O(1). Jljist DTOro Mbl JIOK2KEM TPU HEPABEHCTBA B LIEIIOYKE

—Tlog m(x) < KP(x) < KP'(x) < —log m(x)

(¢ Tounoctpio 1o O(1)). HauuéMm ¢ JIByX MPOCTHIX HEPABEHCTB.

Teopema 55.
KP(x) < KP'(x) + O(1).

<« HepaBeHcTBO OBLIO OBl OYEBHIHBIM, €CJIM Obl BCAKMI OecrnpehMKCHBI Criocod
onucaHus ObLT Obl Npe(PUKCHO KOPPEKTHEIM. O/IHAKO 3TO HE TaK: €CJM Oecrpe(pUKCHBII
croco0 D ompesiesiéH Ha KaKoM-TO CJIOBE U, TO OH HE ONpe/eEH HI Ha KaKoM IPOJIOJI-
KCHMHM CIoBa U (B TO BpEeMs KaK NMPE(PUKCHO KOPPEKTHHIA CIIOCOO OMWCAHWS JTOJLKEH
OBITh ONPE/ICJIEH HA BCEX IPOAOJDKECHUSIX W UMETh TO K€ 3HAYCHHE).

[Mosromy Tpedyercst uyTh Oosiee ciaokHasi KoHCTpyKiwms. ITycrs D — Gecripeduxc-
HBIi1 cr1ocob omucanus. ITocTpouM HOBBIA criocod onvcanus D', Eciau D Gblt onpenenés
HA HEKOTOPOM CJIOBE y ¥ TPUHMMAT Ha HEM 3HAYEHHE X, TO MBI MOJIOKMM D' PaBHBIM
X Ha BCEX IPOOJDKEHUAX CoBa y. pyrumu cioBamu, 4To0bl Beraucauts D'(y), Mbl
npumenseM D ko BceM HadajaM ciosa y. Jlvum ogHo w3 sHadenwit D(y') (roe y' —
HAYaJIO0 CJIOBA y) MOXKET OBITh ONpeAeICHHBIM (B cuity OecrnipedmkcHocTr). Kak TOJIBKO
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Takoe y' Habnércs, Mul mojaraeM D' (y) pasusiM D(y"). dpyrumu ciosamu, D'(y) = x
TOTJIA U TOJIBKO TOT/a, Korja D(y’) = x ms HekoToporo Havajga y’ cijiosa y.

U3 mocTpoeHnd BUIHO, 9To (PyHKIma D' BoraucMma, peUKCHO KOPPEKTHA U ABJIS-
erca mpopospkereM Gyukiua D. TTo3ToMy CIHOXKHOCTH OTHOCHTENbHO D' He mpeBoc-
XOAUT CJIOKHOCTH oTHocuTesbHO D). (Ha camoM fesie CII0HOCTh OTHOCHTENBHO D' B
TOYHOCTHU PABHA CJIO)HOCTH OTHOCHTENLHO [, TAK KaK KPATUAMIINE OMMCAHMS OCTAJIACK
TEMU K€ CAMBIMH.) P

MoxHO IbITaThCs [JOKa3aTh 0OpaTHOE HEPaBEHCTBO aHAJIOTMYHBIM criocoboM. Jlei-
CTBUTEJIBHO, JJIsL KaX/I0I0 IPe(hUKCHO KOPPEKTHOTO 0TOOpaKeHUs ) MOXKHO HOCTPOUTH
GecripedukcHoe otobpaxkenne D', cy3uB D Ha «HIWKHUE TOYKH» CBOEH 001acTy orpe-
Jesienus (1o ectb noaokus D'(y) = z, ecsiu D(y) = z u D(y') ve oupeneyeno uu s
KaKoro Havaja y’ cjiopa y).

OTto mpeoOpa3oBaHne MPEeUKCHO KOPPEKTHHIX OTOOPaXeHMI B OecrpeUKCHHIC B
TOYHOCTY OOPATHO OMMCAHHOMY BBILIE NMPEOOPA30OBAHUIO OeCIPE(PUKCHBIX OTOOPAKEHUI
B 1pepMKCHO KOoppeKTHbie. HO TyT MBI crajkuBaeMcsi ¢ Ipo0JIEMOM, ITOCKOJIbKY HOBOE
npeoOpasoBaHue (B OTJIMYME OT IPEXKHETO) HE COXPAHSET BLIYUCIAMOCTD.

[TpuBeTe IIpUMEp BBIYMCIAMON IIPe(PUKCHO KOPPEKTHOM (DYHKIMH, 1JIS KOTO-
POt COOTBETCTBYIOMIAsA OecripedUKcHast (PYHKLUS He ABJIAETCS BLIYUCIAMOI. [YKa3aHue.
[Tycts A — nepevnciImMoe MHOXECTBO HATYPAJIBHBIX YHCEJI, HE SBJIMIOIEECS Pa3pelly-
MBIM ¥ IIOTOMY MMelolliee Herepeuucsimmoe gomnosiHeHve. [losoxum f(0%11x) = O npu
Bcex n u Beex x U f(0"1x) =0 1pu Bcex n € A u Beex x.]

Orta 3a/1a9a TOBOPUT, YTO B HEKOTOPOM CMBICTIC HEOIOKUPYIONICEe UTCHUC SIBIISCTCS
0oJiee THOKMM CPEACTBOM, 4eM OJIokHpyioliee (cM. paszen 4.4).

Teopema 56.
—logm(x) < KP(x) + 0Q1).

<« Mbl 1o/KHEL TTOKasaTh, 9to — log m(x) < KP(x) + O(1) wm 4ro 2~ KPW)
< em(x) VI HEKOTOPOU KOHCTaHTHl ¢. B cuily MakcHMajbHOCTU IIOJIyMEPHL m J10-
CTAaTO¥HO TOKa3aTh, 4to dymkims x — 2~ P& pe Gompie mexotopoit nepeunciamoit
CHI3Y NOJyMephl. (371ech, TOBOPS O IOJyMepax, Mbl CUMTAEM apryMEHTAMH J(BOUYHBIC
CJIOBA, TO €CTb PACCMATPUBAEM BEPOSTHOCTHBIC MALIMHBI, BBIXOJOM KOTOPBIX SIBJISIOTCS
JBOMUHBIE CJIOBA, CM. pasjes 4.1.)

YKaxeM 3Ty HOJIyMepy, II0CTPOUB COOTBETCIBYIOIYIO BEPOSTHOCTHYIO MalluHy . Bosb-
MEM ONTUMAIBHBIA MPE(UKCHO KOPPEKTHBIA CHOCO0 omucaHusi [, MCNOJIBb3OBAHHBINA B
onpeaesiennt KP. Hawa BepostHocTHAas Mammna (Oe3 Bxozpa) OyaeT npuMeHsats D k
CJIy4aiiHoll mocieJoBaTeIbHOCTU 6uToB. TouHee ToBOPA, D NpuMeHsAeTCs NapajlieabHo
KO BCCM HavyajaM IOCJICTOBATEIFHOCTH CIy9YaifHEIX OUTOB Do, by, by, . ..; Kak TOJBKO
OJIHO U3 BBIYMACJICHUI

D(A), D(bo), D(bob1), D(bobi by), . ..

3aKOHYMTCS, €r0 PE3yJIbTaT W Oy/eT Pe3ysIhTaToM PabOTH MAlFHBL. 3aMETHM, ITO HE
HAMEET 3HaYcHUE, KaKoe UMEHHO U3 3aKOHUMBLIAXCS BBIYHACJICHUI MBI BO3BMEM (KOPPEKT-
HOCTb TAPaHTUPYET, UYTO PE3YJIbTAT OJVH U TOT KE).
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Jlts mo6oro cjioBa X pacCMOTPHAM KpaTdafilliee OIMCaHue p CJIoBa X (OTHOCHTEJIBHO
D). Toraa BeposITHOCTh TIOSIBJICHHSI CJIOBA X KaK BHIX0/Ia BEPOSTHOCTHOM MAIMHBI HE
mensme 2717 B camom sene, ecim niepBoie [(p) ciiyvyaiiHpix OUTOB COBHAIM C p, TO
Pe3yJabTaT padOTHl MAIIMHBI TAPAHTUPOBAHHO PaBeH X. TeM CaMbIM BEPOSTHOCTH IOSIBJIC-
Hus x He Menbie 2P =27 KP™) 1o u tpebopaocs. B

HeCKOIBbKO JIPyroe I0Ka3aTeibcTBO TOTO K€ Pe3y IbTaTa 00XOTUTCS 0€3 BEPOSTHOCT-
HBIX MalmH. B camoM Jiesie, Mbl 3HaeM, 4T0 (DyHKIMS CIOKHOCTH TIEPEURCIIAMA CBEPXY,
nostomy (ymkrms x — 2~ P& mepeunciuva crmsy. Ocraéres cocathes Ha crieyto-
LIYIO [TOYTH OYEBH/IHYIO TEOPEMY:

Teopema 57.
Y 2 KPO <.
X

<« B camom jiesie, ycrb py — Kpardaiimas porpaMma Juist cjiosa x. Torja csiosa
Px ¥ Py HECPABHUMEI (IIPH X 7# ). OCTa&TCs BOCIONB30BATLCS TAKOH MPOCTOM JIEMMOIA.

Jlemma. Ilycmo po, p1, pa2, ... — nonapuo HecpasHumvle crnosa (3mo 3Hauum, 4mo
HU 00HO U3 HUX He sigisiemcst Hauanom opyeoz0). Toeda ¥,; 271D < 1.

B camom jesie, 27/ P ecth (paBHOMepHAsS GepHY/LIIEBA) MEPA MHOXECTBA Qp, BCEX
(OeCKOHEUHBIX) TPOJOJIKEHNMIT c10Ba p;. [10CKOJIBKY CI0BA p; HECPABHMMBI, MHOXECTBA
WX TIPOJTOJDKEHMI He TIEPECEKAIOTCS] U TIOTOMY MEpPBI 9TUX MHOXECTB (BEpPOSITHOCTH TIO-
Jy4UTh p; B HaYaJle CIIy9aiiHOM IOCJIC/IOBATEIFHOCTH OUTOB) B CyMME HE IIPEBOCXOST
enuamiibl. Jlemma (a ¢ Heil U Teopema 57) JoKazaHa. B

KCTaTI/I, MBI 3a0JHO O0Ka3ajru, 4YTO JJId Hpe(l)HKCHOﬁ CJIOKHOCTHU HC BBITIOJIHACTCSA
nepasercrso KP(x) < I(x) + O(1). B camom jeJie, ecsim 6b1 3T0 OBLIO TaK, TO CyMMa

271(){)
B

Obljta Obl KOHEYHOH. A MEXy TeM /ISl KQKJOro 1 CyMMa II0 BCEM X JUIMHBI N PaB-
Ha equHMIle (MO0 coCcTOMT W3 2" WICHOB MO 2™ " KaXKplif), W ITOTOMY OOIIAast CyMMa
OeCKOHEeYHA.

Hokaxure, 4to Gojee ciadas oueHka KP(x) < [(x) + logl(x) + O(1) Tak-
e He umeer mecta (to ectb uto pasHocth KP(x) — I(x) — logl(x) He orpanuuena).
[Ykazanue. 'apMOHMUECKUNA PAJ PACXOANTCA.]

Ocranocp A0Ka3aTh TpPEThE, HanboJIee CII0KHOE HEPABEHCTBO:

Teopema 58.
KP'(x) < —logm(x) + O(1).

<« TlonpiTacMcst BHavasme OOBSICHUTH WICIO JIOKa3aTeabcTBa. VMeercs mepewwmciw-
Mas CHM3Y moJiyMepa m(x). DTO 3HAYWT, YTO MBI HOCTEHEHHO y3HAEM BCE OOJIBIIME
1 OOJIBIIME OLICHKY CHM3Y /It m(x). Boswmoe 3HaveHne m(x) o3HA4aeT JJs1 HAC, UTO
KP'(x) NOJKXHO ObITH MaJIbIM, TO €CTh O3HAYAET HEOOXOIMMOCTh MPETYCMOTPETh I X
KOpOTKOe onucanue p. IIpu d1oM onmcaHusi pasjM4HbiX OOBEKTOB JIOJDKHBL ObITh HEC-
paBHAMEIMA. HecpaBHIMOCTS yOOHO IIPEACTABIIATH ceOe TeoMeTpIIecKy. I Ka0To
JBOMYHOTO CJIOBA P MBI PacCMaTPUBAEM OTPE3OK, KOTOPBIA COCTOUT U3 UHCEJI, TBOMYHAS
3aMrCh KOTOPBIX HAUMHAeTcs Ha p. Takum oOpasom, [0, 1] pazOuBaeTcst Ha /1B MOJIOBUHBI
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Iy (reyio) u [ (mpaByio), KOTOpHIE B CBOIO OYepeh ACJIATCS ImorojaM Ha lyg, oy @
lo, Ij1 v Tak nasee. B 5TOM npe/CTaBJICHNN HECPABHUMOCTh CJIOB Py M Pp O3HAYAET, YTO
orpesku I, u I, wne nepecekaiorcs. Ilpu >Tom mepasenctso /(p) < — log, m(x) MOXHO
nepermcats kak 27/ > m(x): amna orpeska I, 0/mkHa GbITH He MeHblie M (X).

TeM caMbIM Hammy 3ajaqy MOXKHO cOPMYJIMIPOBATH TAK: KAKIOMY OOBEKTY X HYXK-
HO BBIJICJIATH OTPE3OK JUIMHEL He MeHee m(Xx), TIPUYEM OTPE3KW, BBIJICICHHBIC PA3HBIM
00BEKTaM, He JOJDKHBI TIepEeKPhIBATHCA.

CxkazanHoe tpedyer yTouHeHui. Bo-nepBbix, pa3peniaercst BbISIATh OTPE3KU JUIMHOM
He m(x), a em(x) AJII HEKOTOPOro (PMKCHPOBAHHOIO £ (UTO COOTBETCTBYET aJAUTUBHOI
KOHCTAHTE B MICXOTHOM HEPaBEHCTBE). BO-BTOPHIX, HY>KHBI HE TIPOM3BOJILHEIC OTPE3KY, a
TOJIBKO «PETYJISIPHBIE» (IIOJIOBUHKH, YETBEPTUHKYA U Apyrue oTpesku suaa 1,). Ho c ygé-
TOM IICPBOTO 3aMEYaHNS 3TO He TaK BAKHO, ITOCKOJIBKY JIFOOOI OTPEe30K (HE BBIXOISIIIIL
3a mpenessl otpeska [0, 1]) coaepsKUT CTPOro BHYTPHM ceOsi PEryJISIPHBIN MOAOTPE30K
JUIMHOW HE MEHEE YEeTBEPTU UCXOJHOTO.

Takum 00pa3oM, Mbl IIPUXO/MM 1IOYTH K TOM Xe 3a/[aue, 4ro Oblia PacCMOTPEHA B
pazmesre 4.1. K HaM TIpUXOAST KJIMEHTH ¢ TIPOCKOAMU BBIZICJIUTH UM MECTO Ha OTpE3Ke
[0, 1]. TTo-tipeskHEMY CyMMa BCEX 3aIlIPOCOB HE IIPEBOCXONT CAVHHUITH U KJIUEHTH CO00-
LIAIOT CBOM 3aIPOCHI TTIOCTENIEHHO (BPEMs1 OT BPEMEHH MEHSISI X B CTOPOHY YBEJIMYCHUS).
Tenepn, ojHAKO, KJIMEHTAM BaXKHA HE OOIIAs JIJIMHA BBIIEJCHHBIX /ISl HUX OTPE3KOB, a
JUIMHA HEIIPEPHIBHOI'O YYacTKa, YTO YCJIOKHSET 3ajady. B kauyecrse KOMIICHCAlIUM MBI
WMeEeM TIPaBO BBICIATH MECTO C HEKOTOPHIM Ko3(hprIeHToM (ypesaTh BCe 3allpochl B
(prukcrporanHOe wncsio pa3). Ho 5To HaM He TOMOXET, €C/I IPU KKIOM YBEJIMICHIN
3aIipoca OTBOJAWTH HOBBII YYaCTOK — IIPH TAKOW CTpPAaTerMy HUKAKOro koddpuieHTa
He xBaTtuT. PerieHre rpoGsieMbl: paccMaTpUBaTh HOBBIA 3anpoc (BbliesIsist HOBBIA OTpe-
30K) TOJIBKO, KOI/IA 3alIpoC yBeJMuniIcs BaBoe. [1pu >Tom obiias cymMma pacCMOTPEHHbIX
3aIIpOCOB He 00Jiee 9eM BBOC ITPEBOCXOJIUT TTOCIICTHUI 3arpoc (Belb CyMMa reOMeTpHU-
YecKO! MPOTPECCHN CO 3HAMEHATEJIeM 2 He OOJIblle YIBOCHHOTO IOCIICHErO WiICHA).
C apyroit CTOPOHBI, TPeOOBAHUS BHITOJHEHB! C TOYHOCTHIO /IO MYJIhTUILTMKATIBHON KOH-
CTAHTHI.

DTy CXEMYy MOXXHO JIOBECTH JI0 BIIOJIHE CTPOrOro JI0Ka3aresberBa. Mbl, OJJHAKO, W3-
JIO)KMM HEMHOI'O J[Pyroe JiIoKazare/ibcTBo. OHO OCHOBAHO Ha CJIC/YIOLICH «JIEMME O LITO-
pax», Ha3bpBaeMoi yacto jemmoit Kpadra—Yeiituna (cMm. [22]). (OHa sIBJISIETCSI BBIYU-
CJIMMBIM aHajIoroM JeMMbl Kpadra u3 Teopun undopmaium, cMm. ¢. 243.)

Jlemma. Ilycmo Iy, I, b, ... — @viuucnumas nociedo8amenbHoCnb HAMypPAIbHbLX
yucen, Onst KOmMopoi

Y o<
1

To20a cywecmeyem eviyucnuMas NOCIe008AMebHOCIML NONAPHO HECPASHUMbIX 080UY-
HbIX CI08 Xg, X1, Xp, - . . , Ofst Komopwlx [(x;) = 1I;.

3aMeTHM, YTO YKa3aHHOE B JIEMME HEPABEHCTBO HEOOXOAVMO ISl CyLIECTBOBAHHS
HECPaBHUMBIX CJIOB X; C JJIAHAMU [;, TIOCKOJIBKY OTPE3KU Iy, HE NepEeKPBIBAIOTCS U UMEIOT
JUTHHBL Kak pas 27! . JleMMa yTBEpK/IaeT, UTO ITO HEOBXOMMOE YCIIOBHE O/THOBPEMEHHO
ABJISIETCS OCTAaTOYHBIM.

Hoxaszamenvcmeo. HarnaaHo MoxHO copMy/mpoBarh JieMMy Tak. ECTh okHO Im-
punoit 1 (orpesok [0, 1]). Ham mpuHOCAT OHY 3a APYTOH ITOPHI, KOTOPEIMUA MBI 3aHA-
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BENIMBAECM OKHO (TaK, YTOOBI OHM HE IICPEKPHIBAJINCH). [IpH 5TOM IITOPHI MOT'YT MMETh
uwpuny 1, 1/2, 1/4, 1/8, ..., v Bemars ux MOXKHO HE Ky/ia YrO/J(HO, a C OrpaHHYEHNsI-
mu. llltopy pasmepa 1 MOXXHO MOBECHTh €JMHCTBEHHBIM criocodoM. LlTopy pasmepa 1/2
MOXHO BELIATh BYyMsl CIIoco0amMu (3aKpbIB JIEBYIO I10JIOBHHY OKHA WUJIM 3aKPBIB IPABYIO).
Jlts mTopsl pasmepa 1/4 mMeeTcs YeThpe BO3MOXXHBIX TOJIOKEHUS (JeTHIpE IETBEPTH
OTpe3Ka), W TaK jiajiee. BHIGOp MOJOKeHHs I ITophl ImpuHOi 2~ cootBercTByeT
BBIOOPY ci10Ba JUIHHL /. TpeboBaHue, 9TOOBI IITOPHI HE NEPEKPHIBAIUCH, O3HAYACT, UTO
COOTBETCTBYIOIINE MM CJIOBA HECPAaBHUMBI. HakoHell, ycjioBre jieMMBl YTBEPXKAAET, UTO
CyMMapHasi LIMPHHA IITOP HE MPEBOCXOJUT LIMPHHBI OKHA.

(bosiee xomIbIoTepHAs MeTadopa: paclpesecHAE MaMsITH MEXK/y IpolrieccaMu; Ka-
Kbl Tpotiece Tpedyer 1/2% nocrymmoit mamaTy, u TpeGyeT, 4TOGL BBLIEICHHDIA yYa-
CTOK OBl BHIPOBHEH [aligned]; mamsTh He OCBODOXIAETCS; MBI IOKA3bIBACM, UYTO ECJIH
CyMMa BCEX 3allPOCOB HE OOJIBLIE OOLIETO pa3Mepa MaMsITU, TO UX MOKHO yJOBJICTBOPUTH
B TIOPSI/IKE TIOCTYTIJICHUS, TIPIMEHSIST OTIVICAaHHBIA Jlajiee alTrOpUTM. )

BrIOOp 1MOJIOXKEHNMST [JIs1 OUEPETHOM IITOPHI TIPOVICXOUT TT0 TAKOMY QJITOPUTMY: CBO-
00/Has1 YaCTh OKHA IPEJCTABJISETCS B BUAE 00BEIMHEHISI HEIIEPECEKAIOIMXCS BUPTYAJIb-
HBIX 1UTOP», IPUYEM Pa3MEPBI BCEX BUPTYAJIBHBIX WITOP Pa3/IMuHbl. BupryasbHas mropa
0003HaYaeT MECTO, KOTOPOE TOKa CBOOOHO, HO HAa KOTOPOE IOTOM MOXKHO OyJeT Io-
BECUTPH PEAJIFHYIO INTOPY TOTO k¢ pasMepa. (CBoOOAHAs MaMsATh IIPE/ICTAaBICHA B BH/IC
CIMCKA [TPAaBUJIBHO BBIPOBHEHHHBIX OJIOKOB PA3HOIO pasMepa.)

BHauajie OKHO CBODOIHO, U €CTb OJIHA BUPTYaJIbHAs IuTopa wupuHbl 1. [lycts Teneps
HaM I[IPUHOCST IMTOPY HMPHHB W. Ecin cpeul BUPTYaJIbHEIX IITOP UMEETCS MITOPa M-
pHHBI W, TO BCE MPOCTO: M3bIMaecM ¢€ W3 Habopa M BEeNIacM Ha €€ MECTO pEaspbHyIo.
[Tycts 5TO He Tak. 3aMeTHUM, YTO TOIZIA CPEIM BUPTYaJBHBIX INTOP OOS3aTEJIBHO €CTh
ITopa UMpUHE! Oosibiie w. (B camom nene, uHade B Habope ObLIM OBl TOJIBKO BUPTY-
aJIbHbBIe ITOpHl W/ 2, w/4, ..., 1 obmas mMprHa CBOOO/HOIO IPOCTPAHCTBA OblL1a Obl
MeHbIe w. HarmoMamM, 910 BCe BUpTyaspHBIC MITOPHl PA3HOTO pa3Mepa.)

WTaK, MBI 3HaEM, UTO €CTh XOTs Obl OfIHA BUPTyaJIbHAS MITOPA IMUPHUHK W' > w. BhI-
0epeM U3 TAKMX IUTOP CaMYK y3Kylo (I0J0OHAs CTpaTerys Npy PACHpelesIeHHN NaMSTH
HaspiBaeTcs best fit). OrpeskeM OT He€ ciieBa KyCOK pazMepa W, a OCTAJIbHOE PA3PEKeM
HA 9acTh W, 2w, 4w, ..., w'/2 (Bemb w +w + 2w + 4w + ... + (W' /2) =w'). Om
4acTH ¥ OYIyT HOBHIMA BUPTYAJIBHBIMA HITOpPaMu. [TOCKOIBKY W' OBLIO BEIOPAHO MU-
HUMAJIBHBIM, IITOP MPOMEKYTOUHOro pasMepa (0T w o w'/2) padblie He ObLIO, TaK
YTO Halle ycjoBue (TpeOyloniee, YTOObl BUPTYAJIbHBIC MITOPH OBUIM PAa3HBIX Pa3MEPOB)
MPOAOIKACT BBINOJHAThCA. JleMMa JoKa3aHa.

I[oxaxcme, YTO Ty K€ CTPATECTHUIO MOYXKHO OIIMCATh APYIMMH CJIOBAMH: KaXIAYyIO
CJIEAYIOIIYIO IITOPY BEIIACM Ha CaMOC€ JIEBOE U3 BO3MOKHBIX MECT. [yKaBaHI/Iei OIMMCaHHAaA
B JICMMC KOHCTPYKIIUA COXPAaHACT TaKOC CBOMCTBO: JJIMHBL BUPTYAJIBHBIX TITOP BO3paACTa-
I0T CJIEBA Har[paBo.]

Cnencreue. Tlycmob l; — ebluucnumas nociedo8amenbHOCy HAMYPATbHBIX YUCe,
npuwém ¥; 2% < 1. Toeda KP'(i) < I; + 0(1).

B camoM Jiesie, JieMMa [IO3BOJIAET YKa3aTh II0CJIEA0BATEILHOCTh HECPABHUMBIX CJIOB X;
amns ;. OnpenesmM crioco6 ommicarmst D, monoxus D(x;) = i. HecpaBHUMOCTE cJI0B
X; TapaHTHPYET, YTO STOT CHOCOD omucaHust OyzaeT OecrpedHKCHBIM. BprarcammocTs
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TIOCIICTOBATEIFHOCTH X; TAPAHTUPYET BRUACIMMOCTh [ (WMest BXOJ X, MBI CPABHHBACM
€ro TI0 OYepeV CO BCEMHU X; 70 CORIQJICHHUS, TOCIE Yero BHIAEM Ha BHIXOT i).

(3aMeTuM, 4TO MBI, KAK M PaHbIIE, CBODOIHO IEPEXOIMM OT HATYyPAJIbHBIX YHCET K
CJIOBaM, TOBOPS 00 MX CJIOKHOCTU U AIIPHOPHOI BEPOSITHOCTH. )

BepréMcs k TOKazaTeJILCTBY TeopeMbl. MBI paccMaTpuBaeM HauOOJIBIIYIO (MAaKCH-
MQJIBHYIO) IEPEYUCIIAMYIO CHA3Y HOJIyMepy m. CoryIacHO OIpEJIESACHUIO TIEPEUUCIAMO-
CTH CHM3Y,

m(x) = lim m(x, i),
i—so0

rae m(x, {) — BBIYAC/AMMAs U MOHOTOHHAS IO [ (PYHKUMSI JByX apI'yMEHTOB C paLu-
OHaJIbHBIMU 3HaueHUsIMU. OkpyriiuM m (X, i) B CTOPOHY YBEJMYEHHs 10 OJIDKaiLIeH
CTETlcH JBOMKM (TO ecTh o omHoro w3 gmcern 1,1/2,1/4,1/8,...), opu 3ToM Hy-
JM ocTaBigeM HysisMu. HaszopéM pesyssrar okpyritenus m'(x, i). Io-pexuemy m' —
BBIYMC/IMAsT (DYHKIIMS, MOHOTOHHAS IO BTOpOMYy aprymenty. Ouesmino, m'(x, i) He
MeHble m (X, i), HO mpeBocxoauT m(x, i) He Oosiee 4eM BABOE.

Haszosém napy (x, i) epanuunot, ecaim m'(x,i) Gospuwe m'(x, i — 1) (wm ecim
i=0wu m'(x,0) > 0). [panrunpic MapHl OTMEYAIOT T€ MECTa, Iye 3armpockl m'(x, i)
YBEJIMUUBAIOTCSL C POCTOM i (IIPH TAHHOM X ).

[MokaskeM, 4TO cyMMa Beex m'(x, i) TO BCEM I'DaHMYHBIM TapaM (X, i) He IPEBOC-
XomuT 4. [l 3TOro A0CTATOYHO IOKa3aTh, 4TO cyMma m’(x, ) 1O BCEM TPaHUYHBIM i
(my1 JaHHOTO X ) He TpeBOCXOAUT 4m (x). A 310 mesaercs Tak. B yka3annoit cymme (asis
(prKCUPOBAHHOIO X) KaXKABIN CJICAYIOMIMI YICH MO KpalHe Mepe BABOE OOJIBLIE IIPE/Ib-
JyIIEro, MO3TOMY BCSI CyMMa HE IIPEBOCXOJUT YJBOCHHOIO IOCJIEHETO WieHa. A OH, B
CBOIO OYepenb, He Oosiee 9eM B/BOC IIPEBOCXOMUT m (X, i) /IS Kakoro-to i. Berommmast,
gro m(x, i) < m(x), 3aKII09aeM, 9TO MHTEpeCyIolas HaC cymMma He OoJieie 4m(x),
4TO M TPeDOBAJIOCH.

MHOKECTBO BCEX IPAHMYHBIX 11ap (X, i) paspemmmo. B camom Jiesie, 1O rape MOXHO
TIPOBEPUTD, SBJSETCS JM OHA TPAHUYHOM, TOCMOTPEB HA PAIMOHAbHE umcia m'(x, i)
um'(x,i—1).

[TepenymepoBaB Bce Haphl B KaKOM-TO IIOPSJIKE M OTOOPAB I'PAHMYHbBIE, TOCTPOUM
BBIUKCIIUMYIO TOCJICIOBATENIBHOCTh (Xo, lp), (X1, 1), . . . COAEPKAILYIO KOK/IYIO IPaHHY-
HYIO [1apy 110 OJHOMY pasy. PaccMOTpUM BBIYHCIMMYIO OCJIE/IOBATEILHOCTD Yncesl [,
3aJJaHHBIX COOTHOIICHUEM

270 = (x,, i) /4

Torpa no nokazaHHOMY

22*111 — (1/4)Zm'(x,,, ln) g 1’

n

U [IOTOMY KP'(n) <1, + OQ1). [ToCKOJIBKY X, QJITOPUTMHUYECKH MOJIydaeTcs IO 1, TO
(kax MBI BUAJICJIN B pazfietie Mpo MperKCHYIO CII0KHOCTB)

KP'(xy) < KP'(n) + 0(1) < I, + O(1) = —log m’ (%, in) + O(1).

JaHHOE CJIOBO X IMOABJISETCA CPEMU X; CTOJBKO Pa3, CKOJIBKO MMEETCS I'PAHUYHBIX IIap
Buma (X, i). Ecm (x,, i;) — rpaHudHas mapa ¢ JaHHBIM X ¥ HAMOOJIBINNM i, TO m' (Xy, Iy)
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OoJtbIe YU PaBHO m(X, i) TIpHW BceX i (TIOCKOJIBKY OKPYIJISIEM MBI B CTOPOHY YBEJIH-
4eHus, 1 OOJIBUIVX TPAHUYHBIX Map Het). Tlostomy B dTOM cityuae m' (X, ip) = m(x).
Orciona cienyer, 4To

KP'(x) < —logm(x) + O(1),

9TO U TPeOOBAJIOCH JAOKA3aTh. B

Witak, TpU J10Ka3aHHBIX HEPABEHCTBA 103BOJISIOT 3aK0unTh, 4to KP, KP' u —log m
oTymyaotcs He oosiee yem Ha O(1). WMes 310 B BUIY, MBI He OyneM paziudath KP
u KP' (xpome Tex cilydaeB, KOIZIa B KAKOM-TO PACCYK/EHHI TOTUTCS TOJLKO OTHO U3
DTUX JIBYX OIPEICIICHU).

[Monpobuoe M3M0KEHNE TOKA3ATEIHCTBA MOTJIO CO3AATh BIICUATIICHHE €0 CI0KHOCTH,
HO OCHOBHAsl UJ€Sl B CYIHOCTHU IIPOCTA. B 0AHY CTOPOHY: HA/IMUME KOPOTKOI'O ONMCAHUS
Py CI0Ba X TapaHTHUPYET OOJIBLIYIO BEPOSTHOCTD IIOPOXKACHUS CI0BA X, TAK KaK MpU CJIy-
YaiHOM BHIOOPE TIPOTPAMMEI MBI HATHIKAEMCS Ha p € DOJIBINON BEPOSITHOCTHIO. B pyryio
CTOPOHY HEMHOTO CJIOKHEe: OOJIbINAas BEPOSTHOCTh HE O3HAYACT KOPOTKOTO OIMCAHWSA,
BMECTO 3TOT0 MOKET OBITh MHOTO JUIMHHBIX. OHAKO aJdrOPUTM BHIZCJCHUSA MecTa IIo-
3BOJISIET UX KOHCOJIMAMPOBATH: KOTAA Y HEKOTOPOTO OOBEKTA X HAKOIMHUTCS OIMMCAHMIT HA
2"‘, HAJ0 BBIACJIUTDL AJ1 X HETPOHYTHIA OTPE30K JJIMHON Q(2‘k), 3TO MOXHO JI€JIaTh,
HaIpuMep, CJIeBa HalpaBo (YMEHBIIASI OTPE30K 0 MPABIJIBHO BEHIPOBHEHHOIO) — WM
HCIOJIB30BATh «JIEMMY O HITOPAX».

AHanornyHple YTBEPK/ICHUS MOXHO JI0Ka3aTh W JUIS PEJLITUBU30BAHHON (OTHOCH-
TEJIBHO HEKOTOPOI'0 OpaKyJia) Npe(UKCHON CJIOKHOCTH: KpA COBITIAJIACT C KPP u ¢
—log m* ¢ TOYHOCTBIO g0 O(1). Bbuto Obl MHTEPECHO BBISICHUTL (ABTOPHI OTOrO He
3HAIOT), YTO M3 3TUX PABCHCTB COXPAHSETCS 7151 Oosiee OOLIMX BUAOB OPaKyJiOB (TWUIA
CBOJMMOCTH 110 IIEPEUUCIICHUIO, WIM TOYEK B KOHCTPYKIMBHOM METPUYECKOM 1IPOCTPAH-
CTBE).

OtmetnMm emié (3TO HAM MPUTOAWTCS TIPH JOKA3aTEIbCTBE KPUTEPHS CJIyYaiHOCTU B
TEPMUHAX MOHOTOHHOI CJIOXKHOCTH, pPazaes 5.6), uTo (PaKTHUECKU MBI JOKA3QIM HEUTO
OouiblEE:

Teopema 59. [lo n06oil nepeyucnumoil cHU3y nocaedo8amenbHOCmMu 4ucel po, p1,
D2, ...,y Komopoi Y.; p; < 1, mooxcHo 3¢hpexmuaro yxkazamo becnpehuxcHulii cnocoo
onucanus D, ons komopozo KP’D(i) < —log, pi + 2.

(UmeeTcs B BUY, 9TO JaH QJIrOPUTM, NEPEUMC/ISIOIMIA MHOKECTBO BeeX 1ap (F, i), y
KOTOpPBIX " < p;. OIcaHHas B JTOKa3aTeJILCTBE TEOPEMBI KOHCTPYKIIYSI aJITOPATMIICCKA
IpeodpasyeT ero B OecIpepKCHBI CIIOCO0 OIMMCAHMS C HYKHBIM CBONCTBOM. )

4.6. CsoiicTBa Npe(HKCHOIl CJI0KHOCTH

Bepuémcs Teneps k CBOMCTBaM Tpe(PUKCHON CJ0KHOCTH. JlJIsh Havasla TOKakeM, Kak
HEKOTOPHIE YK€ M3BECTHBIE HAM CBOMCTBA MOTYT OBITH IOJIyY€HBI C HCIHOJIB30BAHMEM
AIPUMOPHOI BEPOATHOCTU (YHMBEPCAJILHOM IOJIyMEDDI).

Pan Y 1/n%, Kak W3BECTHO W3 Kypca aHAIM3a, CXOJMUTCA. YMHOXMB €0 Ha IO/I-
XOJSIYIO KOHCTAHTY, TMOJIYYaeM MEPEYNCTUMYIO CHU3Y TIOJyMepy (C CyMMO# MEHBIIe
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eHAUE). [T03TOMY alpUOPHAS BEPOSTHOCTh YMCHA 1 He MeHblIe ¢/ n? [P HEKOTOPOM
¢, TO €CTh
KP(n) < 2logn + O(1).

ITycTs X, — C/10BO ¢ HOPSAIKOBEIM HOMEPOM 71 B TocjieoBaresHOCTH A, 0, 1, 00, 01,
10, 11, 000, ...; Torma

KP(x,) < KP(n)+ O)<2logn+ O(1) =2I(x,) + O(1)

(JIerKO IPOBEPUTD, YTO X, €CTb JABOMYHAS 3AMUCh 4ucja 1 + 1 Oe3 crapueit uudper 1
" notoMy uMeeT JumHY log n + O(1)). (Crporo rosops, ciydait n = 0 cJieoBaIo Obl
pas0uparh oT/e/bHO, MockoIbKy 1/0% 1 log O He ompe/iesieHbl, HO HEOOXOIMMBIE MCIIPa-
BJieHust oueBmHbL.) [Tosyuaercs onenka KP (x) < 21(x) + 0(1).

Uro0Bl MOJIyYNTh JIyWIYIO OLICHKY MPehIKCHOM CIOKHOCTHA (YK€ BCTPEYABLIYIOCS
HaM Ha C. 97), paccMOTpUM 0oJice MEJICHHO CXOASIIMICS Psift

)y

(ero CXOMMMOCTh MOXKHO YCTAHOBWTH, HAIPUMEP, C TOMOIIBI0 WHTEIPATFHOTO IIpU3HA-
Ka CXOMVMOCTM W WHTErpupoBaHus o dacTsM). OH gaér omenky KP(n) < logn +
+ 2loglogn + O(1), koTopas Mociie Nepexoda K CJIOBaM IPeBpallacTCs B

1
nlog?n

KP(x) <I(x)+2logl(x)+ O(Q).

MosKHO JaJIBllie Yy dIaTh OIIeHKY , BOCHOJIB30BaBIHCE psinamu Y. 1/(n log n(loglog n)?),
Y 1/(nlog nloglog n(logloglog n)?) u Tak masee.
JlokaskeM TeTieph OOCITAHHOE HEPABEHCTBO [IJI SHTPOIMN IAPH.

Teopema 60.
KP(x,y) <KP(x)+ KP(y) + O(1).

<« ITox KP(x,y) MBI IOHIMAEM CJIOXHOCTH CJIoBa [X, y], Te (x,y) — [x, y] — Ka-
KOe-JIN0O BBRIUMCIIMMOE OJHO3HAYHOE KoaupoBaHue map. (C TOYHOCTHIO IO OTrpaHIYCH-
HOTO CJIaraéMOro CJIOKHOCTh IIapbl HE 3aBUCHAT OT BBHIOOPA KOTUPOBAHUS, IOCKOJIBKY
Mepexos OT OFHOTO KOAMPOBAHMS K APYTrOMYy — BBIYHCJINMOE MPeoOpa30oBaHKe. )
PaccMoTpum (pyHKUMIO m’, ONPENEIEHHYIO COOTHONIEHIEM

m'([x,y]) = m(x)m(y),

I7e m — anpuopHas BeposTHOCTh. (Ecim He BCsKoe CIOBO SBJISCTCS KOAOM MAaphl, TIo-
JaraemM m'(z) =0 mas CJIOB z, He ABJIMIOMXCs Kofaamu.) Ouesnano, m' nepeuncimma
cHM3Y (MEepeMHOXAast BBIYMC/IMMEIC TIOCTCAOBATEIBHOCTY, CXOJSAIMEC CHM3Yy K m(X) U
m(y), NoJiydyaeM BO3PACTAIOIYI0 BBIYMCJIUMYIO MOCICAOBATEABHOCTb C HYKHBIM IpEe-
Jjiom). Kpome Toro,

Ym@=Y mxyD=Y mx)m@p =Y mx)} m(p) <1-1=1.
z Xy X,y X y
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CiieioBaresibHO, M’ — IepeuncimMas cHu3y nosiymepa. CpaBHMBasg €€ ¢ allpUOPHON
BEPOATHOCTHIO, HaxoauM, uto m’([x, y]) < cm([x, y]) VIS HEKOTOPOTO C, U TIOTOMY

KP([x,yD) < KP(x)+ KP(y) + O(D),

qTo U Tpe6OBaHOCB JoKa3aTb. b

Jlokaxkure, 4ro ):y m([x,y]) onmyaerca or m(x) He 0OJIee 4eM HA MYJIbTU-
TUTMKATHUBHYIO KOHCTaHTY (B 00e CTOPOHHI). JIOKaXWTEe aHAIOTHYHOE YTBEP:K/CHHUE IS
max, m([x, y]).

JlokaskuTe, UTO JIJIS JTE000# BospacTaromnieil BeraucmMoit dysakim f: N — N
pesmumba Y {m(k) | f(n) < k < f(n + 1)} ommuaerca or m(n) He Gojiee UeM Ha
MYJIBTUIJIMKATUBHYIO KOHCTaHTY (B 00€ CTOPOHBI): KaKUM BHIYMCJIMMBIM CIOCOOOM HHU
pa30mBai cxoasumiics psif Y, m(n) HA TPYMIIBL, TIOIYYACTCs TOT K€ CaMblii (C TOUHOCTBIO
JI0 OI'PAaHMYEHHOI'0 MHOXKUTEJIsS1) Psijil

[MomeiTaeMest Terepsb JIokasath Teopemy 60 B TepMHMHAX ONMCAHWiA. 37ech o0HApY-
SKMBACTCS TAKOM JIFOOOIBITHBIN (PaKT: ompe/esieHre ¢ Mpe(UuKCHO KOPPEKTHBIMU CIIOCO-
6amu He romMoraert, a ¢ OecripedKCHBIMU BCE rostyvaercsi. MTak, Mbl JJOKa3pIBaeM, 4TO
KP’([x,y]) < KP'(x) + KP'(y) + 0Q1). Ilycrs D — orrrumasbabiil 6ecripeuKcHbIii
CII0CO0 ONUCAHMS!, MCIIOJIb30BAHHBIA 1IpU otipeieieHun KP'.

OripeyiesiM HOBBIA CIIOc00 ormicanust (hopMyJioin

D'(pg) = [D(p), D(q)],

I/le pg O3HAYAeT KOHKATEHALMIO CJIOB p U ¢. D1a dopmyJia uMeer cMbici, eciau D(p) u
D(q) onpenesienst. TpeGyercsi, 0/HAKO, IPOBEPUTH, YTO TO ONPE/IE/ICHHE KOPPEKTHO,
TO €CTh 9YTO OJHO M TO € CIOBO X HE MOXET OBITh IPEACTABICHO /IBYMS DasHBIMI
criocobamu x = pg = p'q’, ecoma D(p), D(q), D(p"), D(q") Bce onpenenenst. B camom
Jelie, B 3TOM CJlydae cjioBa p U p' COIJIAcOBaHbl (OHH SBJISIOTCS HAYAIAMHI OJHOTO U
TOTO K€ CJIOBA X, W MOTOMY OJJHO M3 CJIOB p U p’ €CTh HAuYaIo APyroro), nosromy D(p)
u D(p’) He MoryT ObITh OJHOBPEMEHHO ONpe/esIeHbl IpH p # p’ (yHkumsa D asnsiercs
GecrpedukcHoil). A pas p=p’,ou g =¢'.

AHAJIOTMYHBIM 00pa30M JIETKO TIPOBEpUTH, uTo (bynkims D' ssnsercsa Gecrpedurc-
HOIA: eciiv pg ecTb Havau1o p'q’, 1o p u p’ cormacopanst. Pas D(p) u D(p’) oupeneensl,
To p = p’. Tlooromy g sBasieTcs HavasioM ¢'; pa3 D(q) n D(¢') onpenenensr, o g = ¢'.

®Oyukimst D' Beruncauma: urolel Haittu D' (x), Mbl pasOuBacM X Ha p M ¢ BCEMH
BO3BMOXHBIMYU CHIOCODAMHM U 11apaJuiesibHO BoiuncisieM D(p) u D(g) /st Bcex BApUAHTOB.
Kax MpI BU/ICSIH, yAaqHBIM MOKET OBITH He 00Jiee OTHOTO PasOWCHWS, M OHO JTAaST OTBET
(eciu cyliecTByeT).

OcraéTrcsl 3aMETUTD, YTO

KPp([x,y)) < KPp(x) + KPp(y).

B camom nene, ecqiu p M ¢ — KpaTyaiillfe ONWCAHVs JUIS X M y OTHOCUTENBHO D, TO
pg — ormcanve [x, y] otHocuteabHo D', mveromnee mmmy KP p(x) + KP p(y).

Hedopmaibao Manmny D’ MOKHO OLKCATH TaK: OHA YATAET BXOJI, IIOKA HE IIPOYTET
TaMm ormcanue st X. Ilocsie 9Toro ocrarok BXoJa YMTACTCS! KaK ONMCAHUE JUIS Y.
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HokaxuTe TeopeMy 60, HCIIOJIB3Ys ompe/eieHre OeclpeKCHBIX CIIOCOO0B
OIMCAHMS B TEPMMHAX MALIMH C OJOKUPYIOIMM YTCHHEM.

HasopéM MHOXeECTBO CIIOB OecnpehukcHuiM, eClIM HAKAKKE [1Ba CJIOBA B HEM
He cpaBHuMBI. [lokaxure, yro ecit A u B — GecrnpeduxcHble MHOXKeCTBA CJIOB, TO U
MHO€ECTBO

AB={ablac A be B}

SBJISIETCST OECIIPE(IKCHBIM.

B manmoMm citydae paccy»/IeHUE C allpUOPHOM BEPOSTHOCTHIO OBUTO, TIOXKAIYH, IIPOIIIE.
B cieayromem mpuMepe 9TO YK€ He TaK.

Teopema 61.
KP(x,KP(x)) = KP(x)+ O().

AHAITOTIIYHOE PaBEHCTBO IS OOBIYHON (He NPepUKCHOM) CIIOKXHOCTH COCTAaBJISIIO
coJiepxKaHue 3a1aun 23.

<« Jlerko Bugers, uro KP(x) < KP(x, KP(x)) + O(1), nockoJibKy X MOJIydYaeTcs
asrroputmudecku 1o [x, KP (x)]. (KBaaparHbie ckoOKkr 0603HAYAIOT BHIUMCIMMOE OJIHO-
3HAYHOE KO/IMPOBAHUE, UCII0JIb3YEMOE 1IPH OIIPE/Ie/IeHUM 1IPEPUKCHO CII0KHOCTHU 11aPhI. )

JlJIs1 oKa3aTeJbCcTBa 0OPATHOrO HEPAaBEeHCTBA CHOBA ucionbsyeM KP', 1o ecrs Gec-
npepuKCHBIE CITOcoObl ormicanud. [lycts D — onTuManpHbLl OecripeUKCHBIA criocod
oricanust. PaccMOTpyUM HOBBIH CITIOCO0 OIMCAHUS

D'(p) = [D(p), 1(p)],

MMEIOLIVIA Ty ke 00JIacTh omnpeneseHus, uro u D, v motomy 6ecripedmkensiit. Ecm p —
KpaTuvaiiliiee ONnMcaHue CJIoBa X otHocutesibHo D, to [{(p) = KP'(x), n MOTOMY p SBJISI-
erca onucanueM napwl [x, KP'(x)] ornocuressno D'. [Mosromy KP p([x, KP'(x)]) <
<1(p) = KP'(x).

Teopema nokazana? Ha camoM [ejie TyT €CTb TOHKOCTb, TpeOylollas pasbsACHECHUS.
Mui jiokazasmm Teopemy s gyukimu KP', cootsetcTsyolneit Gecrpe(pukcHOMY CTIoco-
Oy onucanus. Eciu 3amennts €€ Ha KP (cooTBeTCTBYIOLIYIO ITPE(DUKCHO KOPPEKTHOMY
croco0y OIMCaHusi), TO IpaBasl YacTb U3MEHHUTCS HE Oosiee 4eM Ha KOHCTaHTy. Borpoc
B TOM, [I0YEMY 5TO BEPHO U [ULA JIEBOI 9acTu, HOCKOIbKY KP CTOUT BHYTPH B KaueCTBe
apryMeHra.

YroObl OTBETUTH HA DTOT BOIIPOC, JOCTATOYHO IOKa3arh, 4T0 KP (x, n) (CJIOXKHOCTD
Mapel, B KOTOPOI BTOPOIl aPIyMEHT Mbl CUMTAEM HATYyPAJIbHBIM YHCJIOM) MEHSETCS HE
0oJiee 4eM Ha KOHCTAHTY IIPA M3MECHCHMM N HA €AMHUILY. JTO CJIELYET W3 TOro, 4To
otobpaxkenus [x,n] — [x,n + 1] u [x, n] — [x,n — 1] BHUNCIFIMEI W TIOTOMY MOTYT
YBEJIMYMBATH CJIOXKHOCTh HE OoJiee 4eM Ha KOHCTaHTY. P>

JUIs cpaBHEHHMsI TIPOBENEM TakKe M JOKa3aTeJIbCTBO € IIOMOLIBIO AallPHOPHOM BEPOSIT-
HocTH. TTycTh m(x) — anpuopHas BEPOATHOCTh CJIOBa X. Paccmortpum QyHKimio m’,
OIPEIEJIEHHYIO TaK:

27k ecom 27F < m(x),

0 B IIDOTUBHOM CJIy4ae.

m'([x, k])z{
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Ota (yHKIMS TiepedncimMa CHU3Y (/IS JIAHHBIX X U k MBI BBUIA8M HyJIb, 1OKA HE
BBIICHUTCA, uTO 2% < m(x), a MOTOM BBIJAEM 2’]‘).

Cymma m'([x, k]) 1o Bcem k (IIpy JAHHOM X) NPEACTABJISET COOOI rEOMETPUYECKYIO
MPOTPECCHI0 CO 3HAMEHATEJIeM 2, U TOTOMYy He OoJblie 2m(x) (HOC/IeAHUN WieH MHpo-
rpeccum Menbine m{x)). Caemosaressno, cymma m'([x, k]) 1o Bcem x u k xoneuna.
CpaBHuBasi m’ ¢ alPHOPHOI BEPOATHOCTHIO U HEPEXOA K JIorapudMaM, HAXOIUM, 4TO

KP(x, k)< k+ 0)

npu 2% < m(x). Temeps nonoxkuM k& = —[log m(x)| + 1, Toraa 27F < m(x) m oJIy-
YaeTcs, 4To

KP(x,—[logm(x)| + 1) < KP(x) + 0Q1).

Ocraéresa (KaK " paHL]J_IC) 3aMETUTH, YTO U3MCHCHUEC BTOPOI'0 YJICHA IMaphl HAa €IVHUILY
MEHSET CJIOKHOCTh He 0ojice YeM Ha KOHCTaHTy, U BTOPOEC JIOKA3aTCJIbCTBO TCOPEMbL
34BCPIUICHO.

IlpuBenEHHOE TOJIBKO UTO [JOKA3aTEJBCTBO TeopeMbl 61 (pakThuecku goKa-
3piBaeT 4yTh Oousbiie: KP(x, m) < m + O(1) nmpu KP(x) < m. Kak BeiBecTH 310 U3
YTBEPXKICHUS TeopeMbl 61, He aneJUmpys K JIOKa3aTeIbCTRY?

Uro MOXHO CKa3aTh 00 aJropuTMIdeckux crofictBax yukrmm KP (x)? Kak u o0brga-
Hasl KOJIMOTOPOBCKAsI CJIOKHOCTh, OHA MEPEYNCINMA CBEPXY, HO He BRIYMCINMA M JTaKe
HE MUMEET HUKAKOI HETPUMBUAJIBHON (HEOIDAHMUEHHOM) BBIUMCJIMMON HIKHEH OLICHKU.
(ITockoabky KP(x) < 2KS(x) + O(1), ynobass HeTPUBUAJIbHASI HIDKHSISL OLCHKA ISl
KP HemeUIeHHO JaBajia Obl HETPUBHAJIBHYIO HIDKHIOW OICHKY /i1 KS.)

Panee (reopema 8, c. 28) Mbl Bujes, uto KS(X) MOXHO OHpE/IC/UTh KAK MUHU-
MAJTHHYIO IEPEINCIIMYIO cBepxy ¢yHakimio K, miis kotopoit muokectsa {x | K (x) < n}
umeloT pasMep O(2"). AHAJIOTVYHOE YTBEPXK/CHUE 1JIsl TPe(PUKCHOI CIIOKHOCTH BBITJISI-
JIUT TAK:

Teopema 62. KP ecmp munumansnas (c mounocmsio 0o O(1)) nepeuucnumas
ceepxy hynxyus K, ons komopoii cymma psoa Y, 2K koneuna.

<« Kak mu1 susies, Qynxims KP nepeancimva ceepxy u paa Y, 2~ KP&) exomur-
cs. Ecim K — nepeunciinMasi cBepxy QYHKIIMSI C TEMU € CBOACTBaMH, TO (DyHKLMsI
M (x) = 27 %™ npu nocratouHo MajgoOM PalMOHAIBHOM C ABJIAETCA TOJyMepoi (OHA
repeynciuMa CHu3y u cymma menbiiie 1). Creoparensuo, M (x) = O(m(x)) B cuny
MAaKCUMAJIbHOCTH AIIPUOPHON BEpOSTHOCTH, U TIoToMy log M (x) < log m(x) + O(1), 10
ecth KP(x) < K(x)+ O(1). »

[MepedopmympoBka: mycth HyHKIHMS f ¢ HATYPAJIbHBIMA 3HAYCHUSME OIIpe/eiieHa
HAa BCEX CJIoBaX U rmepeuncimma cBepxy. Torma cpoiictBa « KP(x) < f(x) + O(1)» u
Y. 27/ < oo paBHOCHIIBHEL

KoneuHoCTh CyMMBI PsiJIa B TOJIBKO YTO /IOKA3aHHON Teopeme siBjisieTcs 6oJiee CHilb-
HbIM ycjioBueM Ha Gynkuuio K, yem ucnoJib3oBaHHoe B Teopeme 8 yciosue. B ca-
MOM JieJie, eci cymma psjia He Gosbiie C, TO KOJMYECTBO UWICHOB Psijia, OOJIBIIIX
HEKOTOpO# rpanuiisl £, He npeocxoautr C/e. TeM caMbiM MBI 3aHOBO IIOJYYaeM, YTO
KS(x) < KP(x)+ O1).
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[NoyunTerHO CPABHUTH OOBIYHYIO M NPE(UKCHYIO CIOKHOCTH TI0 JIBYM IapaMeTpaM:
CpeHe CJIOKHOCTHU CJIOB JAHHOM JUIVIHEI 1 UVICITY CJIOB CJIOKHOCTH He OOJIBINE TaHHOIM.
Hauném ¢ nepsoro.

Ms1 BuAe/H, 9TO OOJIBIIMHCTBO CJIOB JUJIMHEI 7 MMEIOT (OOBIYHYIO) CIOKHOCTB 11 +
+ O(1) (cm c. 16, a Takxke 3a1a4y 2 Ha ¢. 25). EcrecrBeHHO okuarh, 4To npedrKcHas
CJIOKHOCTH OyJIeT HeCKOJIBKO OOJIBIIE.

Teopema 63. (a) KP(x) <I(x)+ KP((x))+ 0Q).
(0) Haiioémca maxaa koHcmanma c, ymo onst 106020 n u onst mobo20 d odons
cnog x Onunst n, y komopwoix KP(x) < n+ KP(n) — d, ne npesocxooum 274,

« (a) Ilycts m(x) — anpuopHas BEPOSITHOCTB CI0Ba X. MBI OyeM TakKe FOBOPUTH
00 arpropHO#l BEpPOSTHOCTH m(n) HATYpaJbHOTO WMCiaa n (WM, YTO TO XK€ CaMoe,
€ro JBOMYHON 3armich). PaccmorpuM yukimmo m’'(x), paBuyio 2~ "m(n) 1id CJIOB X
JUIAHBI 1. 3HAYeHWs STO (PYHKIIMN HA BCEX CJIOBAX JIJTMHBL /1 OJITHAKOBHI U B CyMMe Jal0T
m(n), nosromy Y, m’(x) < 1. ®ynkums m' nepeunciuma cHusy. [TOCKOJIBKY TIOyMepa
m sBjsercs HamboJIbIIEl, 3aKmouaeM, uto m'(x) < cm(X) Ui HEKOTOPOro ¢ U Juis
Beex x. Ilepexonst k Jjiorapudmam, 110J1y4aeM HEPABEHCTBO

KP(x)<n+ KP(n)+ O(1)

U cJIoB JumHbl 1 (koHcTanTa B O(1) He 3aBUCUT OT n).
(6) Temeps OymeM JBUTATHCS B OOPATHOM HAIPABJICHUM W PACCMOTPUM (DYHKIIUIO

m'(n) = Z m(x)

1(x)=n

(CyMMy anpHOPHBIX BEPOSTHOCTEI BCEX CJIOB JaHHOI MHH). [Tockoabsky oTa GyHKImS
nepeunciuma cHusy u Yy, m'(n) <1, to m'(n) = O(m(n)) (rae m(n) — anpuopHas
BEPOSITHOCTh HATYPaIbHOIO umcia n). C Apyroil CTOPOHBI, CI0BO U3 N HyJel umeer (C
TOYHOCTBIO JI0 KOHCTaHTHI) Ty K€ allpHOPHYIO BEPOSTHOCTb, YTO U 11, TaK 4TO

amn) < Y m@x)<amn).
I(x)=n

Hpyrumu cjioBaM#, CyMMa 3HaY¢HUI (PYHKIMM m(X) Ha CJIOBAaX [JIMHBL 71 ¢ TOYHOCTHIO
JIO KOHCTaHTBI COBIIAaeT ¢ m(n), a cpeAHee 3HaueHWe m(x) Ha 3TUX CJIOBaX — C
m(n)/2". Ocraércs 3aMeTHTH, YTO JI0JIS TEX APIyMEHTOB, /Ui KOTOPHIX (yHKimsa B 2¢
Pa3 LpeBbIIACT CBOE cpejHee, He npesocxomut 2~ ¢ (nepasencrso Uebbimésa). »

Ucrios1p3yst DTH OLIEHKY, JIOKAXKUTE, YTO CpejHee apupmerndecKoe rpedukc-
HBIX CJIOKHOCTE#H BeeX CJIOB umHBL n pauo n + KP(n) + O(1).

(11 OOBIMHOM CJIOKHOCTH 3TO CAEJIAHO B 3ajaue 3, c. 25.)

TCHCpL OIICHUM YHCJIO CJIOB JAHHOW CJIOKHOCTU.

Teopema 64. Jlocapughm uucna cnos x, ons komopeix KP(x) < n, pasen n —
— KP(n) + 0(1).
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<« [Iycth ¢, — umcno cios, mis kotopeix KP (x) < n. [epermiieM ocHOBHOE CBOIA-
CTBO MPE(MUKCHOI CIOKHOCTH, cxomuMocTh psaa Y. 2~ kP g repmumax uncen c,. Nwe-
€TCs Cp41 — Cp CJIOB, CJOXHOCTH KOTOPBIX PAaBHA B TOYHOCTH 1, [IODTOMY CYyMMY psija
MOXHO HEPENUCATh KaK Y., 27" (Chq1 — C,). Ileperpynmnmposas wieHbl, yOexaeMcst, 94TO
cymma ¥,(2-"D _2="ye, =¥ 27"c, koHeuHa. [TOCKOJIBKY C, IIEPEUNCIUMO CHH3Y,
TO OTCIONIA CIIEAYET, YTO 2~ " ¢, He IPEBOCXOUT AIPUOPHOIN BEPOATHOCTH m(n) 9ncia n,
oTKyma ¢, < m(n)2" (C TOYHOCTHIO A0 MYJIPTUILIMKATUBHON KOHCTAHTHI).

C npyroit CTOpPOHHI, JIETKO MOCTPOUTH IepeUncimMylo cBepxy (yHkimmo K, apry-
MEHTAMH KOTODPOI SIBJISIOTCSI JIBOMYHBIE CJIOBA, 4 3HAYCHUSMU HATYPAJIbHBIC YHCJIA U
IJTI0C OSCKOHEYHOCTDb, Y KOTOPO# OyneT mpumepno m(n)2" 3navenmii, paBHbix n. Ha-
LIPUMEP, MOXKHO JIOIOBOPUTBLCSI, YTO HA CJIOBaxX JUIMHBL 1 OTa (PYHKLMSI paBHA Jmbo 7,
JMO0 +oco, TMIPUYEM W3HAYAIHFHO BCE 3HAUCHUS OECKOHEUHHI, a 3aTeM II0 Mepe IOsBIIe-
HUs BCE OOJBIIMX OIICHOK JUTS (1) Hy>KHOE YMCI0 OeCKOHCUHBIX 3HAYCHUIT 3aMEHSACTCS
HA 1.

Jlna »roit ymaxmm cymma Y. 27 X®) exonures, nmostomy KP(x) < K (x) + O(1), n
HOTOMY Cpyoq1) = M(n)2". Ocraéres BCroMHUTH, YTO m(n) n 2" MeHsIOTCA He OoJiee
YeM B KOHCTAHTY pa3 IPY U3MEHEHMU 71 HA €/IMHULLY. P

DT pe3ynbTaThl MOTYT CO3JaTh BIICUATJICHHE, YTO Tpe(UKCHAS W OOBIYHAS MCPHI
CJIOKHOCTY OTIMYAIOTCS BCETO JIVIIH BEIOOPOM IIKAJIH (1MKaJIA /715 TPehUKCHO CII0KHO-
CTY C/IBUHYTA OTHOCHTEJILHO OOBIYHOM, TaK YTO MPedUKCHAS CIIOKHOCTh HEMHOTO §OJIh-
me). Tak jm 3T0? DTOT BONPOC MOXXHO €CTECTBEHHBIM 00Pa30M YTOUHHTH: CYILECTBYIOT
JIM JIBE 11I0CJIE/[OBATEJIBHOCTH CJIOB @, U by, juist koropuix KS (a,) — KS (b,) — oo,
wo KP(a,) — KP(b,) — —o? Ha stor Bonpoc otBetiiii AH. A. Myunuk u C. E. Tlo-
CHUITEJIFCKUIA, JTOKA3aB CYIIECTBOBAHIE TAKUX ITociejoBaTesbHoCTe B [116]. dpyroe mo-
Ka3aTeJIbCTBO Jiad Mmytep (cM. [102], Tae obCy)AaloTcs 1 APYTHE Pe3ybTaThl O CBSI3A
MPOCTOM U NPEPUKCHON CIAOKHOCTH). MBI OIPAaHUYMMCSI JIMIIb HECKOJIBKUMU MPOCTHIMU
3aMEYAHUSAMHU.

Hepasencrso KP (x) < I(x) + KP(I(Xx)) MOXXHO UTEpUPOBATH, 1IOJTyYast

KP(x) <I(x)+ 1((x)) + KP(x))+ O),
KP(x) <1(x) + 1) +1UU)) + KPUUT(x))) + 0()
U Tak jajee. Kpome TOro, MOHO BCIIOMHHUTB, 9TO €cii D) — ONTUMAIBHBIA CIIOCOO

oImcaHus 711 0ObIUHOM (He mpedmkcHoit) cioxnoctr, To KP (D(y)) < KP(y); code-
tast 310 ¢ HepaBeHcTBOM KP(x) < I{(x) + KP(I(x)) + O(1), nojy4aem clieqiyromiee
yTBEPKICHUE:

Teopema 65.
KP(x) <KS(x) + KP(KS(x))) + 0(1),
KP(x) <KS(x) + KS(KS(x))) + KP(KS(KS(x)) + O(1)

u mak oanee.

O1™MeTIM KCTaTH, 4TO BCC BTHU HCPABCHCTBA IIOJYYAIOTCA TaKXKC IOBTOPHBIM IIPpUMC-
HEHUEM TIEPBOIO U3 HUX.
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Hoxkaxure, 9TO

KS(x,y) < KP(x) + KS(y) + O(1)

JJIS JIIOOBIX CJIOB X, y. [Ykazanue. MOXHO MOACYMTATh YMCJIO IApP, € NPaBasi 4acTh
MEHBILE 71, HO IIPOLIE BOCIIOJIB30BATHCS OeCIIPE(PUKCHBIM KOJIUPOBAHUEM. ]

Ml roBopui, 4ro CIydafiHBIMM CJIOBAMM [UIMHBL 71 €CTECTBEHHO CUMTATh Te, Y
KOTODBIX (IIPOCTasl) KOJMOIOPOBCKas CJIOKHOCTh MAaKCHMajbHAa, TO €CTh OJM3Ka K 7.
A 4ro Oyzer, ecam moTpedOBaTh, YTOOB NMPE(PUKCHASI CIIOXKHOCTh OBLIA MAKCUMAJIBHA,
TO ecth Osimzka Kk n + KP (n)? Crenyiomas 3a/ia4a MoKa3bBaeT, YTO U3 ITOIO CJIEyeT
CJIy4ailHOCTb B LIPEXHEM CMBICJIE.

[Mokaskure, 4TO €C/im OOBIYHAS CJIOKHOCTh CJI0BA X JUIMHBL 11 HE TIPEBOCXOIUT
n — d, To ero npeduKcHas CJIOKHOCTh He npepocxomut n + KP(n) — d + O(logd).
[Vkazanme: coepuauM OecripepuKcHbIe OIMCAHUs /Uit 1 U d ¢ OOBIYHBIM OIHCAHUEM
g x.]

AHaI0OTMYHOE yTBEP)KICHUE B OOPATHYIO CTOPOHY HEBEPHO, Kak nokaszai P. Cososeit
(cM. ynomsmHyTyI0 cTateio Munepa [102] wm [115]).

4.7. YcnopHas npepuKCHas CJI0MHOCTb H CJI0KHOCTh Mapbl

4.7.1. YcnosHas npedukcHas CJIOKHOCTh

Kax ompemermTs npeduKcHBIT BapraHT YCIOBHOW ciaokHocTh? Kaxkmoe w3 mpuse-
JCHHBIX HAMH OIIPE/ICJICHII MOXXHO MOAV(HMITPOBATh, J00ABMB Ty/a ycjoBusl. BoT 4ro
IIpY 3TOM IOJTY9UTCH.

®Oyurims D ByX apryMeHTOB HA3bIBACTCS NPehUKCHO KOPPEKMHOI OMHOCUMENbHO
nepeozo apeymeHmad, €Civ TIpU JIOOOM (PMKCHIPOBAHHOM 3HAYEHHM BTOPOrO apryMeHTa
TIOJIy9acTCsl TPE(PUKCHO KOPPEKTHASI (PYHKIIHS:

D(y, z) onpefeneio uy <y = D', z) = D(y,2).

3/1€Ch NIPE/IIOJIATAETCH, YTO NEPBbIA APIYMEHT SABJISIETCH IBOMYHBIM CJIOBOM; ¥ < ¥’ 03Ha-
yaer, uro ¥’ ABJIAETCS HPOJIOJDKEHUEM Y.

[Ipu onpenesieHAN YCJIOBHOW CIOKHOCTH B pasjiesiec 2.2 Mbl pacCCMAaTPUBAIMA BCEBO3-
MOKHBIE BBIYMCJIMMEBIC (DYHKIIMM JBYX apryMEHTOB, HA3BIBASI UX CHOCOOAMU YCIOBHO20
onucanus. (B xkauecTBe apryMeHTOB M 3HAYCHHIT PACCMATPUBAJIUCEH IBOUYHBIE CJI0BA.) Pa-
BeHCTBO D (Y, z) = X 4MTAJIOCH TAK: y SIBJISEICS OLIMCAHMEM X 11pU u3BecTHOM z. CJ10%k-
HOCTH X TP M3BECTHOM Z OMPE/Ie IsIach KaK JIJTMHA KpaTdaiiero ormcanns. Cpeau Beex
CHOCOOOB OIMMCAHVS BHIOMpAJICS ONTAMAJBHBIN, IPX KOTOPOM CJIOXKHOCTh MEHBIIIEC BCETO
(C TOYHOCTBIO IO KOHCTAHTHI).

OrpanmarMcst Tereph IPeUKCHO KOPPEKTHBIMH TI0 TIEPBOMY apTyMEHTY CII0COOaMA
omicanus. Cpely HUX TOXKE CYIMIECTBYET ONTHMAIBHBINA. J[0Ka3aTeNMbCTBO ATOTrO (pakTa
AHAJIOTUYHO JIOKA3aTeJILCTBY TeopeMbl 48 Ha ¢. 94 (0 CylIeCTBOBAaHMMA ONTUMAJILHOIO
Mpe(PUKCHO KOPPEKTHOTO CHOCO0a OE3yCJIOBHOTO OIMMCAHNS), TOJBKO BCE NPUBEICHHEIC
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TaM PACCYXKIACHUA HAJO0 HAPAJUICJIBHO IIPOBCCTU JId BCCX yc.]'[OBHfI Z. I/IMCIH{O, HaJI0
TTOJIOXKUTHh

D'(py, z) = [pl(y, 2),

rae [pl(y,z) o3Ha4YaeT pe3yJsbTaT NPUHYAWUTEJBHOM NPE(UKCHON KOPPEKLUU IPOIPaM-
MBL p (KaK (PyHKIIAM OT y NPH KBKIOM Z B OTACIBHOCTH).

BriOpaB onTMa/IbHBLI IPeUKCHO KOPPEKTHEIA CII0CO0 YCIOBHOI'O OIMCAHMSI, CIIOX-
HOCTb OTHOCUTEJIBHO HET'O MBI HAa3BIBAEM YCJIOBHOM IPe(HUKCHON CIIOXKHOCTBIO ¥ 0003Ha-
yaeM e€ KP(x|z) (unraeTcs: «ycJIoBHas Mpe(MKCHAS CIOKHOCTh CJIOBA X TIPU M3BECT-
HOM CJIOBE Z).

OTo onpezesieHre MOXHO BUTOM3MEHHUTb, 3aMEHUB TpeOoBaHHe IpeUKCHON KOPPEKT-
HOCTH Ha Tpe0oBaHue OeclipehKCHOCTH 110 IIEpBOMY apryMeHTy. M iy sroro kjacca
CYLIECTBYET ONITUMAJIBHBINA CIIOCO0 YCJIOBHOI'O OIMCAHMSA; COOTBETCTBYIOIIYIO CIOXKHOCTD
OysieM 0603Hauath KP'(x |z). MOKHO /I0Ka3aTh, 4TO 3TH ONPE/Ie/ICHHs Pa3INYalOTCs He
0oJiee 4eM Ha KOHCTAHTY:

KP'(x]z) = KP(x|z) + 0Q1),

MPUIEM KOHCTAHTa 3Ta HE 3aBUCHUT HE TOJBKO OT X, HO W OT Z.

Kax 1 g5 6e3yCyIOBHOTO Ciyvasi, IPSIMOE JI0Ka3aTeJIbCTBO DTOT0 PABEHCTBA 3aTPYI-
HUTEJIBHO, M B KAYECTBE IMPOMEKYTOUHOIO 3BEHA HCIOJIB3YETCs YCJIOBHASI ApHOpHAS
BepostHOCTh m(x |z). E€ (kak u paHbiiie) MOKHO OIPEIENUTh BYyMs crocobamu. [Tep-
BBII CIIOCOO UCITOJIh3YET BEPOSITHOCTHBIC MANIHK ¢ BxoioM. [Tycts M — Takas manmHa.
JIJIst KaXK/TOTO BXOTHOTO CJIOBA Z BO3HMKAET CBOE pacmpe/ieieHIe BEPOSITHOCTEH: BBIXOJ
X (ITpM BXO/IE Z) MMEET HEKOTOPYIO BEPOSATHOCTh ppr{X | z). ®yHKIms (X, z) — par(x|z)
HepeuncnmMa CHu3y (B €CTECTBEHHOM CMBICHIE), U JUIsl K&K/I0r0 z cymma Y., py (X |z)
He TIPEBOCXOUT CIVHUITEL. JTH CBOMCTBA OIVICHIBAIOT KJIACC BCEX (YHKIWIA pp: €Cii
HUMeEeTC [ePeuncnMas CHU3y HeoTpuiate/ibHas pyuxims (x, z) — p(x|z), g Koro-
poit Y. p(x|z) < 1 upu Bcex z, TO MOKHO HOCTPOUTH BEPOSTHOCTHYIO Mammny M, miis
KOTOPOH py = p.

Cpean Bcex (PYHKUMIT ppys CyLIECTBYeT HAMOOJIBIIASI C TOUHOCTBIO A0 YMHOXKCHHS
HAa KOHCTaHTy. Mbl (DMKCHpYEM OIHY M3 TaKuX HauOosibnmx (DYHKLIM, HasblBacM e
YCIIOBHOL anpuopHoll 8ePOSIMHOCINbIO CI08A X NPU U38€CMHOM €108 Z W 0003HAIACM
m(x|z).

Jlastee bl JokasbiBaeM, uto — log m(x|z) < KP(x|z) + O(1) u uto KP'(x|z) <
< —logm(x|z) + O(1). Hepasencrso KP(x|z) < KP'(x|z) + O(1), xotopoe j0ka-
3bIBACTCSL CTOJIb K€ IIPOCTO, KAaK M B O€3YCJIOBHOM CJIy4ae, 3aMBIKAeT KpPYyI: Bce TPH
permavesl KP (x| z), KP'(x|Z) u —logm(x|z) ommuaoTcs He Gosiee 4eM Ha KOH-
CTaHTY.

Mp1 He PUBOJMM MOAPOOHO BCEX JOKA3AaTCIBCTB, IOCKOJIBKY OHH COCTOSAT B IIa-
PaAJLJICJIBHOM TPOBEJICHUH «Oe3yCIOBHBIX» TOKA3aTEJIbCTB ISl BCEX YCJIOBUI z. MOXHO
CKa3aTh, YTO MBI UMEEM JCJIO C «PEJISTUBU3ALIMEH», HO HECKOJIBKO 0CO00OT0 BUAA.

[MosicHrM ckxaszanHoe. B o0Imell Teopri alrOPUTMOB «pEJIATHBH3AINASTY 03HAYAET, UTO
BMECTO BEIUMCIMMBIX (DYHKITMI MBI pacCMATPUBAeM (DYHKITMH, BRIYMCIIMbIE OTHOCHUTEIb-
HO HekoToporo opakyna A. (3nech A — IPOU3BOJIBHOE MHOXKECTBO ciI0B. Cumraercs,
YTO AJITOPUTM, OTBEYAIOIIMI HA BOIIPOCH! O NMPUHA/ICKHOCTH CJIOBA X MHOXECTBY A,
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JOCTYIIEH KaK BHENHs IIPOLIe/lypa ¢ BXOJHBIM ITapaMeTpoM X.) IIpakTryecku Bce U3BeCT-
HBIC TEOpEMBbI OOl TeOPUH AJITOPUTMOB 0e3 TpyJa MEepeHoCATCS U Ha Takue («A-Bbl-
qyCIMMBIeY) (DYHKLIMN.

Kcrary, 1 moHATHE CII0KHOCTU MOXHO PEJISITUBU30BATh TAKUM 00pa3’oM, OIIpe/le)IB
JUISE JIIOOOTO MHOXKECTBA A KOJIMOTOPOBCKYIO CJIOXKHOCTh KSA(x) u npeUKCHYIO KOJI-
MOT'OPOBCKYIO CJIOKHOCTb KPA(x) (cm. pazzen 6.4). Ho cefiuac Mbl jies1aeM He 9TO: B
KayeCTBE OPAKyJIa Mbl PACCMATPUBAEM /IOCTYIl K KOHEYHOMY CJIoBY z. KoHeuHo, Takoil
OPaKyJI He MOXET U3MEHUTD [TOHSTHE BHUUCIMMOCTU (CJI0BO Z KOHEYHO), HO OH MEHSET
KOJIMOTOPOBCKYIO CJIOXHOCTD, IIOCKOJIbKY MH(OPMAlMs, UMEIOLIAsCS B Z, «BBIHOCUTCS
3a CKOOKHM» M HE YUMTBIBAETCS IPM TOJCUETE CJIOKHOCTU. B pesysprare BMECTO OOBIU-
HO KOJIMOTOPOBCKO CJIOKHOCTH K.S (X) MBI [OJIyyaeM YCIOBHYIO CltokHOCTh KS (x| 2).
Jpyroii mpumep: BesmuuHy [ (X :y | z) MOYKHO CUMTATh PEJISTUBH30BAHHOM OTHOCHTE/IBHO
Z BepcHeil TIOHATHS B3anMHOHN rHpopMarmm [ (x:y).

Ewe ogno BakHOe 3aMevaHue. Bo BCex HAIMX PAaCCMOTPEHUSIX KAKHE Obl TO HU OBbLIO
TpeOOoBaHUs, CBA3aHHEBIE C MpedHuKkcaMy (HadajlaMu), OTHOCATCS TOJIBKO K OIMCAHMSM.
Hanpotus, u ormcbiBaeMble OOBEKTDL, U YCIOBUS [l HAC JIMIIEHD! KaKoil OBl TO HU OBLIO
CTPYKTYPEL

Takoit 1ogxo He SBJIAETCS EAMHCTBEHHO BO3BMOMKHBIM. MOXHO y4WTLIBaTh OTHO-
HIeHe «ObITh HAaYaIoM» JIJIsl OLMCHIBAeMBIX OOBEKTOB (TaK IEJIAIOT IIPU OIIpenesICHIN
MOHOTOHHOI CJIOKHOCTH U CJIOKHOCTH PaspellieHus, ¢M. IVIAaBEL 5 U 6). MoxHO ObLIO
OBl TaKKe YUUTHIBATH OTHOLICHME «OBITh HAYQJIOM» W I yCJoBUil (CM. pasgen 6.3);
TAKUE BAPHAHTHI OIPEICJICHUI BIIOJIHE OCMBICJICHHBI, XOTS U MaJI0 M3yYEHBL.

OTMeTHM Taxke, 4TO TP ONPEAEICHUHN YCJIOBHONU NPehMKCHOI CJI0KHOCTH Tpedo-
BAaHMSI, CBS3AHHBIC C Mpe(UKCaMM, HAK/IAABIBAIOTCS OTACJIBHO IPU KAKAOM 3HAYCHHU
ycJjiosust (Broporo aprymenta (yHkimy). Hanpumep, Mel TpeOyeM, uToObl MalllMHA cama
pelllaja, KOIa OHA KOHYMAT YUTaTh OIMCAHWE — HO BTO PELICHHE MOXET 3aBHCETh OT
BTOpOro aprymenra. M3-3a 3Toro yTBEp)KJICHUE, aHAJIOTWIHOE 3ajadec 27 (c. 44), yxe
HE MIMEET MecTa:

Mokaxure, aro KP (y|x) He IpeBOCXOIUT MUHAMAJIBHON IPEGUKCHOM CI0XK-
HOCTH TIPOTPaMM, IIEPEBOJIAINMX X B ¥, HO OOpaTHOE HEBEPHO (BCC HEPABEHCTBA ITOHU-
matorest ¢ TouHocThio 1o O(1)). (0O6a yTBep*/IeHUsI BEPHBI JUlsl JIOGOro si3bIKa 11pO-
I'PAMMHUPOBAHUSI; /I/UTUBHASE KOHCTAHTAa MOXET 3aBUCETh OT BbhIOOpA sI3bIKA IIPOIpam-
mupoBanus.) [Ykazanwe. Jlerko sumets, uro KP (y|1(y)) < I(y) + O(1), Tak Kak mpu
m3BeCTHOM [ (y) KaX/I0€ CJIOBO MOKHO CUHTATH CBOCH CAMOOI'PAHUYCHHOM [TPOTPAMMOIA.
Ecmm 61 0OpaTHOE yTBEpkK/AeHHE OBLIO BEPHO, TO OTCIOJA MBI Oy OBl 2" pasiiimd-
HBIX IporpaMM npedrKCHOIM CIIOKHOCTH He 0ojiee n.]

4.7.2. CpoiicTBa ycJIOBHOI1 IPePUKCHOI CJI0KHOCTU
[MepeunciiM HECKOJIBKO TIPOCTHIX CBOMCTB YCJIOBHOM ITPE(OMKCHON CI0KHOCTH.

e KP(x|z) < KP(x)+ O(Q).
B camom nene, mo0oit TIpepMKCHO KOPPEKTHBIA (WM OecripeUKCHBI) CHOCo0
6e3ycsIoBHOTO onmcanust y — D(y) MOXHO paccMaTpuBaTh Kak MPE(PUKCHO KOp-
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PEKTHEI (COOTBETCTBEHHO OecIIpehUKCHBII) CIIOCO0 YCIOBHOTO OIMCAHIS (Y, Z) —
— D(y) (BTOpOIi apryMeHT (DMKTHBEH).

B TepMmuHax moJiymep: BCsIKasg BEPOSTHOCTHAS MallMHA 0€3 BXOJa MOXKET paccMa-
TPUBATLCSL KaK BEPOSTHOCTHASI MAIIMHA CO BXOOM, UTHOPUPYIOLIAs CBOI BXOA.
CoOTBETCTBEHHO JTI00AsT TIepEIMCIMMast CHI3Y TostyMepa g(x) MOKET paccMaTpH-
BaThCSL KAK CEMENMCTBO moyMep ¢'(x|z) = g(x) ¢ QUKTHBHEIM [TApaMETPOM Z.
KP(x|x)=0Q).

Crnioco6 onmcanus D(y, z) = z sBisieTcst TpepMKCHO KOPPEKTHHIM (HAC MHTEpecy-
eT npeUKCHast KOPPEKTHOCTH 110 ¥, a He 110 z) U KP p(x | x) = 0. BecnipedrKkcHbIit
criocob onucaHusi MOXKHO orpesesuts 1ak: D(A, z) = z, raie A — nycroe cJjioBo;
JUIS HEIyCTHIX TIEPBBIX apryMeHToB [ He ompenei€H. Hakownen, mepeumcimmoe
CHM3Y CeMEUCTBO mostyMep TakoBo: g{x|x) =1 u g(x|z) =0 mpu z # x.
KP(f(x,z)|z) < KP(x|z) + O(1) pnsa ymoGoit Beravc/mMoit GyHKImy [ 1 Jist
JIIOOBIX CJIOB X, Z, Ha KOTOpBIX [ ornpesesiena. (Ipu srom koncranta B O(1) moxer
3aBuceTh OT [, HO HE OT X U Z.)

Ecit D — onrrumaibabiil IpeUKCHO KOPPEKTHELA [OecrpepuKcHbIil] criocod yc-
JioBHOTO ommcanust, 10 D': (y, z) — f(D(y, z), z) Takxke OymeT MpedUKCHO KOp-
pektHBIM [cooTBeTcTBeHHO OectipedurcubiM] u KP p(f (x,z)|z) < KPp(x|z),
OTKyJla M CJIeTyeT NCKOMOE HEepPaBEHCTRO.

B TepMuHax mosymep: ecsiu m(X | z) — anpuopHas BEPOSTHOCTh X ITPU M3BECTHOM
Z, pacCMOTPUM MOJIyMepy

q(x|z) = Z{m(x’|z) | f(xX',2) =x}

(IpM Kax/I0M Z OHA MPEJCTABJSAET COOO0 MpsMON 00pa3 mosLyMepsl X — m(X, z)
Ipu OTOOpakeHMN X +— f (X, Z)); JIETKO MPOBEPUTh, YTO (PYHKIWA ¢ TEepPEUUCIN-
Ma cumy, 410 Y., q(x|z) <1 u uro q(f(x,z)|z) = m(x|z). Vcnoapsys omru-
MAJIBHOCTh M1, TIPUXOIVM K MCKOMOMY HEpPaBEHCTBY (JUIs JiorapuhMOB alTpHOPHBIX
BEPOATHOCTEN).

KP(x|z) S KP(x|f(2)) 4+ OQ) ans mo6oit Borumcmmon GyHKImu f 1 JHoObix
X,z (ecma f(z) ompeneseHO; KOHCTAHTa MOXET 3aBHUCETh OT f, HO HE OT X U Z).
(JOCTATOYHO PACCMOTPETh Cocob ommcanmst (Y, z) — D(y, f(z)) wm cemeiicTBo
mosymep g(x|z) = m{x|f(z)).)

KP(f(x)|x) = 0() pna moboit Berumciumoit GyHKIMU f U JUIs BCEX X, LpU
KOTOpHIX f(X) orpeseseHo.

(ITpocroe cieacrsue NnpeablayIInX. )

KS(x|z) < KP(x|z) + 0Q1)

B camom 7ese, mpedKcHO KOppeKTHEIE (MM GecriperKCHBIE) CIIOCOOBI YCIOBHO-
TO OIMCAHUS BXOAT B UMCJIO CIIOCOOOB YCJIOBHOTO OIMCAHHUSI, PACCMATPUBAEMBIX
npu onpenesicann KS (x| z).

KP(x|z) < KS(x|z) +2logKS (x]z) + O(1)

3710 yTBEPK/ICHHUE MOXXHO BBIBECTH U3 Ipejibyiylmx. [lycts D — onruMasbHbIi
CIOCO0 YCIIOBHOTO OIMCAHUS (HE 00s3aTeIbHO MpehUKCHO KOPPEKTHBIN). Torma

KP(D(y,2)|2) <KP(y|2) + 0(1) <KP(y) + O(1) < I(y) +2log I (y) + O(1).
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Ecimn B kadecTBe y B34TO KpaTyaillee OIMCAHWE X IIPM M3BECTHOM z, To [(y) =
= KS (x| z).
AHaJIOTMYHBIM 00Pa30M MOKHO JOKa3aTh M 00JIee CUIbHOE HEPABEHCTBO

KP(x|z) <KS(x|z) +1ogKS(x|z) +2loglog KS (x|z) + O(1)

" TAaK Jajiee.

4.7.3. TlpedukcHas cj10)KHOCTb Hapbl

Ml Bugesin (reopema 60, c. 112), uro KP(x,y) < KP(x) + KP(y) + O(1). Oro
HEPABEHCTBO MOXHO YCHJIUTD:

Teopema 66.
KP(x,y) <KP(x)+ KP(y|x)+ 0Q).

<« Ectp /1Ba BapmaHTa /T0Ka3aTesbCTBA: € OcCHPE(UKCHBIMU CIIOCOOAMM OIMCAHVS 1
¢ nostymepamu. C OecripehrKCHBIMU CIIOCOOAMM OIFICAHMSI MBI paccy’kaaeM Tak. Ilycrs
D — onrumaipHeiit GecripedukcHbIi criocod GesyciioBHoro onwcanust, a D, — onru-
MAJIBHBIN Oecnpe(hUKCHBII CrIOCO0 yCJIOBHOTO OMuMcaHud. PaccMoTpuM criocod omucanus
D', onpenensemslit popMyIToin

D'(uv) = [D(u), De(v, D(u))]

(mast TeX u M v, JUIS KOTOPHIX IIpaBasi 4acTh orpe/esicHa). Kak u mpn jokasarenapcTse
TeopeMsl 60, JIETKO POBEPUTh, 9T0 D’ KOPPEKTHO OIPEIEEH U ABIIETCs Oecrpeduke-
HBIM CITOCOOOM OTIMICAHWST; TIPH TOM KOHKATCHAIAS KPATUAMIIIIX OTIMCAHWI JUIS X W IS
y (TIpM U3BECTHOM X) JACT OMUCAHME JJIA [X, y].

(3amMeTuM, YTO B 3TOM PACCYACHUU CYIIECTBEH MOPSAJIOK U M V: €CJIU OBl MBI B3SLIH
vu (BMECTO uv), TO CHaJasa HajJ0 ObLIO OBl BHIJACIATH CJIIOBO V, W BO3HUKJA OBl TPY/I-
HOCTE: (pyHKIMSA D, sBasieTcst OecripepuKCHOM PN (PUKCHPOBAHHOM BTOPOM apryMeEHTE,
a D(u) moxka emé He W3BECTHO. )

C noJymepamu: mycth m(x) — anpropHas BEPOSATHOCTH X, a m(y | X) — anpuopHas
BEPOATHOCTb Y IIPU M3BECTHOM X. PaccMorpuM (DyHKUMIO /1, ONPEAESIEHHYIO COOTHO-
IIEHIEM

m'([x,y]) = m(x)m(y|x)

(MBI cumrtaeM, uto m'(z) = 0 IS CJIOB Z, HE SBJSIONUXCS Komamu mmap). Torma m'
TIEPEYNC/IMMA CHIBY (KaK IIPOM3BE/ICHAE [IBYX IEPEUHCIAMBIX CHU3Y (DYHKIWIA), U

Zm’(z) = Zm(x)m(y|x) = Z[m(x)Zm(ybc)] < Z m(x) <1.
z X,y y X

X
[Mosromy m([x, y]) = em’([x,y]) = em(x)m(y \ X), 94TO M TPeDOBAIOCH T0KA3aTh. B
Hoxaxure, uto KS (x,y) < KP(x) + KS(y|x) + O(1).

[Ykazanne. MOXKHO MCII0JIB30BaTh Oecpe(pMKCHBIE CIOCOOBI OMMCAHUS, JAOMUCAB K
6ecrpeUKCHOMY OIMCAHUIO JJIst X OObIYHOE OlIMCAHUE /ISl Y LIPU U3BECTHOM X. A MOX-
HO TIOJICYMTATH 9UCIIO Tap, upu kotophix KP (x) + KS (y|x) < n. Ecim nepBoe cnara-
eMoe paBHO k, TO map He GOJIblIie 25 m(k) - 2"k = 2" m(k), u nocie CYMMHPOBaHUS
no k mostyyaem 2" - O(1).]
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Toapko 4YTO JTOKa3aHHOE HEPABCHCTBO MOKHO HECKOJIBKO YCIWUINTEH. |JI1 Havyama 3a-
METUM, YTO MBI MOXXEM PacCMAaTpPWBaTh B KAYECTBE YCJIOBWIT HE TOJIBKO CJIOBA, HO
mapel CJIOB (MOCKOJIBKY 3aMEHA OIHOTO CHOCO0a KOAVPOBAHMS Map Ha APYTOM MEHSET
CJIOKHOCTB He 0oJiee ueM Ha KOHCTaHTY). Kpome TOro, MOXXHO roBOPUTH O CJIOXHOCTH
Tpoek cJioB. [lociie 3TUX 3aMEUaHMIT MOXKHO 3aITCATh TaKyIO TETI0YKY HepaBeHCTB (It
kpatkoctu wiensl O(1) omyckaem):

KP(x,y) < KP(x, KP(x),y) < KP(x, KP(x)) + KP(y|x, KP(x)) =
=KP(x) + KP(y|x, KP(x)).

[Tpu sToM MBI nctionp3oBain paseHcTBO KP (x, KP(x)) = KP(x) (Teopema 61), a Tak-
e TOJHKO UTO JIOKA3aHHYI0 TEOpeMy IIPO SHTPOIMIO Maphl. [losyueHHOE HEpaBEHCTBO
yCIIMBaeT 5Ty Teopemy, mockoiasky KP (y|x, KP(x)) < KP(y|x) (x momydaercs ai-
ropurMuvecku 1o [x, f(x)]). Kak obnapysxum JI. A. Jlesun (cm. [42]) u I'. Yeittun [22],
TAKOE YTOYHEHME 3aMedaTe/IbHBIM 00Pa3oM NPEBpaIaeT HEPABEHCTBO B PABEHCTBO:

Teopema 67.
KP(x,y)=KP(x)+ KP(y|x, KP(x))+ O(1).

<« B o1Hy cTOpoHYy HepaBeHCTBO HAMH Yke JoKasaHo (CM. oOcyskaeHHe Iiepen ¢op-
MyJIIPOBKOII TeOPEMEL). MOXKHO IIPUBECTU U IIPAMOE JOKA3aTeJIBCTBO: YTOOBI IIOJIYIUTh
OecrpeUKCHBIA KO/l IIapsl (X, y), HAI0 K OeclpeDMKCHOMY KOy X HPHUIIMCATh CHpaBa
OecripeuKCHBI Ko y npy m3BecTHoIX X M KP(x) (npuuém B kavectBe KP (x) Hago
B3STb KAK Pa3 [UIMHY HAMMCAHHOTO Oecrpe(pMKCHOro Koga i X). 3aMeTUM, 4TO IIO-
CJie BBLJIEJICHUS IEPBOIM YaCTH Mbl 3HAEM HE TOJIBKO X, HO U KP(x), Tak 4ro ecrb BCE
HE00X0UMOe IS BOCCTAHOBJICHUS CJIOBA Y.

B TepMuHax 1OJIyMep 9T0 JOKA3aTeJILCTBO MOXKHO M3JI0KUTD Tak. PaccMoTpuM QyHK-
uuio m’, 1S KoTopoit

m'([x,y]) = Z 27"m(y|x,k).
{k|27k<2m(x)}

Ora (yHKIHMS TepeyrcInMa CHIA3Y, CyMMA TI0 BCEM X, y KoHedna (cymma m(y | x, k) 1o y
He Ooupiie 1; cymma 2% 1o Beem k, s KOTOPBIX 27k < 2m(x), ue Gomsime 4m(x),
1 CYMMHUPOBaHHE 10 BCeM X JaéT He Oouibiie 4). OcTaéres CpaBHUTH e€ € alpHOPHOI
BEPOSITHOCTBIO M U 3aMETUTh, 4TO npu k = —|log, m(x)| mosiyyaeM Kak pa3 Hys>KHbI
WIEH CYMMBL.

[Mepeiiném Teneps K JOKa3aTeIbCTBY OOPaTHOTO HEPaBECHCTBA:

KP(x) + KP(y|x, KP(x)) < KP(x,y) + O(1).

Jl1st Havasia puBe/IEM (HENPaBUJIBHOE, HO D0JIee IPOCTOE) OKA3ATEIBCTBO (HEITPABUIIb-
HOTO0, HO 00Jie€ CHJIBHOTO) YTBEPXKICHHS

KP(x)+ KP(y|x) < KP(x,y)+ OQ1).
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HCpCXO}:[H K HOHyMGpaM, MOXHO HCpeHHCElTI; 2TO HCpaBCHCTBO TakK:
m(x)m(y|x) = em([x,y])

(IS HEKOTOPOTO € W JUIA BCEX X, ¥). 3/1ech OYKBOI m 0OO3HAYEHBI allPHOPHBIC BEPOSIT-
HOCTH (YyCJIOBHAS M OesycioBHas). IlepermiemM 5To HEPaBEHCTBO KaK

m([x, y])
m(y|x)>e O
JloCcTaTO4HO JOKa3aTh, YTO (DYHKLIAA
) __om(x, D)
m(y|lx)=c¢ OB

npy JiI00OM (PUKCUPOBAHHOM X SIBISIETCA MOJIyMEpON (IIpU HEKOTOPOM €), MOCJIE Yero
COCJIATBCS Ha MakcMATBHOCTh pyHKIm m(y | x). [Ipocymmupyem m'(y | x) mo y. Ham
Ha/I0 yOeUThCS, ITO CyMMa

¥, m([x, y))

m(x)

Y m'(ylx)y=e¢
y

HE TIPEBOCXO/IUT C/TMHUIIHL.

[Touemy nT10 Tak? B camom xetie, PyHKIMS X — Zy m([x, y]) fIBJSETCS MTOJIyMEpPO
(e€ cymMma 10 BCEM X €CTb Zx’y m([x,y]) < 1) u motomy 3Ta (pyHKIMA He OOJBIIE
m(x)/€ Npu HEKOTOPOM €.

I'ne oumOka B 3TOM paccysxkaeHrM? Mbl 3a0bUTH, YTO MOTyMEPA JOKHA ObITh TIEPEUH-
c/uMa chusy. B 01HOM U3 IBYX CJIydaes 9TO ACHCTBUTE/LHO Tak: Gynkumsa Y, m([x, y1),
KaK JICTKO IIOHATH, OyJeT MepednciIMMON CHU3Y, TTOCKOJIBKY (PYHKIMS m ObIIa Tako-
Boii. Ho Bot mpo m([x, y])/m(x) 3TOr0 CKa3aTh y>Ke HEJB3s, TIOCKOJIBKY m(X) CTOWUT B
3HAMEHATEJIe, a TIPA BO3PACTAHMY 3HAMEHATEsIsT JPOOh He YBEJIMUMBAETCS (KaKk HAM OBl
XOTEJIOCh), a4 YMEHBILIAETCS.

[TpaBuibHOE TOKA3ATEIBCTBO DOJIeE C/1a00OTO HEPABEHCTBA CJICAYET TOM *Ke CxeMe, HO
00XO/TAT YKA3aHHYIO TOJIBKO UTO TPYAHOCTH. MBI IOJDKHEL JOKa3aTh, uTo mpu z = KP (x)
UMEET MECTO HEPABEHCTBO

m([x, y])

m(y|x,z)>e )

Hara npo6siemMa, HArOMHMM, B TOM, YTO TIpaBas 4YacTh He SABJIAETCA IMEPEUNCTAMOi
cumsy. Ho mpu z = KP (x) mMoxHo 3amenuts m(x) ~ 2~ KP™) ya 277 y paccmorpers

GyHKLIIO
m'(y|x, z) = m([x, y])2°.

Orta (pyHKLUS NEPEeUYMCIMMa CHU3Y. 3aTO OHA MOXKET He OBbITh IOJyMEpPOW, IOCKOJIBKY
cyMMma Zy m'(y|x,z) He Bceraa OyJeT OrpaHideHa equHMIICi. DTO OyIeT TaK, JIMIIb
ecim

Y m(lx,y) <277

¥y
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MBI BUIEJIH, 9TO Zy m([x,y]) = O(m(x)) = 02~ KP(x)y, [I02TOMY JIJISI HEKOTOPOI1 KOH-
CTAHTHI C BBITOJHEHO TAKOE CBOMCTBO:

< KP(x)—c = Zm’(y|x,z)<1.
¥

TO XOPOIIO, HO MAJIO: HAM HYKHO CEMEICTBO [IOJIyMep, B KOTOPOM TaKOe HEPABEHCTBO
BBIIOJIHACTCS TIPU BCEX X W Z, @ HE TOJBKO IPH HEKOTOPHIX. [109TOMY MBI MCIIPABAM
dyHkmo m’, nonyuns GyHKIp0 m” ¢ TAKUMH CBOMCTBAMU:

o dyuxius (y, x, z) — m"(y | x, z) mepeuncnuma cHuzy;

e HEpaBeHCTBO Z )
m'(y|x,z) <1
¥

BBIIIOJIHCHO 1IPU BCEX X U Z,

e I HEKOTOPOIi KOHCTAHTHI C
z<KP(x)—c = m"(y|x,z)=m'(y|x, 2).

TexHostorusa Takoro poJa HCHpPaBJIEHHS yxke o0cyxkJajaach B pasgene 4.2: cTpos BcE
00JIbIIME TIPUONIMKEHUST CHM3Y, MBI TPOBEPSIM, HE HApYIIAIOT JIM OHM TPAHMUILY JIs
CYMMBI, U €CJIM HapyIIAT, TO OTOPACHIBAEM.

CpapHupast m” ¢ anpUOPHON YCJIOBHOI BEPOSITHOCTBIO U NEpexo/ist K Jiorapudmam,
MBI BUJM, 9TO

z<KP(x)—c = KP(y|x,z2)<KP(x,y)—z+c

IS HEKOTOPBIX KOHCTAaHT ¢ U ¢’ ¥ IS BCEX X, Y, Z.

UToO0b! BRIBECTH OTCIONA YTBEPXKACHHE TEOpeMBl, ToacTasuM z = KP (x) — ¢ B nosty-
YEHHOE HEPABEHCTBO U 3aMETHM, UTO [TPH U3MEHEHHUH 7 Ha eauHuILy 3Havenue KP (v |x, z)
MeHsieTCsl He Oosiee 4eM Ha KOHCTaHTY ((pyHKUMsS IPUOABJICHUSI €AMHULIEI KO BTOPOMY
WIEHY Haphl BHUKUC/INMA, aHAJIOTWIHO [JIsI BBIYUTAHUS ), TI03TOMY

KP(y|x, KP(x) —c)=KP(y|x, KP(x))+ O(1). »
3aMeTM, 4yTOo Teopema 22 (c. 48), yrBepkJaomias, 4ro
KS(x,y) =KS(x)+ KS(y|x)+ O(ogn)

JUIS CJIOB CJIOKHOCTU He OOJIbLIE 71, SBJISECTCH CHEICTBUEM TOJIBKO UTO JIOKA3AHHOI.

B camom jedie, 3amena KP na KS MeHsieT Bce TpM wieHa B paBeHCTBe Ha fosiee yeM
Ha O(logn). Ocraércs 3amerurs, yro KS (y|x, KP(x)) ommuaerca or KS(y|x) He
oomnee yeM Ha O(log n). TeM caMbIM MBI TIOTYYHIIA HOBOE JIOKA3aTENILCTBO TeopeMbl 21,
B KOTOpPOI KOMOMHATOPHBIE TIOICIETH 3aMEHEHBI OIICHKAMI BEPOSTHOCTEH.

Bcrmomunasg, uro m(x) = Zy m([x, y]) ¢ TOUHOCTBIO IO OTPAHUYCHHOI'O MHOXUTEJIS
(3amaga 100, c. 113), MOXKHO TIepenucaTh yTBEP)KICHHE TEOPEMBI 67 Tak:

m([x,y])

, KP N
m(y | x, KP(x)) T, m(oyD
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I[TpaBy1o 4acTb 3TOro paBeHCTBAa MOKHO MHTEPIIPETAPOBATh KaK YCJIOBHYIO BEPOSTHOCTD
TOTO, YTO BTOPOW UJIEH TIAphl PaBEH ¥, TIPU YCJIIOBAM TIEPBHIA WIEH TIAPHI PABEH X».

Joxaxure, 4ro

KP(x|z) < KP(x|y)+ KP(y|z) + O(1)

JUT JHOOBIX CJIOB X, Y, Z. (DTO HEPaBEHCTBO MOXKHO emé ycumrh, 3amenuts KP(x|y)
Ha MeHburyio Besmauay KP (x |y, z).)

JIOKaKUTE «PEJIATUBU3OBAHHBIN» BAPUAHT TEOPEMBI 67:
KP(x,y|z) =KP(x|z) + KP(y|x, KP(x|z),z) + O(1).

JIBax Tl IPUMEHSIST TeopeMy 67, MOXKHO TIOJTyYnTh (DOPMYJTy /TS TIPeIKCHOMN CIIOXK-
HOCTH TPOYKH CJIOB. DTy TPOMKY MOXXHO PACCMATPHUBATh Kak Iapy, IEPBBIA WICH KOTOPOil
ecTh mapa (x,y), a Bropoit — z. Iloiy4aem, 4to

KP(x,y,z) =KP(z|x,y, KP(x,y)) + KP(x,y) + O(1).

Emé pa3 mpumensis Teopemy 67, rmoJiydaeM OTBET:

Teopema 68.

KP(x,y,z) =KP(z

x, ¥, KP(x,y)) + KP(y

x, KP(x)) + KP(x) + 0Q1).

MoOXHO M3MEHUTD MOPAIOK ACHCTBUIT (TIPUMEHSISI HA BTOPOM NIAare «PEIsATHBI30BAH-
HBI» OTHOCUTEJIBHO Z BADUAHT TEOPEMBI 67):

KP(x,y,z) =KP(y,z|x, KP(x)) + KP(x) =
=KP(z|y, KP(y|x, KP(x)), x, KP(x)) + KP(y

x, KP(x)) + KP (x)

(JuUIst KpaTkocTy MBI oryckaem ciiaraempie O(1)).

[Monyunnack HeMHOTO JIpyras (bopMyJaa 10 CPABHEHMIO C YTBEPK/ACHUEM TEOpPeMHI 68:
JIBA MTOCJICTHIX CIaraeMbIX B HEH Te e, HO TIepBOe CJIaraeMoe M3MeHmIock. Kak 1 paHb-
1€, TaM CTOUT YCJIOBHAsI CJIONHOCThH CJIOBA Z, HO BMecTO yciioBus KP (X, y) nosiBuioch
asa ycsosust KP (x) u KP (y|x, KP (x)) — jiBe CJIOKHOCTH, KOTOPBIE B CYMME JIal0T KaK
pa3z KP(x,y) no teopeme 67. [losTOoMy mapa 3THX CIJIOKHOCTEH COACPKUAT HE MEHEIIE
mabopmarmm, yeM KP (x, y). Boilee yauBureanHO, 4TO (IIPU M3BECTHHIX X U ¥) BEPHO U
obGparHoe. B camoM jieste, oactasuM B Kadectre z napy (KP(x), KP (y|x, KP(x))); Bo
BTOpO# dopMyJie repBoe cliaraemoe odparurcst B Hyub (tounee, B O(1)). [IpupaBusis
MpaBble yacTH (POPMYJI, MOJIYyUaeM TAKOE CJIEICTBHE:

Teopema 69.

KP(KP(x)|x,y,KP(x,y)) = 0Q),
KP(KP(y|x, KP(x))|x,y, KP(x,y)) = O(1).

(Pazymeercst, cummerpuuHble yTBepskAeHus Bepusl i KP (y) u KP (x |y, KP(y)).)
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Jaiite IpssMoe JIOKa3aTeIbCTBO TeopeMul 69. [Ykasarnme. 3Hast x, y u KP(x, y),
MBI MOKEM KCKaTh BepxHiolo oneHky d s KP(x), nis xoropoit KP(y|x,d) + d
cpasusiercst ¢ KP (x, y). CoBnagenue ¢ trounoctsio o O(1) Oyzxer o3Havarh, 4yro d =
= KP(x) 4+ O(1): eciin d npespinaer KP (x) na nexkoropoe uuciio m, ro KP(y|x, d)
MOXeT YIacTh 3a c4ér 3roro He Gosee yeM Ha O(logm), MO3TOMY B CymMMe OyneT
TIPOWTPHIIIL ]

C momoIpio TeopeMbl 67 JIerko TOKa3aTh, 9TO 0AsMCHOE HEPAaBEHCTBO (TeopeMma 24,
c. 57) muis npeUKCHOM CJIONHOCTH BHINOJIHSETCs ¢ TOYHOCTBIO O(1) (juist 0ObIYHOM
CJIOKHOCTH ObLIa JIMIIL JIoraprMuyeckast OLICHKA):

Teopema 70.
KP(x,y,z) + KP(x) < KP(x,y) + KP(x,z) + O(1)

onst 1o0bIX MPEx o8 X, ¥, Z.

<« B camowm nene, MPaBy10 4aCTbh MOXKHO IIEPEINMCATh KaK

KP(x) + KP(y

x, KP(x))+ KP(x)+ KP(z

x, KP(x)),

a JIEBYI0 — KaK
KP(x)+ KP(y,z

x, KP(x)) + KP(x),

U OCTadTCs T0Ka3aTh, 9TO
KP(y,z|x, KP(x)) < KP(y|x, KP(x)) + KP(z|x, KP(x)),

4TO €CTh PE/ISITUBU3OBAHHBINA BapuaHT Teopemsl 60 (c. 112). »

[TpuBenéM Takke IpsIMoe JOKA3aTeJIbCTBO TeopeMbl 70 ¢ moMonibio nosymep. Ham
HYHO JTI0Ka3aTh, 9T0O (C TOYHOCTHIO /IO OI'PAaHMYCHHBIX MHOMKHUTEJICH)

m(x,y,z2)m(x) = m(x,y)m(x, z),

rjge m — HauOOJIbIIAs IEpeunc/uMasl cHusy noJymepa. [oxesms Ha m(x), nojydum
HEPaBEHCTBO
m(x, y)m(x, z)
# < m(x, v, 7).
m(x)
ITpoBepum, UTO €ro JIeBas YacTh UMEET KOHEYHYIO CyMMY (ITO BCEM TPOWMKAM CJIOB X, ¥, 7).
OT0 cenyer U3 TOro, YToO

m(x,y)m(x,z)
Z—

moo < m(x)

Y.z
(Bepb Zy m(x,y) <m(x) uy, m(x,z) < m(x)). (JJs1 KpaTKOCTH MBI OIyCKaeM MHO-
skuresin O (1), Kak eciia ObI OHU OBUIA PABHBI C/TUHUIIE. )
3TOro0, OIHAKO, HEJIOCTATOUHO: M3-32 m(X) B 3HAMEHATEJE IpoOb

m(x,y)m(x,z)
m(x)
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MOXET He OBITh TePEUHCINMON CHU3Y, W TIOTOMY MBI HE MOXKEM BOCIIOJIB30BATHCS CBOIA-
CTBOM MakCHMaJIbHOCTH. [TpuMeHnM Takoit 00x01HOM MaHEBD (yKe MCIOJIb30BAHHKIN Ha-
MU TIPH JOKA3aTEIBCTBE TEOPEMBI 67): TIOCTPOUM MEPEUNCIMMYIO CHU3Y BEPXHIOI) OLICHKY
JJISL 9TOM ApoOu.

OT0 AeyaeTcs Tak: IS KOKJOT0 HATYPajabHOTO n depes3 m, (X, y) 0003HAUNMM (hyHK-
o m(x, y), y KOTOPOM JIJIsL KaxJI0T0 X CyMMa Zy m(x, y) IPUHYUTEJIFHO OTPaHNICHA
CBepXy umcyioM 2~ ". 3amMeTnM, 9TO ):y m(x,y) paBHO m(x) (KaK 4 paHbllIe, OrPaHUYCH-
Hble MHOXXHUTEJIM MbI OITycKaeM), rnosromy m,(x,y) = m(x,y) npu n = KP(x). Teneps
paccMOTpuM (QYHKIIMIO

m, (x, y)my(x, z)
Z B s Ay

(x,y,2) — e

n>KP(x)
Cpenn Beex ciraraeMbix ecth 1 wieH ¢ n = KP (x). C npyroit cTOpoHHI,

my (x, y)my (X, z) Y, mu(x,y) Y, my(x, z)
Y )Y —=,—<)Y )L * <

2-n 2-n
XY,z n>KP(x) x n>KP(x)

<Y ) 2'<Yo2mo<e.

x n>KP(x) x

(Kak u pamplie, Mbl OIIyCKaeM KOHCTaHTBl — MX YYET J[aCT OIPAHAYCHHBIA MHOKUTEJb
B OKOHYATEJILHOM OLICHKE. )

IMokaxwnTe, 9TO HepaBeHCTBO M3 TeopeMbl 26 (c. 58) /i npedrKCHOM CIOK-
HOCTH BBIIOJHsIETCA ¢ TouHOCTRIO O(1):

2KP(x,y,z) < KP(x,¥) + KP(x,z) + KP(y,2z) + O(1)
Ul JIIOOBIX CJIOB X, Y, z. [YKasaHue: cijoxkure OasucHoe HepaseHcTBO KP(x,y,z) +
+ KP(z) < KP(x,z) + KP(y, z) c nepaBeacteoM KP (x,y,7) < KP(x,y) + KP(z).]

Jlokakute, 9TO MPU HEKOTOPOM C IS JIIOOOTO CJIOBA X W JIIOOOTO YMCiia n
HAMAETCA TaKoe CJIOBO ¥ JJIMHBI 71, 9TO

KP(x,y) 2 KP(x)+n—c.

[Vkazamme: /U1t HOOBIX Z M 11 CYLIECTBYET CJIOBO ¥ JUIMHBI 11, it Kotoporo KP (y|z) >
= n.]

CxonHoe yTBepKICHHE MOXHO C(HOPMYJIMPOBATh HE I Hap, a JJIs MPOIOJIKCHIH
JIJAHHOT'O CJIOBA X HA 1 OMTOB (AHAJIOTMYHOE YTBEPXKICHHUE IJIsI IPOCTOM KOJIMOTOPOBCKOIL
CJIOKHOCTH COCTaBJISUIO cofcpkaHue 3a/1aud 45 Ha c. 51):

Teopema 71.
max{KP (xy)|I(y) =n} > KP(x|n) + n— O(1).

IpyruMu CIOBaMH, IIPY HEKOTOPOM C JUUIS BCEX X M 1 MOKHO TaK IIPOJJIMIDL CJIOBO
X Ha n OUTOB, YTOOBI €10 CJIOKHOCTD YBEJIMYMIACh HA 11 — ¢, IPaBJA He [10 CPABHEHMIO
¢ KP(x), a b mo cpasHennio ¢ KP (x| n).
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<« [Tepexo/is K anprOPHBIM BEPOSTHOCTSIM, TICPEIMIIIEM MCKOMOE HEPABEHCTBO KaK
2"min{m(xy) | (y) =n} < m(x|n)- O().

Jesas wacte He npesocxomut Y. {m(xy)|!/(y) = n} (ecau 3amMeHUTH BCe ciaracMbie Ha
HAVIMEHBIIICE W3 HUX, CYMMA JIAIIb YMEHBIIMTCS). A 3Ta BEJIMYMHA IIPE/ICTaBJISICT COOOM
TIpY KaX/IoM N (Kak (PYHKIWS OT X) TIePEUNCINMYIO CHU3Y TMOJIyMepy, TaK 4TO OCTalTCs
BOCIIOJIb30BATHCSI MAKCUMAJIBHOCTBIO. B>

[Mokaxwute, aro ayTh Oosee crmaboe yreepskaeane ¢ KP(x) — KP (n) BMecto
KP(x|n) B upaBoit 9acTé MOXKHO BEIBeCTH M3 3aqaun 114.

4.7.4. O0bIvHasA U npedUKCHas CJIOKHOCTU

Mur yxe BUEM OLEHKA /IS NIPe(UKCHOM CJIOKHOCTH B TePMUHAX OOBIYHOH (Teo-
pema 65). Ects n npyrue cessu. Hampumep, ciiefyiomee 3amevyanne JleBUHa M0O3BOJISET
OIPE/IeJIUTh OOBIYHYIO CJIOKHOCTh B TEPMUHAX MPE(PUKCHON:

Teopema 72. [Ipocmyio cnoscnocme KS (x) mosicno onpedenumsy Kax 3uauenue i,
npu komopom KP (x| i) = i. bonee mouno, KP (x| KS(x)) = KS(x) + O(1); c dpyeoii
cmoponst, eciu KP(x|i) =i+ 4, mo KS(x) =i+ 0(9).

<« M yxe Bujiesin B 3aaue 43 (c. 50), uro KS (x) < KS (x| KS (x)) ¢ TOYHOCTDBIO
0Q). C gpyroit cropousr, KP (x| KS(x)) < KS(x) ¢ Toit e To4HOCTBIO. B camom
JleJie, TIPH M3BECTHOM JUIMHE OIHCAHWSI 5TO OIMCAHHME MOXKHO CUUTATh OecrpedrKCHBIM
(OrpaHMYMBLICH ONHCAHVISIME TOJIBKO DTOI JJIMHBEI). TeM CaMbIM IEPBOE yTBEPKJICHUE
Teopembl JokazaHo. Ocraéres 3ameruts, uro QyHkumsa | — KP(x|i) mensercs men-
JICHHO: U3MeHeHHe | Ha d npuBoguT K uzMeHeHuro e€ 3Havenua Ha O(logd). Iloatomy
OTKJIOHeHHe i oT 3HadeHUst KS(X), IPH KOTOPOM JIOCTUTACTCA PABEHCTBO, IPUBOIUT
[OYTU K TAKOMY € O BeJmumue oTKJIoHeHuo [ ot KP(x|i). »

Kak memaBHO 3ametni1 BaysHe, M3 3TOr0 yTBEP)KAEHNSI MOXKHO IOJIyYUTh PaBEHCTBA,
CBSI3BIBAIOLIME OOBIUHYIO M NPE(PUKCHYIO CJIOKHOCTH. BO3BMEM UacCTHBII CJTy4aii TEOPEMBI
O CJIOKHOCTHU I1APBI:

KP(x)=KP(x,KP(x)) =KP(KP(x))+ KP(x|KP(x), KP(KP(x)))

¢ toudocteio O(1). Ecsim Hac ycrpausaer tounocts O(KP(KP(KP(x)))), To napy
(KP(x), KP(KP(x))) B yclOBIE MOKHO 3aMeHUTH Ha pasaocth KP (x) — KP (KP (x)),
U TIOJIYIUTCS

KP(x) — KP(KP(x)) = KP (x| KP(x) — KP(KP(x))) + O(KP® (x))

(Mcrosb3yeM CoKpareHue Kp® (x) nnsa i urepammit pysxivm KP). Ocraéres BOCIIONb-
30BaThCSI TPEABIIYIICH TEOPEMOIL, U TIOJydUTCs Takoil pesyJibrar CoJioBest (u3 [159]):

Teopema 73.
KS(x) = KP(x) — KP(KP(x)) + O(KP® (x)).

Hpyrumu cioBamu, KP (x) — KS(x) pasHo KP(KP(x)) + O(KP® (x)).
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CoJtoBeit 3aMeTIIT TAKXKe, YTO B [IPABOIT YacTh MOXKHO 3amenuth KP na KS, 10 ecth
aro KP(x) — KS(x) = KS(KS(x)) + O(KS® (x)). Ha camom ngene O(KP®(x)) u
O(KS® (x)) — o510 oaua u ta ke Tounocts, u KP(KP(x)) u KS(KS (x)) coBnagaior
€ 9TOI TOYHOCTBIO. UTOOBI yOCTUTLCS B 9TOM, 3aMETHUM, UYTO yKe U3BECTHas (popmyJia
s KP (x) — KS (x) mo3BoJIseT yTBEp*,/aTh, 4TO

|KP(KP (x)) — KP(KS(x))| < KP®(x) + O(log KP® (x))

|KS(KP(x)) — KS(KS(x))| < KPP (x) + O(log KP® (x)),

HOCKOJIBKY PasHHUIIA CJIOKHOCTEH JIBYX 9HCE HE IPEBOCXOIUT NPEHUKCHOM CIOKHOCTH
ux pasHoct. C apyroit cropousl, B dopmyty s pasHoctu KP(y) — KS(y) MoxHO
nozicrasuth ¥ = KP (x) 1 3aK/I104UTh, 4TO

KP(KP(x)) — KS(KP(x)) = O(KP® (x)).

Takum 0Opa3oM, BCe YETHIPE BAPUAHTA CJIOKHOCTH CIOKHOCTH X (KOMOMHAIVIM TTPOCTOM
U 1IpeUKCHON) OTIAYAIOTCS OT JIPYr OT Jpyra Ha O(KP“) (x)). B wacrnocrn,

KP(KP(x)) — KS(KS(x)) = O(KP® (x)),

u ocraéresa szametuth, uto w3 |u — v| = O(KP(u)) Beitekaer |KP(u) — KP(v)| =
= O(log KP(u)). Takum o6pazom, KP(KP(KP(x))) u KP(KS(KS(x))) «iorapud-
MUYECKU OJIM3KIY, eCI M0 JorapudMudeckoi 6m30CcThio ¢ u b nonmMars |a — b| =
= O(log a). HeciioxxHO TIPOBEpUTH, YTO BTO OTHOIICHUE (TOrapupMITIecKon OIM30-
CTH) CUMMETPUYHO U TPAH3UTUBHO (C TOYHOCTBIO /IO YBEJIMYCHUS] KOHCTAHTHI B (J-060-
sHauenun). Ocragres 3ametuts, yto KS(v) m KP(v) toxe sorapudmudecku 0Jm3-
k1 (npu JioboM v, B ToMm umciie npu v = KS (KS(x))), Tak 4ro 10 TPaH3UTUBHOCTU
KP(KP(KP(x))) u KS(KS(KS(x))) Takxe morapud)MHUUeCKU OJIM3KA U YK 3aBEIOMO
OKP®(x)) m O(KS® (x)) — omma 1 Ta e TOYHOCTE.
Takum 06pazoM, MBI IOJIYIWIHM U Ipyroe papeHcTBO CosoBes m3 [159]:

Teopema 74.
KP(x) = KS(x) + KS(KS(x)) + O(KS® (x)).

Jpyrumu cjI0BaMu, HEPABEHCTBO TeOpeMEl 65 (c. 117) oka3biBaeTcsl OJIM3KMM K pa-
BEHCTBY.

Z[aﬁTe HpHMOC J0Ka3aTeJIbCTBO OIICHKU
KS(x) < KP(x) — KP(KP(x)) + KP® (x) + 0(1),

OLICHUB YKMCJIO CJIOB, [P KOTOPBIX IIpaBas 4acTh MaJja.

[Ykazanue. Mbl Busiesu (teopema 64, c. 116), uro sorapupm duucia CJIOB, s
xotopeix KP (x) < n, He mpeBocxomut n — KP(n) + ¢ Tipm HEKOTOPOM C W TIPH BCEX 71.
Kpome Toro, Takume cioBa MOXHO IEPeINCIIATh (IPU M3BECTHOM 1), TaK YTO KaXK0€
TaKOEe CJIOBO MOXKHO BOCCTAHOBUTH, 3HASI 11 M1 TIOPSI/IKOBHI HOMEP CJIOBA B IIEPEUNCIICHNN.
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OTOT MOPSIKOBEII HOMEP MBI OyJieM 3alWCHIBATH B BHE BOMYHOTO CJIOBA POBHO W3
n — KP(n) + ¢ ouroB (J100aBuB cjieBa HYJM, €CJIM HYXHO). Vmes Takoe CJI0BO, MbI
yxke 3HaeM n — KP(n) (koHcraHTy ¢ cuuraeM (PUKCHPOBAHHOM), TaK YTO /IS 3a/aHMsI
n jocraroyHo 3a1arh emg KP(n), 4ro MOKHO C/ieJ1aTh C HOMOIIIBIO CaMOOT PAHUUYEHHOI'O
koga mmHo KP (KP (n)). IlpmmicaB k 3TOMy KOy YHOMSHYTHIA BBIIIE MOPSTKOBBIA
HOMeEp, MBI moyanM (1 Jmoboro cimosa x ¢ KP(x) < n, B ToM wuciie 7 BCeX
cJIoB mpeduKCcHOM caokHocTa n) cioo JmmHoit KP(KP(n)) + n — KP(n) + ¢, mo
KOTOPOMY MBI MOKeM D(PPEKTUBHO BOCCTAHOBUTE CJIOBO X.]



5. MoHOTOHHAsi M aNpHOPHAs CJIOKHOCTH
H CJIyYarHOCTH

5.1. BeposiTHOCTHBIE MAalIMHBI H MOJYMEPHI HA JepeBe

Omnpeiesisist apUOPHYIO BEPOSTHOCTD B TJIaBe 4, Mbl paCCMATPUBAIA BEPOSITHOCTHBIE
AJITOPUTMBI (MAIlIMHBL), KOTOPBIE HA BBIXO/IE II€U9ATAIA HATYPAIBHOE YMCJIO M OCTAHABJIU-
BaJIMCh. Terepb Mbl PACCMOTPUM JPYIOil KJIACC BEPOSTHOCTHBIX AJITOPUTMOB, KOTODHIE
BBIJIAIOT HA BHIXO]] OMT 32 OMTOM M He 00S3aHBI OCTAHABJIMBATHCSA. AJITOPUTM TaKOTO BHA
3aJa8T CAy4aiiHyI0 BeJIMUMHY, 3HAUCHUSIMU KOTOPOH ABJISIOTCS JIEMEHTH Y (KOHCYHBIE
1 OECKOHEUHBIC TIOCJICA0BATE/IBHOCTA HYJICH 1 CAVHMLL).

B kadecTBe mpuMepa PacCMOTPUM AJITOPHUTM, BBIJAIOIMI HA BBIXOJE CJIydaiiHbIC OH-
TBI, TIOJIy9aeMble OT JJaTYMKA:

while true do
b := random;
OutputBit(b);
od

CooTBeTcTBYIOIIAs CJIy4aiHAas BEJIMYMHA COCPEAOTOUEHA HA OECKOHEUHBIX IOC/IENI0BA-
TEJBHOCTSX (JIOOOE€ MHOXXECTBO KOHEYHBIX IOCJICIOBATEJIBHOCTEH MMEET BEPOSITHOCTH
HYJIb) ¥ IMCET TaM paBHOMEpHOE pacnpezescHue. Ho B o0mem cirydae KOHEYHbIE TTOCIC-
JIOBAaTEJIHOCTHA MOTYT TIOSIBIIITHCSI C TTOJIOKUTEIIBHOI BEPOSTHOCTHIO (3TO COOTBETCTBYET
CUTyaIn, KOTJa ajJrOpruT™M ¢ HEKOTOPOTO MOMCHTA HOBHIX OMTOB HE BBITACT).

JLuist KaX10r0 aNropuTMa A ONMMCaHHOTO THITA PACCMOTPUM (DYHKIIHIO, ONPE/Ie/IEHHYIO
HA JIBOMYHBIX CJIOBAX U MNPHHUMAIOIIYIO BEIICCTBCHHBIC 3HAYCHMS:

a(x) = Pr[Boixon A HauuHaeTcs Ha Xx].

DopMaITbHO TOBOPS, ATy (PYHKIIMIO HAJIO OMPEETATh TaK. Kaskj0My BEepOATHOCTHOMY
aropuTMy A COOTBETCTBYET HEKOTOpoe oToOpaxkenme A mHoxkecTa () (GeCKOHEUHEIE
TIOCJICAOBATE/IBHOCTH HYJIEH U €IMHMII) B MHOXeCTBO Y. MMenHo, A(w) ectp nocse-
JIOBATEJBHOCTh OUTOB, KOTOPAs TOJYYAeTCS HAa BHIXOJE, €CJIM HCIIOJIB30BATh B KAUeCTBE
C/lydvaliHbIX OUTOB YJIEHBI 110CJIE0BATEILHOCTH w (Ouepe/HOM BbI30B b := random Oe-
PET creayommMii OUT TIOCIENOBATENFHOCTA w). IS MpUBENEHHON BHIIE ITPOTPAMMEL,
ouernmHo, A(w) = w.

IMocne sToro a(x) ompezaensercs Kak paBHOMEpHAS Mepa Mpoodpaza MHOKECTBA Xy
npu otodpakenmd A (rie Y, eCTh MHOXKECTBO BCEX KOHEUHBIX U GECKOHEUHBIX II0CIIe-
JTIOBATEJIBHOCTEM, HAUMHAIOIIMXCSI HA CJIOBO X).

132
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Ykaxure oToopakenne A u GyHKIIO @ IS anropuT™a A, KOTOpHI IIedaTa-
€T Ha BBHIXOjie DECKOHEUHYIO [I0CJIC/I0BATEIBHOCTD HyJel (M He UCIOJIB3YET CJTyYaiiHbIX
OuTOB).

B sTom pa3jicjic Mbl OIUIIIEM q)yHKL[I/H/I, COOTBETCTBYIOIIUE BEPOATHOCTHLIM aJITOPUT-
MaM YKa3aHHoro BUJA.

Teopema 75. Ilycmv A — eeposmHOCmHbL aneopumm ONUCAHHO20 8UOd, A —
coomeemcmayrouas emy pynxyus. Tozoa:

(a) a(x) = 0 npu ecex x;

(6) a(A) =1 (30ece A obo3naiwaem nycmoe ci080);

(B) a(x) > a(x0) + a(x1) s nwbozo cnosa Xx;

(r) pynryus a nepewucauma cHus3y.

[NepeuncimMocTs CHU3Y olipe/iessiiack B pasjeie 4.1 (c. 87) ais mocsienoBaTelib-
HOCTEH [JIEMCTBUTEJIbHBIX uncea. s (pyHKIMIA Ha CJI0BaxX OIPEJEICHUE aHAJIOIMYHO:
a(x) =1lim; a(x, i), rae a — BourcaMMas (PYHKLMS ABYyX apryMeHTOB, a(x, i) onpene-
JICHO BCEX CJIOB X M /Il BCEX HATYPAJIBHBIX [, ABJSETCS PAlMOHAJILHBIM YHACIOM (MJIH
CIEITMASTFHBIM CUMBOJIOM —oo) W He yOBIBacT 0 i.

<« [lepBbie TpY yTBEPK/CHUS OYEBU/THBIL:

(a) BeposarHocTh Beeraa HEOTPHULIATESIBHA.

(6) a(A) =1, TOCKOJIBKY IyCTOE CJIOBO SIBJISICTCS HAYAIOM JIFOOOTO BBIXOJA.

(8) a(x) > a(x0) 4+ a(x1), TOCKOJBKY COOBITUS «BBIXO/ HaUMHACTCS Ha X0» U «BBI-
XOJ HAYMHAETCS Ha X1» HECOBMECTHBI M SBJISIOTCS ITOAMHOXKECTBAMMU COOBITHSI «BBIXO/I
HAUMHAETCS Ha X».

3aMeTUM, YTO HEPABEHCTBO IYHKTA (B) HE 00s3aHO OBITH PABEHCTBOM: PA3HOCTD

a(x) — a(x0) — a(x1)

€CTh BEPOSITHOCTh TOTO, UTO HA BBIXO/E MOSBUTCS CJIOBO X 1 DOJIBIIIE HUKAKAX OMTOB HE
MOABUTCS.

(r) YToOBl JOKa3aTh MEPEUNCIMMOCTb CHU3Y (DYHKLIMM @, HAM HAJ0 yMEThb IOJIy4ath
npuO/IbKeHust CHU3y K a(x) JJIs JIaHHOro cJjioa X. byaem Moje/mMpoBarh IOBEIEHHUE
anroput™Ma A I BCEX BO3MOKHBIX 3HAUCHII CJIyYalHBIX OMTOB. Bpems oT BpemeHm
Oy1yT OOHApY>KUBAThCS 3HAUCHUSA CJIyYalHBIX OUTOB, KOTOPHIE TaPaHTUPYIOT HOABJICHYE
Ha BBIXOJIE CJIOBA X, TO €CTh MHTEPBAJIB B IIPOCTPAHCTBE (2, Ha KOTOPhIX (yHKIms A
PaBHA X WM KAKOMY-HHOY[b MTPOJOJDKECHUIO CJIOBa X. BepoarHocTs a(X) paBHa cymMmap-
HOIl Mepe BCeX TAaKMX MHTEPBAJIOB, M B KAUECTBE MCKOMOrO MPUOMMKEHUS a(X, i) MBI
OepéM Mepy MHTEpBaJIOB, OOHAPY>KEHHBIX K 11ary i. »

QOyHKIMM @, onpee/IEHHbIe Ha TBOWYHBIX CI0BAX, HPUHUMAIONIUE ACHCTBATCIIBHBIC
3HAUEHUS U yJOBJIETBOPSIIOIIME yCJI0BUSIM (@) — (I) TeopeMsl 75, HA3BIBAIOT Nepeyuciu-
MBIMU CHU3Y nonaymepamu Ha depege (ABOWYHBIX CJIOB). MBI OyeM Ha3bIBATh noaymepa-
Mu Ha Oepese QYHKIY, YIOBJIETBOPSIONIHE YCJIOBISIM (a) — (B); yciioBue (T') BHIAEISIET
W3 HUX TICPCIUCIIVIMBIC CHU3Y.

BaxxHo He cMenmBaTh ITOJYMEPH Ha JIEPEBE C paHee PacCMATPHBABIIMMIICS ITOIyMe-
paMy Ha HaTypaJIbHBIX 9uciaX (WM Ha CJIOBAX KaK M30JIMPOBAHHBIX KOHCTPYKTHBHBIX
06"I)GKT3_X)Z MPEXKHUE TTOJIYMEPHI COOTBETCTBOBAJIN AJITOPUTMaM, KOTOPBIE BbITABAJIN Ha
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BBIXO/IE KaKoe-MMO0 9rcJio (WM CJIOBO) M OCTAHABJIMBAINCH. UTOOH IOTIECPKHYTh pas-
JIMYUe, paHee PacCMaTPHBABIINECS TTOJIYMEPH MOKHO HA3BIBATH OUCKPEMHbIMU , A TIOJTY-
MEPBL HA JIEPEBE HA3BIBATH HENPEPbIBHbIMU.

[Tokaxkure, 4ro nosiymepsl Ha jaepese ((PyHKUMH CcO cBOWCTBaMHu (a)—(B))
COOTBETCTBYIOT M€paM (B CMBICJIE TEOPUM MEPBI) HAa IIPOCTPAHCTBE Y. KOHEYHBIX U Oec-
KOHEUHBIX I10C/Ie10BaTe/IbHOCTEH. Haliiure Mepy MHOXKeCTBa BCEX OECKOHEUHBIX IIPO-
JOJDKCHUI CJI0Ba X IIPH TaKOM COOTBeTCTBHU. [OTBET: ecid @ — TIOJIyMepa Ha JiepeBe,
TO Mepa 3TOr0 MHOXECTBAa PaBHA IIpefiesly YOBIBAIOIIEH 110 11 IIOCIIEI0BATE/IbHOCTH

a, = Z{a(y) | ¥ ecTh mpomOIDKEHAE X UIAHBL 11}.

3nech o, oupesesieno upu n > [ (x) v pasHo a(x) upu n = I(x).]

Iokaxure, 4TO 1J1s1 MEPEUHCINMON CHA3Y MOIyMEpHI Ha AepeBe cymma Y, a(x)
MOKET OBITh OECKOHEUYHOH. [Yka3aHue. PaccMoTpuTe ajaropuT, KOIMPYIOMIMIA CiTydaii-
HBIC OUTHI HA BBIXO.]

Bepro u obpatHOe k Teopeme 75 yTBepK/ICHHE:

Teopema 76. Bcsikasi nepeuucnumas cHU3y noiymepa Ha oepege coomeemcmeyem
HEKOMOPOMY 8ePOSIMHOCIHOMY GN20PUMMY.

<« Mpeo 1okazaTesibCTBa JIETKO OOBSICHUTh B TEPMUHAX BBIICJICHUS MECTA, MO aHa-
JIOTWM C JIOKA3aTeJECTBOM TeopeMbl 46 (c. 90). V3MecHeHWE COCTOUT B TOM, UTO Te-
TIEPh 3aIPOCH HOCAT MEPAPXUICCKUI XapakTep. [Be opraHmsanmm (KOTOphe MBI OyaeM
ycJIOBHO Ha3biBaTh O w 1) TpeOYIOT BBACINUTH UM HEIePECEKAONIecs TIOIMHOXKECTBA B
npocTpancTse §2 (KOTOPOE MOKHO OTOXJCCTBUTE ¢ oTpe3koM [0, 1]), mpu 3TOM pasMepsl
3aMpaIMBACMBIX UMHU 00JIACTEH YBEJIMYMBAIOTCSI CO BPEMEHEM, HO B CyMME HU B KaKOIt
MOMEHT HE MPEBBHIIAOT ¢IUHUIIEL.

B xaxxaoit w3 opramzarmit ecTh Mo JABa IojpasfdesieHus (B opradmsarmm 0 ecTh
nojpasjeienus 00 u 01, B opranmsaim 1 ects aBa noapaszaesienus 10 u 11), koropele
TPeOYIOT BBIICJCHUSI IM MeCTa BHYTPM OOJIACTH, BHICJICHHON ISl BCEN OPTaHM3alliM.
I1pu 3TOM Ux TpeOOBAHUS TOXKE PACTYT CO BPEMEHEM, HO JJISI KaX/I0I0 MOMEHTA BPEMEHH
B CyMMe€ He IIPEBBILIAIOT TPeOOBAHUIA BCEIT OpraHM3alvu (B TOT e MOMEHT). AHAJIOTYHO
s eme Oosiee Menkux monpasaesiermit 000, 001 m Tak fmanee: B mpenesie Kaxkaoe
ToJipassiesieHie X TpeOyeT BBIICINUTH (He 00A3aTeNIFHO CIUIOINIHOM) YYaCcTOK, MMEIONTHI
pa3mep a(x), rae a — 3agaHHas nojyMmepa. [Ipu 3ToM oHAX[IBL BHIC/ICHHAS JIOOOMY
MOAPA3/Ie/ICHHIO 001aCTh HABCETJA OCTAETCS 32 HUM U Mepepacipe/iesicHa OBITh HE MOXKET.

CoOTBETCTBHE MEX/TY 3TON CXEMOI BBIACJICHHUS MECTA ¥ BEPOSITHOCTHBIM QJITOPUTMOM
TaKOBO: €CJIM TIOCIIC/IOBATEIFHOCTD CITyJaliHbIX OUTOB TIOMAIaeT B 00JIACTh, BRICJICHHYIO
TIOJIPA3/IEIICHII0 X, 3TO O3HAYAET, YTO BBIXOJ AJTOPUTMA HAYMHACTCA C¢ X (JUIA JTAHHOMN
TOCJICTOBATEJIFHOCTH CIIYYANHBIX OUTOB).

IpencraBuB cebe OMMCAHHYIO CHUTYALMIO, JIETKO MOHSTh, YTO TAKOE PACIpPEICICHHUE
ocyuecTBUMO. Tem He MeHee MbI TpuBeiEM OoJsiee (popMasibHOE paccyskaeHue (OHOBpe-
MEHHO OOBACHSSI CMBICTI €T0 3TAIOB C TOUKU 3PEHUS OIICAHHOM MeTa(opsl).

Jlemma 1. Ilycmo a — npouseonvHas nepeyuciumasi CHU3y nonymepa Ha oepeae.
To20a cywmecmayem gvluucinumas 6ciody onpeoeinénnas Heyovisaiowas no i yukyus
(x, i) — a(x, i), apeymenmamu Komopoii 1éas0mMcs 08OUYHOE CNOBO X U HAMYPATLHOE
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YUCNO I, 3HAYEHUS] KOMOPOi — HeompuyamenvHvle 0B0UYHO-DAYUOHATbHBIE YUCTA,
lim; a(x, i) = a(x) u Ona Kasxcooeo i pynkyus x — a(x,i) seasemcs nonymepoi, y
KOmMopoil Nuut KOHEYHOE YUCNO 3HAUEHUT OMIUYHO OM HYJsL.

ﬂpyFI/IMI/I CJIOBaMH1, MOXHO CUMUTATh, UYTO HA KaXKAOM HLIAre 3alIpOChl HAa BBIJACJ/ICHNC
MeCTa TIOTUMHSIOTCS JTOTIOJTHATEILHBIM OTPAHIYCHUSIM:

® 3alIpAlMBACMbIE PA3MEPHI JIBONYHO-PAIMOHAIBHEL (MMETOT BU k/2" IS HEKOTO-
PHIX 1ICJIBIX k U n);

® JIMIIb KOHCYHOC YMCJIO HO,Z[paS,Z[CJ'ICHI/[ﬁ HUMECT HCHYJICBBIC 3alIPOCHL,

® 3aIIpPOCH! COTJIACOBAHHI (3aIPOC JII0OOTO TTOIPA3ACICHNUST He MEHBIIIE CYMMBI 3aIpo-
COB €ro 4acTeit).

Jokaszamenvcmeo. byneM nocTeneHHo KOPPEeKTHPOBATh (DYHKLIMIO g U3 OLPEAE/ICHUS
MIEPEYnC/IMOI CHU3Y TTOJyMephl (He MeHssl caMOil IpeflesIbHOI TosryMeprl). CHauasa
J0ObEMCs, YTOOB BCE 3HAYEHUS ObLIMA JBOMYHO-PALIMOHAJIBHBIMUA. DTO MOXKHO CJieJIaTh,
3aMeHMB a(x, i) Ha OJpKaiiliee CHU3Y JBOMYHO-DALMOHAIBHOE YMCJIO CO 3HAMEHATE/IEM
2! (oTpunaTe/IbHBIE YMC/IA 3aMEHSIEM Ha HyJIN).

3aTeM MOYXHO AOOUTHCS BBIIOJHEHUSI BTOPOTO YCJIOBHS, MO0kuB a(x, i) = 0 s
CJIOB X JUIMHBI 0OJIbINE .

HaxkoHell, MOXXHO JTOOUTHCS BBIIOJIHEHUS TPETLEIO YCJIOBHS, BBIIOJHUB 3aMEHY

a(x, i) :=max(alx,i),a(x0,i) + a(x1,i))

TIOCIIE/TOBATEIIFHO B ITOPSI/IKE YOBBaHWS JUIMH CJIOB. [TockoipKy (pyHKIWMS a(x) sBAsSeTCs
TIOJIyMEPOH 110 NIPETION0KEHUIO, TAaKUE 3aMEHBl COXPAHAT HepaBeHCTBO a(x, 1) < a(x).
Jlerko mpoBepuTh, YTO 3HAYEHMS TIOJTyMephl (Ipefestnl lim; a(x, i) Tpu KaxXIoM X) Ipu
Hale KOppeKuMn He u3MeHarcd. Jlemma 1 mokasana.

Crenytonyio 1eMMy yI00HO (QOpPMyJIMpPOBaTh, BBEs HECKOJIBKO BCITOMOTATEIHHBIX
olpezecJieHnil. ByieM Ha3bIBaTh MOJIyMEPY € KOHEUHBIM UYHCJIOM HEHYJIEBBIX TBOMYHO-PA-
LIHOHAJIBHBIX 3HAYEHUI «IIPOCTON» IIOJIyMEpOI.

ByneM Ha3BBATH «ITPOCTHIM MHOKECTBOMY» OOBCTUHEHNE KOHEYHOTO YHMCJIA MHTEpBa-
JoB B ). (Hamomuum, uro mHTepBas B () €CTh MHOXECTBO Bujaa {),, cocrosiiee U3
BCEX OECKOHEYHBIX MPOJODKECHUIT JAHHOTO CJIOBA z. TakuMm 00pa3oM, HNPOCTHIMU SIBJISI-
IOTCSI MHOYKECTBA, [TPUHAUISKHOCTh K KOTOPBIM OIPEAC/ISIETCS] KOHEYHBIM 9HICIIOM OUTOB
TIOCJIEJOBATEJIBHOCTH. )

ByjieM Ha3bIBaTh «IIPOCTHIM CEMEHCTBOM» CEMEWCTBO IMPOCTHIX MHOKECTB Ay, WH-
JICKCHPOBAaHHOE IBOMYHBIMU CJIOBAMH X, B KOTOPOM BCE MHOXECTBA, KPOME KOHCUHOTO
YyCJIa, IYCTHI, U JUIsl KK/I0I0 CJI0Ba X MHOXKECTBA Ay M Axq SIBJISIIOTCSI HEIIEPECEKAIO-
TIIMUCS TIOJIMHOKECTBAMU MHOXKeCTBa A, . [l Takoro ceMerictBa GyHKIMS X — p(Ay),
I7e 4 — paBHOMEpHAsi Mepa Ha (2, sIBJISETCS IIPOCTOH ITOJIyMEpOIL.

Jlemma 2. /lns ecsikoil npocmoii nonymepul cyujecmayem npocmoe cemeicmeo, Ko-
mopomy oHa coomseemcmsyem.

Jlokazamenvcmeo. Hauném cTpOMTh TaKOE CEMEINCTBO, HAYMHAs C IYCTOrO CJIOBA U
TTOCTETICHHO YBEJIMUVBAsl JUIMHY CJIOBa-MHJeKca. Ha KkaxToM Imare HaM HyKHO OyaeT
BHYTPU IIPOCTOI'O MHOKECTBAa A, HAWTU JIBa HEHEPECEKAIONMXCS MPOCTHIX ITOJIMHOMXKE-
ctBa Ayo W Ay 337aHHBIX Mep (IIpU 3TOM CyMMa STHX Mep HE MPEBOCXOUT MEphl
00BLEMITIOIIETO MHOXKECTBA). SICHO, 4TO DTO BO3MOXKHO. JleMMa 2 noxasaHa.



136 5. Monomonnas u anpuopHasi CojcHoCmu U CAyYaiiHoCb

Jlemma 3. Ilycmv Odana npocmas nonymepa b(x) u coomgemcmaywoujee eil npo-
cmoe cemeiicmeo By. Ilycms dana maxaice npocmas nonymepa c, npuuém c(x) = b(x)
ons gcex x. Toeda moocno nocmpoums npocmoe cemeiicmgo C,, coomeemcmayouee
nosiymepe c, ons komopozo C, O B, npu ecex x.

Jloxkazamenvcmeo. TIoBTOpUM pacCyK/CHHME M3 JIOKA3aTeJIbCTBA JIEMMBI 2, TOJIBKO
Tereph BHYTPH IPOCTOIO MHOXECTBA €CTh JIBA HENEPECEKAIOIIMXCS MPOCTHIX MOJMHO-
KECTBA, U HAJI0 YBEJIMUUTH MX MEPHI JIO 3a/@HHBIX 3HAYEHMII, OCTABUB I10/[MHOKECTBA
HETIePEeCEKAIVMICSA ¥ He BBIAA 332 OpeIesibl MHOXeCTBa. SICHO, 9TO 3TO BO3MOXHO.
Jlemma 3 gokazana.

HoxkazarenancTa JieMM 2 1 3 5 (EKTUBHEL B TOM CMBICJIE, UTO I10 TabJImIiaM 3HAJe-
HUI TIPOCTHIX TTOJIyMep MOXHO aJITOPUTMIYECKU ITOCTPOUTH COOTBETCTBYIONIVE IIPOCTHIE
CEMENCTBA.

Bysiem rterieph NpUMEHATH JIEMMY 3 110 OYepe/M K MPOCTHIM TIOJIyMepaM, MoJIydaio-
mmMcest ukcanmeit § =0,1,2, ... B a(x, i). llonyunm ABynapamMeTpHUYCCKOE CEMENCTBO
upocrbix Muoxkecrs U (x, i), 1ipu 31om

e ormcanue MHOXectBa U (X, i) (CIIMCOK BXO/SIMX B HEI'O MHTEPBAJIOB) CTPOUTICS
AJITOPUTMITYECKH 110 X U i

e Mepa MHOkecTBa U (x, i) paBHa a(x, i) (1 cTpeMuTcs K a(x) TIpA { — oo);

e 1pu JioObix x u { MuoxectBa U (x0,i) u U(x1,i) sBASIOTCS HerepeceKkaioniu-
MUCH NOAMHOXecTBaMu MHOxectBa U (x, i);

o U(x,i)C U(x,i+ 1) npu mo0bIX x U i.

Tereps MCKOMBIT BEPOATHOCTHBIA aJTOPUTM, TOPOKAAIONII MOJyMEpPY @, MOXHO
IOCTPOUTh TaK: cTpouM MHOKecTBa U (X, i) 1Py BeeX X M [ U NAPAIUICJIBHO 3aIIpallivi-
BAEGM CJIyYaifHble OWTHI, 3alMCHIBAasg WX B IMOCICAOBATENBHOCTh w. Kakx TOJBKO OOHApY-
KUBaeTCA, 4r0 w € U(x, [) [/ KAKUX-TO X U [, BBIAAEM HA BBIXOJ €IIE HE BBIJIAHHLIE
OUTHI CJI0Ba X.

3aMeTrM, UTO eCJIA TOC/IeTOBAaTEIBHOCTh w oKazajdack B U(x, i), To OHa aBTOMATH-
yeckn okasbBaeTca B U(y, i) mias Jmodoro Havajga y cJIoBa X. 3aMeTHM TaKXe, 9TO w
HE MOXeT OKasarhea ogHoBpeMenHo B U(x, i) u U (X', i) Ui HECOBMECTHBIX CJIOB X W
X' (cJIOB, He ABJIAIONIMXCS HayajaMu Apyr Apyra). [109TOMy yKe BBIJIAHHBIE HA BBIXO/
OUTHI HE TTOTPEOYETCSI KOT3bIBATDY.

Cn0BO X WIM €ro NMPOACJDKEHHE TMOSBUTCA HAa BBIXOJE TAKOTO AJITOPUTMA TOTIA U
TOJIKO TOTAA, KOIZ[d MOCJEJOBATEIBHOCTh W IMPUHAMICKUT OOBEIUHEHUAIO BO3PACTAIO-
nieit mocyeropateabHOCTA MHOKeCTB U (X, i) mpu § = 0,1,2,...; BEpOATHOCTh STOTO
coOHTHSA ecTh TIpee Mep MHOkecTB U (X, i), a 3TOT TIpeiesl coBmamaeT ¢ a(x), 9T0 u
TpedoBaIOCh. B

Teopemsr 75 u 76 MOKa3bIBAIOT, UTO TMEPEUMCJIMMBIE CHHU3Y TOJIyMEpHl Ha JIepeBE
MOXXHO DKBUBAJIEHTHO OIPENE/IUTh KAK (PYHKLMM, COOTBETCTBYIOLIME PaCIPEIe/ICHUSIM
HA BBIXOJI€ BEPOSITHOCTHBIX aJITOPHUTMOB.

Cpean BCeX BEPOSITHOCTHBIX AJITOPUTMOB OIMCAHHOIO BUJIA BBLICJISIOTCS QJITOPUT-
MBI, KOTOPBIE TIOYTH HABEPHO BBIIAIOT OECKOHEUYHYIO TIOCIIE/TOBATEIFHOCT (BEPOSTHOCT
TIOJTyYUTh KOHEUHYIO IIOCIEA0BATENBHOCTD PpaBHA HYJIO). VIM COOTBETCTBYIOT IIOTYyMEPHI,
SIBJISIIOIIMECS] BBIYMCIMMBIMUA MepaMU. TouHee roBopsi, BEpHaA CJIELYIOIIAsl TeopeMa:
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Teopema 77. (a) Ilycmo p — ewuucaumas mepa Ha npocmpancmee ). Tozoa
Qyuryus p, onpedensiemas popmynoii p(x) = p(Qy), A6A5€MCA NEPEUUCTUMOTL CHUY
nonymepoit, npuuém p(x) = p(x0) + p(x1) ons ecex x.

(6) Ecnu Ons nepeuucnumoil CHu3y nojaymepsl p 8bINOJAHEHO pageHcmeo p(X) =
= p(x0) + p(x1) npu ecex x, mo oHa onpeodensiem HEKOMOPYIO BLIYUCTIUMYIO Mepy
Ha (.

HamomumM, 9TO MBI BKJIIOUacM B OMpesesIcHUE TOyMepsl yciaosre p(A) = 1; 0e3
3TOro0, UK XOTs OBl 0e3 BeraucmMMocT p(A), BTOpPOE YTBEPKAECHUE TEOPEMBI IIEPECTAET
ObITh BEPHBIM.

« (a) Ecim neficTBUTEIPHOE YWCJIO ¢ BBIYMCINMO, W d, — PallMOHAIBHOEC IIPH-
O/mpkeHre K Hemy ¢ oumokont 1/n, 10 by, = a, — 1/n O6yaer npubimKeHueM CHU3Y C
omdkoit 2/n. BooOie roBops, 1oc/ea0BaTe/bHOCTh b, MOXeT He ObiTh MOHOTOHHOM
(reyObIBatOLIEET), HO MOCJIEIOBATEIBHOCTD

¢y =max(by, by, ..., by)

3aBe/IOMO Oy/IeT BBHIUMCIVIMOIN HEYOBIBAIOIICH MOCISAOBATEIFHOCTHIO PAITMOHATBHBIX UH-
ces, cTpeMsinefics K «. TakuM o0pa3oM, KaXJ0€ BBHUMCIVIMOE JICHCTBATEIFHOC UH-
CJI0 TIepeunciaMo CHHM3Y. [IpOBOAST STy KOHCTPYKIIMIO MapajUICIBHO JIJIST BCEX X, MBI
yOexaeMes, 4TO JII0Oas BBIYMCIMMAs MEpa 3aJaéT MEePeYnCIMMYIO CHHU3Y IOJIyMEpY.
IMockonbky €2, €CTb OOBCAMHEHHE HEIECPECEKAIOIMXCS MOIMHOKECTB (i M {1y, TO
p(x) = p(x0) + p(x1) (aAAUTUBHOCTb MEPHI).

(6) [ycTp p — mepeuncianMast CHU3Y ToJIyMepa, A7t Kotopoit p(x) = p(x0) + p(x1)
mipu Beex x. [lokaxkeM MHTyKIMEH 0 JUTMHE X, KaK HANTH MPUOIDKeHre K p (X) ¢ 000
331aHHOI TOYHOCTHIO. JJ1s1 mycToro ciosa 3nadeHue p(A) pasHo 1 no onpexenenuso. Ec-
JIA MBI YK€ YMEEM HaXOIUTh MPUOIIBKEHUS K p(X) CBEPXY U CHHU3Y C JIIO0O! TOYHOCTBIO,
a xoTtuM caenath 31o st p(x0) u p(x1), To HAMO KJaTh, IIOKA CyMMa MOCTEIICHHO pa-
CTYIIMX HIWKHUX OTeHOK g p(x0) m p(x1) He npubmmurcs K (yObIBaromieil) BepxXHeHn
olicHKe JuIsg p(x). JpyruMu CjIoBaMM, BEPXHME OLEHKU JJIs1 p(x1) MOXKHO IIOJIydarh,
BBIYMTAS U3 BEPXHUX OLEHOK I p(X) (KOTOPHIE BO3BMOXHBI MO IMPEAIIOJIOKEHUIO VH-
JAYKLIMM) HIDKHUE OLICHKU Uit p(x0). »

DTy TeopeMy MOXXHO MHTEPIPETHPOBATH CIIEMYIONMM 00OpaszoM. IlycTh Ham HyskeH
JATYMK CIIyYaiHBIX 4ices, KOTOPBIA BBIIAET IOCIIENOBATEIBHOCTD HyJIEH U ¢AWHMII, pac-
MPeACICHHYIO TI0 HEKOTOPOI BEMMCINMOM Mepe p (BEPOSITHOCTh TOTO, UTO BhIIaBaeMast
JATYMKOM TIOCJIC/IOBATEIBHOCTh HAUMHACTCA HA X, JO/DKHA OBITh paBHa p(x)). Torma
TeopeMbl 76 1 77 roBOPST, 4TO TAKOW JATYMK MOXKHO IIOCTPOUTH B BUJE BEPOSITHOCTHO-
IO aJrOPUTMa, KOTOPBIII BHYTPHU CcOS1 MEET PAaBHOMEPHBIA JaTYMK, 2 HA BHIXO/IC MMEET
Hy’KHOE paclipe/ieIcHue.

3amMeTHM, 9TO B YaCTHOM CJIyYac BBIYMCIMMBIX MEP MOXKHO BOCIIOJIB30BATHCS Oosree
MPOCTOM M SBHOM KOHCTPYKLIMEH, 4eM JlaHa B JTOKA3aTEJBbCTBE TEOpPeMHBl 76. A MMEHHO,
pazodbém otpesok [0, 1] Ha ase wactu ammHoi p(0) u p(1). Ilepsyro n3 HUX pa3o0bEM
emeé Ha aBe vacTd JummHONU p(00) u p(01), BTOpylo — Ha yacty mymHOi p(10) u
p(11) u tak ganee. JIJIs KaX/I0ro JBOMYHOIO CJIOBA Z ITOJIYYUTCS HEKOTOPLIA OTPE30K
T, JUIAHOW p(z); OTPE3KH 7, /IS BCEX CJIOB Z JIAHHOW JUIMHBI 00pasyloT pazOucHue
orpeska [0, 1].



138 5. Monomonnas u anpuopHasi CojcHoCmu U CAyYaiiHoCb

Tenepp paccMOTPHM BEPOSITHOCTHBINA AJITOPUTM, KOTOPBIA OPOCAET YECTHYIO MOHETY
U TIOJIyYaeT [I0CJIE/IOBATEIBHOCTh (¢ CIIYYAiHBIX OUTOB. DTa MOCJIEIOBATEILHOCTh Pac-
CMATPUBAETCA KaK JBOMYHOE PA3JIOKCHHE HEKOTOPOro 4uca (KOTOpoe Mbl Toxe Oynem
o0os3Havyath o). [lapaiesibHO € TOJIyYeHHEM (¢ QJIFOPUTM MIIET TaKue Z, NP KOTOPbIX
O COIEPUTCSI CTPOTO BHYTPH 7, (M 5TO MOKHO CKa3aTh Ha OCHOBE Y€ HMMEIOIIEHCS
rH(GOPMAIME 0 @ M O I'PAHUIIAX OTPE3KOB 7., KOTOPHIC MAPAJIICIFHO BRIYMCIISIIOTCS C
BO3PACTAIONICH TOYHOCTHIO).

BosHukaronmpie mipyr 5TOM C€JI0Ba Z SIBASIOTCS HAadayJaMH JIpyr Apyra (deM GoJplie
OWTOB 9WCIIA (¢ M3BECTHO, TEM JUIMHHEE MOXET OBITh ). OHHM SBJISIOTCS HadaslaMH II0-
CJIe[JOBATeIbHOCTH OWUTOB, KOTOpAsl BBIAAETCS HA BBIXO[.

Boo0iie ToBopst, aJITOPUTM STOT MOXKET JIaTh KOHEUHYIO ITOCJICI0BATEIBHOCTh, CCIIH
YXCJIO (¢ COBIA/IET C KOHIIOM OJTHOTO M3 OTPE3KOB 7z, HO TAKUX KOHIIOB CIETHOE MHOXE-
CTBO, U BEPOATHOCTDH DTOTI'O CoOBITHSA paBHa 0. BI)IXOZ[ AJITOPUTMA HAYMHACTCA Ha Z TOr1a
" TOJIBKO TOrJa, KOrja 4nucCjao & COAECPKUTCA CTPOro BHYTPU T, TAK YTO BEPOATHOCTH
IIPABUJIBHBIC.

ToBopst 6ostee popMasIbHO, OMMCaHHOE ITpeodpa3oBanre T M0C/e10BaTeILHOCTH Ou-
TOB O B BBIXOJHYIO I0CJ/e0BaTebHOCT Outo B = T (o) nepeBojuT PaBHOMEPHYIO

MEpy B Mepy p.

(Huyero HEOXUIAHHOIO B DTOM JIrOPUATME HET. Ec/M y BaC €CTh JATUMK CJIyJaiHbIX
PaBHOMEPHO pacIipe/iesIEHHBIX Ha [0, 1] duces1, a HY)XKHO UMATHPOBATh HECUMMETPUYHYIO
MoHeTy, T1e O 1 1 UMeroT BepOATHOCTH, CKaxkeM, 2/3 u 1/3, To HaJj0 CpaBHUTH CJTydaii-
HYIO TOYKy ¢ rpanmieit 2/3. [t noaydeHuss BTOPOro OMTa C TEM e Paclpe/iesIcHUEM
HaM0 Kaxablil u3 otpeskoB [0,2/3] u [2/3,1] cHoBa pa3jiesiuTh HA HEPaBHbIE YacTH B
nponopimu 2 : 1. POBHO 3T0 U zie/1aeTCsl B OIIUCAHHOM QJITOPUTME. )

Teopema 76 1oka3bIBacT, 4TO AOCTATOYHO UMETh YECTHYIO MOHETY», TO €CTh I'€HEPa-
TOP HE3ABUCUMBIX CJIy4YaiHBIX PABHOMEPHO PACHPEIC/IEHHBIX OUTOB, YTOObI (C ITOMOLIBIO
ITOPUTMITYECKOTO TIPEOOPa30BaHNs) MOPOXKAATh TOCJICIOBATEILHOCTH OUTOB C TIPOM3-
BOJIPHBIM BBIUMCIIMMBIM PACIPEIEICHAEM 1 JTasKe 110 IIPOM3BOJIEHOM NePEUrCIMMON CHU3Y
roJrymMepe. MoXHO €é OTMETHTh, 9TO BHIOOP PAaBHOMEPHOI'O pacrpesesacHus (YeCTHOH
MOHETHI) B KAUECTBE MCTOUYHMUKA CJIYyYAHOCTH HE TIPUHLIMITAAJIEH:

[NokaskuTe, 9TO B TeopeMe 75 MOKHO 3aMEHUTH PABHOMEPHYIO MEpy Ha JHO0YIO
BBIUMCJIMMYIO MEPY U JJa’Ke HOJyMEpY. [YKazaHhe: KOMIIO3UIIUS JBYX JITOPUTMUYECKUX
MPeoOPA3OBAHMIT TIOCIICTIOBATEIBHOCTEH TaKXKe SBJISCTCS AJTOPUTMIYCCKUAM Ipeodpaso-
BAHHEM. ]

[Tokaxure, 9T0 B TeopeMe 76 MOXXHO HCIIOJIB30BaTh BMECTO PAaBHOMEPHOI
MepHl JIIOOYIO BEIYMCJIMMYIO MEpPY, B KOTOPOM Kask[as OT/AeJbHAs TOCJIEI0BATCIBHOCTD
MMEEeT HYJIEBYIO BEPOSITHOCTh. [YkazaHue. Buiunciiimyio mepy P MoxxHO ripeoGpaszoBarh
B PaBHOMEPHYIO, €CJIM TIPY MIOJIYYeHNH Z OT P-JaTurKa BRIaBaTh HA BBIXOJ OWTHI CJIOBA
X, JUISL KOTOPOT'O OTPE30K T, TIEJIMKOM COACPKUTCS BHYTPH oTpesKa [, (drce1, TBOMIHBIC
PAa3JIOXKEHUS KOTOPBIX HAYMHAIOTCS HA X).]

YcnoBue B 3TOM 3a/1a4e H€O6XO,I[I/HVIOZ CCJIN HECKOTOPAasd OeckoneyHast IIOCJIEJOBATCIb-
HOCTb UMCCT IIOJIOKUTCIIBHYIO MCPY, TO 3HAa4YCHUC OTO6pa)KCIrH/IH A Ha >TOoH IIoCJaca0Ba-
TEJILHOCTHU UMECT TI0JIO)KUTEJIbHYIO BEPOATHOCTh, U paBHOMepHOﬁ MEPHI HE TIOJIYyUNTCA.
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Ho ecim sT0r0 IIpEnATCTBUS HET, TO JATYMK C JIOOBIM M3BECTHBIM 3apPAHEE BHIUKCIIMMBIM
pacrpesescHIeEM MOXET 3aMEHNUTh PAaBHOMEPHBIM.

Borpoc 0 TOM, 4TO MOXKHO C/IeJ1aTh, €CJIM 3aPAHEe PACIIPEIE/ICHUE HEM3BECTHO, Pac-
CMaTpUBaeTCs IIPU IOCTPOCHUN SKCTPAKTOPOB CIIyYaliHOCTH; Pa3yMHBIE IIOCTAHOBKH €TI0
BO3MOXKHBL M B KJIACCHYECKOH TEOPUM BEPOSITHOCTEN, U B TEPMHUHAX KOJIMOI'ODOBCKOM
cioxaoct. CM. Kpartkmii 0030p A. Buraepcona [188] n mpuBOAMMEBIE TaM CCBUIKH, a
Taxke 0030p M. BuMaHIa O CJIOKHOCTHBIX TIOCTAHOBKAX 3agaun [193]. Mel He 3aTparu-
BAeM JTHUX BOIIPOCOB B HAlICH KHUTE.

5.2. HawnGoJibiasi mepevyuc/iuMas moJjiymepa Ha jepese

Teopema 78. Cpedu acex nepeyucnumvix CHU3Y nonymep Ha depese cyujecmeyem
Haubonvwas (¢ MoYHOCMbIO 00 KOHCMAHMbL) Noaymepa a: Onsi 1060l nepeyuciumou
CHU3y nonymepol a' Ha Oepeee @binonHeHo Hepagercmeo a'(x) < ca(x) Ons Hekomopot
KOHCMAHMbl ¢ U 01151 8CeX X.

<« Kak u mnsa nmomymep Ha N (Teopema 47, ¢. 92), paccMOTpUM BepOSTHOCTHBINA
aroput™M A, KOTOpHIA CHAYas a CJIyYailHO BHIOMpacT HEKOTOPBI BEPOSTHOCTHBIA aJIro-
PUTM, a 3aTeM MOJEJMPYET BBHIOPAHHBIA anroputM. Eciu momymepa @' cooTBETCTBYET
BeposTHOCTHOMY asiroputmy A’, 1o a’(x) < (1/€)a(x), rae € — BEPOATHOCTH TOI'O,
uro Oyzaer BbIOPaH uMeHHO ajroput A'. »

Jpyroit coco® MOKa3aTehcTBA COCTOMT B TOM, YTO MBI pacrojiaraeM Bce ITiepe-
YUCJIMMbIE CHU3Y HOJYMEDPHI B BBHIUMCJIUMYIO IIOCJIEIOBATEIBHOCTD Ao, d1, . . . , @ 3aTEM
paccMaTpuBacM IIOJYMepy @ = Y ; A;jd;, TA€ A; — PSAA C BHUMACIMMBIMEA YICHAMH W
cymmoit 1 (nanpumep, A; = 277 1).

ToHKOCTH 371€Ch B TOM, 4TO HAJI0 IOCTPOUTH BHIUMACIUMYIO MTOCJIETOBATEILHOCTD BCEX
TIOJIYMEP, TO €CTh IEPEUMCINMYIO CHU3Y QyHKIMO u (i, X), sl kotopoit: (1) mpu ka-
KIOM (PUKCUPOBAHHOM I (PYHKIMS u;: X — u (i, X) SIBJISETCS oJiyMepoit; (2) cpemy u;
COIEPKATCA BCE TIEPEUNCIIVIMBIE CHU3Y TOJYMEpHL.

3T0 MOXHO C/IeJIaTh, JTUOO TIEPEUNCIIsIs BCE BEPOATHOCTHBIE aJITOPUTMBI (UTO COOT-
BETCTBYET paHee IPUBCACHHOMY TOKA3aTeJIBCTBY), JIMOO MPUHYAUTEIBHO KOPPEKTUPYS
TPOrpaMMbl TaK, YTOOB OHH IEPEUNCIIIUIN MOJYMEpH. DTO PacCyX/IeHUE AHAJIOTHYHO
CJIy4al0 AMCKPETHBIX mostymep (paszen 4.2, crpanuua 92), u Mbl He OyAeM NPUBOAUTH
Jetamn. (CkaxkeM JIMIIb, YTO B CJIyd¥ae HapylleHUs ycjoBus p(x) > p(x0) + p(x1) nHa-
JIO0 VBEJIMIMBATE p(X), €CIM TOJBKO 3TO He MPHUBEAET K TOMY, 9To p(A) craHeT DOJIbIIe
€JIUHULILI. )

[Tposequte 51O paccyk/cHue MOIPOOHO.

(3amevyaHne B CKOOKax: JOKA3aTEJBbCTBO TEOPEMBI 78 AT Jaske HEMHOTO OOJIblIE,
4eM yTBEPXKAACTCS. A MMEHHO, HE TOJIbKO BEPOATHOCTDb IOSIBJICHUS CJIOBA C HAYA/IOM
x (To ecth p(x)), HO U BEPOATHOCTH TIOSIBJICHUS HA BBIXOJC B TOYHOCTH CJIOBA X, TO
€cTh pasHoCcTh p(x) — p(x0) — p(x1), I MOCTPOCHHON «YHUBEPCAJIBHOI» MAIAHBI
00JIBIIIe, YeM IS JIFOOOH IPYTOIA. )

HOKa)KI/ITG, YTO BCE CKA3aHHOE BHIIIE €CTECTBCHIO HICPCHOCUTCA HAa BCPOSAT-
HOCTHBIE QJITOPUTMBI, KOTOPBIE BBIJAIOT HA BBIXOJ (HO OL[HOMy) HE 6I/ITI)I, a HaTypaJIbHBIE
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yrcta (KaKJoe 9UCIIO BBIIAETCS KaK €MHOE Liesioe). Takue ajrOpUTMBI COOTBETCTBYIOT
MEPEUNCIIIMBIM CHA3Y MEpaM Ha MPOCTPAHCTBE KOHEYHBIX W OCCKOHEYHHIX TTOCJIC0BA-
TEJIBHOCTEH HATYPAJIbHBIX YHACEI.

(ITpomomkenne.) Ilycte m — HauOoJIBIIAS TIEPEUMCIVMAsT CHU3Y IOJIyMepa
HA MPOCTPAHCTBE KOHEYHBEIX M OCCKOHEUHBIX MOC/IE0BATEIBHOCTEH HATYPAIBHBIX UHMCEL.
[Mokaxkure, 4TO €€ OrpaHUYCHHE HA IIOCJICAOBATE/IBHOCTU JUIMHBL 1 1aéT anpuopHyIo
BEPOSITHOCTh Ha HATyPAJIBHBIX YHIC/IaX B CMBICIIC TJIaBH 4, a €€ orpaHrYeHue Ha TBOMIHBIC
CJI0Ba Ja€T HAMOOJIBIIYIO TTOJIyMepy Ha JBOMYHOM JepeBe (B CMBICIIE TeopeMbl 78).

Iokaxwure, uro a(0"1) m m(n) oTIMUaOTCA He OoJiee YeM HAa OrPAHMYCHHBINA
MHOXHTEJIb, €CIIA @ — MAKCUMaJIbHas II0JyMepa U3 TeopeMsl 78, a m(n) — anpuopHas
BEPOSITHOCTh HATYPAJIBHOTO 4ncja 1 B cMbIciae TiaBH 4. (3meck Bmecto 0"1 MOXHO
B3ATb JII00OE OecrpepMKCHOE KOAMPOBAHUE HATYPAIbHBIX UKCe/l.) [YKazaHue: cM. Jajiee
TeopeMy 79.]

QurcnpyeM HEKOTOPYIO HarOOJIBIIYIO IEPEIMCIMMYIO CHI3Y TIOIyMEpY Ha JIepeBe U
obozHaumM e€ a(x). E€ Takke Ha3HIBAIOT yHUBEPCANbHOU Nonymepoil Ha aepese. Bemn-
quHy @(X) MOXHO ObLJIO OBl HA3BATh ANPUOPHOU 8EPOSIMHOCTBbIO C08A X (KaK SJIEMECHTA
JiepeBa), HO BAXKHO HE MyTaTh €€ C allpHOPHOIT BEPOSITHOCTBIO B CMBICJIE IJIaBHL 4. UTOOHI
pazMyaTh 3TH /iBA OHATU, MOXXHO I'OBOPUTb O OUCKPEMHOU U HERPEepbiGHOL alpUop-
HBIX BEPOSITHOCTSIX. Besmmummy

KA (x) = —loga(x)

OyJieM Has3bIBaTh ANPUOPHOL CIONCHOCMbIO CJI0Ba X. (31eCh MOXKHO He oIacaThes IyTa-
HUIIBI, TaK KaK B IJIaBe 4 aHAJIOITWYHOE OIIpeIesIeHIe IIPUBOJIIO K IIPeUKCHOR CJIOKHO-
CTU 1 CINICHUAJIPHOC HAMMECHOBAHNMC I/I3J'II/I]_I_[H€.) Pasmmunnie BapraHTHI Bbl60pa HanOOJIh-
1Ieit TIOJTyMEPBI IPUBOAAT K PA3HBIM (DYHKLIMSAM AlIPHOPHON CJIOKHOCTU, HO OHM OTJIMYa-
I0TCSL APYT OT Apyra He 0oJiee 4eM Ha a/JAUTUBHYIO KOHCTAHTY (IIOCKOJIbKY Pa3/IM4HbBIC
HauOOJIBIIIE HOJIyMEPH Ha JepeBe OTIMYAloTCsA He fojlee 9eM B KOHCTaHTY pas).

B aHII043pI9HOM JIATEPATYPE ISl AIIPUOPHOI CII0MKHOCTH UHOIZIA UCIIOJIB3YETCs 000-
sHaueHue KM (x) (a MOHOTOHHAS CJIOKHOCTD, KOTOPYIO MBI TakK 0003HadaeM, 0003HayYa-
erca Km(x) wm K, (x)).

B ciegyromem paszaese Mbl M3y4UM CBOWCTBA AalIPMOPHOMN CJIOXKHOCTU. 3aMETHUM CPasy
xKe, 4To (POpPMAJIbHO IO HAllleMy OIpEeleIeHUIO allpHOPHAs CIOXKHOCTh MOMKET He OBITh
LeJIbIM (U Jlake PalMOHAIBHBIM) 4ucioM. Ho mockoJibky OOJIBIIMHCTBO MHTEPECYIOLIIX
HAC yYTBEPKACHIE BCE paBHO (hOPMYITHPYIOTCS «C TOUHOCTEIO 10 O(1)», TO MOXKHO OBLITO
Obl 3aMeHUTh — log a(X) HAa MHHMMAJIBHOE YMCJIO 1, mpu KotopoMm 27" < a(x). Tyr
eCcTb HeOOJIbLIAA TOHKOCTDb: MBI HCIOJIB3YEM CTPOroc HEPABEHCTBO, YTOODI rnoJryvacmas
(yHKkUMs Obl1a nepeuncsiuMa ceepxy. B jasibHelieM Mbl CHELMAJIBHO OrOBapvBacM T
peZiKUe CiIy4yaH, KOoIZla 5TO OKpyIJIeHHe (MM €ro OTCYTCTBHE) CYIIECTBEHHO.

5.3. CsoiicTBa anpHOPHON CJIOYKHOCTH

Teopema 79. (a) AnpuopHasi cOMCHOCMb MOHOMOHHA: €CNU X eCMb Hayaiuno y, mo
KA (x) < KA(y);
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(06) KA (x) <I(x) + O(1) ona mobozo x;

(B) KA (x) < KP(x)+ OQ) ons nwoboz2o x;

(r) ecnu Xg, Xy, . .. — GHIUUCAUMAST NOCIEOOBAMENBHOCHTb HECPAGHUMBIX €108 (HU
00HO U3 HUX He s18Jisiemcst Hayanom opy2o2o), mo KA (x;) = KP(x;) + O(1) =KP (i) +
+ 0(1);

(m) KP(x) < KA(x)+2logi(x)+ O(1);

(e) 6onee moeo, KP(x) < KA (x) + KP((x)) + O(1);

(&) u bonee mozo, KP(x|1(x)) < KA (x)+ 0(1);

(k) beckoneuHnasi nociedo8amenbHOCNb Hyjell U eOUHUY BbINUCIUMA M020d U
MONbKO M020d, K020a anpuopHas CROJICHOCMYb €€ HAYATbHbIX OMPE3K08 02PAHUYEHA,

(3) ecnu f: ¥ — N, — goruucnumoe Henpepwigroe omobpaicerue, mo KP (f (x)) <
< KA (x) + OQ1) ons mobozo cnosa x, na komopom f(x) onpedeneno (e pasno 1).

<« (a) Mepa noAMHOXKECTBA HE TPEBOCXOIUT MEPhI MHOXKECTBA.

(6) Oynxuus p(x) =27 gpasercs nepeuncIMMoil CHI3Y TI0JyMEpOil HA JepeBe,
u noromy p(x) < ca(x) L1 HEKOTOPOIro C.

(B) ManmHsl, KOTOpBIE BBTAIOT JJBOMYHOE CIIOBO (KaK €MHOE 11€JI0€) U OCTAHABIINBA-
TOTCS, MOYKHO PacCMAaTpHUBaTh KaK YaCTHBIA CJIydail MAIWH, BBIIAIOININX [TOCIIE[OBATEITh-
HoctH OutoB. Ilostomy m(x) < ca(x), Tae m — anpuopHas BEPOITHOCTh B CMBICJIE
IJIaBH 4, OTKy/a U CiIeayeT Tpedyemoe.

[ToyumuTeIbHO [IPOBECTU DTO PACCYKIEHUE B TepMmuHax rojaymep. [ososkum m’(x)
PaBHBIM cyMMe m () MO BCeM TIPOTOJIKEHIISIM ¥ CJIOBA X, TIe M — JUCKPETHAS allprop-
Hast BeposaTHOCTh. (B mosokuM B mopsizke uckmodenus m'(A) = 1.) Toraa m’ 6yaer
HOJIYMEPO#i Ha JiepeBe U notomy m(x) < m'(x) = O(a(x)).

(r) Ecom X; — BBIYMCJIMMAsT TIOCJICIOBATEIEHOCTE HECPABHUMBIX /IBOWYHBIX CJIOB,
a g — anpuopHas BEPOSITHOCTb HA JepeBe (yHMBEpPCAJIbHAs MOJIyMepa Ha JACPEBe),
To (pyHKuusa i — a(x;) sBiasercsa noiaymepoit Ha N. B camom pene, ona nepeunciu-
Ma CHUBY, 4 COOBITHS «X; ITOSBIISCTCS HA BHIXO/IC BEPOSTHOCTHOTO AaJTOPUTMa» He-
COBMECTHBI, W IIOTOMy CYMMa WX BEPOATHOCTEH He IMPEROCXOJWT eIuHWIIB. [lo3ToMy
KP(i) < KA (x;) + O(1).

C npyroit croponst, KP(x;) = KP (i) + O(1), N0CKOJIbKYy W3 [ MOXHO QJITOPUTMU-
YECKHU M0JIy4uTh X; U HaoOopor; Hakouel, KA (x;) < KP(x;) + O(1) coriacto (6).

(m) Tlycts @ — ampropHasi BEpOSITHOCTh Ha JepeBe. PaccMOTpuM TepeurcInMyIo
camsy dyskiwmo u(x) = a(x)/! (x)2. CymmMa 3HaueHMit a(X) 10 BCEM CJIOBaM JIJIVHBL 1
HE MPEBOCXOUT 1, MOCKOJIBKY 3TH CJIOBA ITONAPHO HECPABHUMEI, IT0TOMY

1
Yuw=Y ¥ Dy L=om.

n [(x)=n n

OTKyJa U cjiefyeT Tpedyemoe.

(e) moKaspIBacTCsl AaHAJIOTMYHO, TOJLKO HaJ0 HOJMOKUTL u(x) = a(x)m(l(x)), rme
m — anpuopHas BeposTHOCTh Ha N.

(&) Pacemorpum (pyHKLIMIO

{a(x), ecm I[(x) =n,
u(x,n) =
0, ecau [(x) # n.
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Ilpn xaxxgoM n (QyHKIUA X — u(X, n) SBJSETCS IOJyMEPOH B CMBICIIC NPEIBLIYIIEH
TJIaBBl (CymMMa He TIpeBOCXOAWT 1), OTKyna M cyenyeT Tpebyemoe.

(>x) JIJ1s1 maHHoi OECKOHEUHOM BRIYCIAMOM TTOCIEA0BATEIFHOCTY W HYyJIeN U €JUHALT
pPAcCMOTPUM BEPOSTHOCTHBIN (110 (hopMe) AJITOPUTM, KOTOPHIN He HMCIOJIB3YET JaTdrKa
CJTy9aliHbIX 9MCEJT ¥ MeYaTacT OJMH 3a JIPYTUM OWTHI IIOCJIEIOBATENbHOCTH w. COOTBET-
CTBYIOILIAS MOJyMepa paBHa 1 Ha JIIOOOM Havajle MOC/IEI0BATEIbHOCTH, M TIOTOMY aIlpy-
OPHBIE BEPOSTHOCTH (MBI PACCMATPUBAEM AIIPUOPHYIO BEPOATHOCTDL HA JAEPEBE) BCEX DTUX
HAYyaJl OT/JEJIEHBI OT HYJIA.

OO0patHoe paccyK/JeHHE HECKOJIBKO ciIokHee. IlycTh anpropHBIe BEPOSITHOCTH BCEX
Ha4aJI TI0CJIEJ0BATEIBHOCTI W OOJIBIIE HEKOTOPOTO PALMOHAIBHOTO € > 0. Paccmorpum
MHOXXECTBO B Bcex JBOMYHBIX CJIOB, JUIsl KOTOPhIX @(x) > €. MHoxecTtBo B coaepxur
BCE HavasIa ITOCICIOBATEIBHOCTH w. OHO SIBJISETCS JIEPEBOM (BMeCTe C JIOOBIM CJIO-
BOM COJIEP>KUT BCe ero Havana). Kpome Toro, moboe ero mogMHOXKECTBO, COCTOSINEE
73 TIOIIAPHO HECPABHUMBIX CJIOB, COJCPXKUT He Oostee 1/€ D1eMEHTOB (IIOCKOJIBKY COOT-
BETCTBYIOIINE COOBITHSI HE NEPECEKAIOTCS M MX CyMMapHAasi BEPOSTHOCTh He OoJibie 1).
Hakonen, B nepeurciumo (CTpos NPUOIMKCHHUS CHU3Y K a(X), MBI PAHO WJIM IO3HO
00HapyXuM JII000e X, AJIst KOTOpOro a(x) > €).

OTHX CBOMCTB YK€ /I0CTATOYHO, YTOOBI 3aKTIOUUTh, YTO IOC/IEJOBATEIPHOCTD W BHI-
yucauma. B camom jesie, pacCMOTPUM MAaKCMMAJIBHO BO3MOXKHOE UKCJIO TTONAPHO HEC-
PABHUMBIX CJIOB Xp, ..., Xy 13 B. [l KaK10ro U3 cJoB X; PacCMOTPUM BCE €ro Ipo-
JIOJDKEHYS, Jiexanwe B B. Bce oHr cpaBHMMBI (MHaYe MOKHO OBUTO OBl 3aMEHWTH X; Ha
JIBa HECPABHUMBIX IIPOJoJDKeHus U yBeamuuTh N ). TlosTomy B /iepeBe B w3 Kakaoro
X; BBIXO/IUT KOHEYHAs WM OCCKOHEUHAs BETBb O€3 BETBJICHHII, W 3Ta BETBb BBIUMC/IM-
Ma (IIOCKOJIBKY MOKHO TepeuncsisiTh MHOXeCTBO B). MocsienoBaresibHOCTh W SIBJISIETCS
OJHOM W3 TAaKWUX BeTBeH (ec/M Obl w HE MPOXOAWJIA HYU Yepe3 OHO M3 CJIOB X;, TO e
JOCTaTOYHO JIJIMHHOE HAYaJI0 MOYKHO ObLJIO Obl 100ABUTL K CIIMCKY HECPABHUMBIX CJIOB
u yeemauth N ).

(3) TlocTpouM BEpOSTHOCTHYIO MAlVHY B CMBIC/IE [JVIABHI 4, IIPUMEHsIs f K BBIXOZLY
BEPOSITHOCTHOI MAIIMHBI, COOTBETCTBYIOLIEH HAMOOJIBIIEH MEPEUYHUCIUMON MOJyMepe Ha
JiepeBe, W CPaBHUM Pe3yJIbTaT ¢ HAMOOJIBIICH MepedncimMoi nostyMepoit Ha N (Jora-
pucm koropoit pasen KP +0(1)). »

OTMeTHM, 9TO AIPUOPHAA CJIOKHOCTb OTJIMYACTCS 1O CBOUM CBOHCTBAM OT y’Ke 3Ha-
KOMBIX HaM (00BIYHOI 1 npedprKCcHOM) ciaoxkHocTei. [Ipesxkae Beero, e€ onpeaesieHue wc-
MOJIB3YET CTPYKTYPY HA4Ya/I HA MHOXKCCTBE JBOMYHLIX CJIOB, Y IIOTOMY AJIFTOPUTMUYCCKHE
1peo0pa30BaHus, HE COXPAHSIOIUE 3TOM CTPYKTYPBI, MOTYT YBEJIMYMBATH CJIOAKHOCTD
OoJice 4yeM Ha KOHCTAHTY.

[MokaxxuTe, YTO aANpHOPHAs CIOKHOCTH CJI0BA X MOXKET OBITH OTPAHMYCHHOI,
a CIOKHOCTH cJioBa XX (Te ske GUTH B OBGPATHOM TIOPS/IKE) — CKOJIb YTOIHO GOJBIIOMN.
(DopMaIbHO: CYLIECTBYET TaKoe ¢, YTO Jis Jiodoro n Hainéres cioso x ¢ KA (x) < ¢
u KA (x®) > n.) [YkazaHue: CJIOBO X MOXKET HAUMHATHCH C €IMHMULIBL, 3 KOTOPOIt UAYT
HYJIN.]

TeM cambIM HEeT cMBIC/IA (B OTJIMUME OT TPedUKCHON M OOBIYHOM CJIOXKHOCTEH) TO-
BOPHUTH 00 aNpPHIOPHON CIOKHOCTH, CKaKeM, HATYpPaBHOTO Urcia win rpada.
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AnpropHas CJIOKHOCTh CJIOBA [IJIMHBI N OTJIMYAETCS OT YK€ M3BECTHHIX HAM Bapu-
aHTOB CJIOkHOCTel He Oosiee yeM Ha O(logn), HO 3/ieCh BaXKHO, YTO MO/ JOTraprdpmom
CTOWT UMEHHO [JIVHA CJIOBA, 4 HE ero CJIOKHOCTb, ITOCKOJIBKY, CKAKEM, IS CJIOB U3
OJHUX HyJICH AlpUOpPHAsl CJIOXHOCTb OIPAHUYEHA, a OObIYHAS U NPE(PUKCHAS — HET.

JokaxuTe, 910 IjIsA JHOOOTO CjoBa X XOoTA Obl ofHo m3 umced KA (x0) u
KA (x1) ue menbiie KA (x) + 1. (3nech cymectBento, uro KA (x) onpenesicHoO Kak
— log a(x) 0e3 okpyrieHus.) BeiBeauTe OTCIOAA, 9TO /151 JIIOOOTO C/I0Ba X M yuciaa n € N
MOXHO HaWTH CJIOBO ¥ [UIMHBI 11, JUisi Kotoporo KA (xy) > KA (x) + n. Ilokaxure,
YTO CYIIECTBYeT OeCKOHEUHAs! JBOMYHAS TIOCIIETOBATEIFHOCTh W, Y KOTOPOI alpropHAast
CJIOKHOCTH JII0DOOTO HAJasa He MEHBIIE ero JINHbL.

(Cp. Teopemy 71 Ha c. 128 u 3aga4y 45 Ha c. 51; 3aMeTUM, UTO 3/€Ch HET yCJIOBUS I
u naxe xoHcrantsl O(1).)

Iokaxure, yro pasuoct KS (x) — KA (x) u KA (x) — KS(x) moryr ObITh
HopsiAka 10g n U1 HEKOTOPBIX CJIOB JUIMHBEL 1 (M [J1s1 CKOJIb YTOAHO OouiplMX 7). [YKa-
saime. KS(x) Oymer Gosbine KA (x), eciu B3ATh CJIOBO U3 oqHMX HyJeil. OOparHOe
COOTHOITICHIE MMEET MECTO [IJI HAJas ITOCIIeIOBATEIbHOCTH W3 TIPEIBIAYIINCH 3a/1aun, y
kotopbix KA (x) = I(x) + O(1), a cnoxuocts KS (x) GbIBaCT MECHBIIE JJIUHBI [IPUMED-
HO Ha JIorapudm [JIMHBI, CM. 3aja4y 53.]

Hokaxure, 9T0

KA (xy) < KP(x) + KA (y) + 0(1),

I7le Xy — COEAVHEHNE CJIOB X M y. 37eCh CYIIECTBEHHO, 9TO pedb WJET O COCAWHE-
HUM MMCHHO B TaKOM IIODPS/IKE: IIOKaXXKUTE, 4TO I JIPYroro IOpsIKa 5TO HEBEPHO.
[Ykazanwue. Ilycth U — BEpOSITHOCTHBHIN aJIrOPUTM B CMBIC/IE TJIaBBI 4, TIOPOXIAIONINI
HaAnOOJIBIIYIO [IEPEUNCIMMYIO CHU3Y MOJIyMepY (AMCKPETHYIO), a V — BEpOsSTHOCTHBIM
AJITOPUTM B CMBICJIC STOU IJIABBI, MOPOX/IAIOUMNA HAUOOJIBIIYIO MOJYMEPY Ha JepeBe.
PaccmorpuTe anropuT™, KOTOPBI BHaJasle JIedcTByeT kKak U, a mocse OCTaHOBKU IIpO-
JIOJDKAET paboTy Kak V' (MCIoJIs3ys CBeXXWE CITydYaiiHble OUTH U T00ABJISIS OUTH K YXKe
BbIIaHHBIM). YUTOORI 1TOKa3arth, yro /uist KA (yx) aHayiornvHasi OlieHKa MECTa He MMeEer,
nosoxkure y = 0" u x = 1.]

Emé omHO CBOMCTBO alIpUOPHON CJIOXKHOCTH HEIOCPEACTBEHHO CIIEAYET U3 OIpesie-
Jeanst. [lycTs mamna mpow3BOJIbHAS BEIYMCAMMAS Mepa p Ha npoctpaHcTse 2. Torma aus
HEKOTOPOI KOHCTaHTHL C U JUJIS BCEX CJIOB X BBIINOJIHSETCS] HEPABEHCTBO

KA (x) < —log () + ¢

B camom /ieJjie, alpuopHas BEPOSTHOCTL HA JEPeBe HE MEHbLIE MEPLL f (U Jaxe JoOoi
JPYTO# NepeurCINMON CHU3Y ITOJYMEPHI) C TOYHOCTEIO IO OTPAaHHICHHOI'O MHOXKHTEJIS,
YTo M0cJIe JIOTapipMUpoBaHus U JaéT TpedyeMoe HePaBEHCTBO.

Mb1 oOpaniaeM BHUMAaHME Ha 3TO (IIPOCTOE) CBOMCTBO, HOCKOJIBKY HA HEM OCHOBAaH
KpATEepHIl ciiydaiiHocT 1o Maptue-JIEdy: mocieoBaTeIbHOCTh w CJIydaiiHa II0 BHI-
YNCJIMMOI Mepe p4 TOIZja M TOJIBKO TOIJa, KOrja Julsl € HadaJbHBIX OTPE3KOB X 3TO
HEPaBEHCTBO IPEBPALIAETCS B PaBEHCTBO, TO €CTh Korja pasHuia — log p(Q,) — KA (x)
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OrpaHrYCHA CBEPXY (CHM3Y OHA BCET/[a OTPAaHMYEHA B CHJLY TOJIBKO YTO PACCMOTPEHHOIO
CBOWCTBA).

OToT KpUTepuit sABjsAeTCA CieACTBHeM Teopemsl Jlesuna —Ilnoppa (xputepuit ciy-
YalfHOCTH B TEPMUHAX MOHOTOHHON CJIOKHOCTY) M OyZeT JI0Ka3aH BMECTE C HEH B pa3-
nesie 5.6. Ho mipexkie HaM HEOOXOAMMO JaTh OIpeAeSICHHE MOHOTOHHOHN CIIOKHOCTH
(pasmen 5.5), Asig dero mojipoOHEE PacCMOTPETh TOHITUE BBHIUMCIVIMOTO OTOOPAKEHUS
TIPOCTPaHCTBA X B ceds (pasmen 5.4).

MOXHO OXapakTepU30BaTh AMPHOPHYIO CIOKHOCTb U KAK MUHIMAJIBHYIO TIEPEUNCIIN-
MyI0 CBepXy (DYHKLIMIO, yJOBJCTBOPSIOMIYI0 HEKOTOPBIM YCJIOBUSIM — MOIOOHO TOMY,
KaK 3TO c/leJlaHo B TeopeMe 8 (c. 28) I mpOoCToli CI0KHOCTH U B Teopeme 62 (c. 115)
JU1sL TIPE(PUKCHOI CJIOKHOCTU. A MMEHHO, CIIPABEIMBA CJICAYIONIAs TeopeMa:

Teopema 80. @yukyus KA ssnsemcs MUHUMATLHOU ¢ MOYHOCHIbIO 00 KOHCMAHMbL
nepeyucnumoil ceepxy gynkyueii K ¢ makum ceoticmeom:

Z 27K(X) <1
xeM

ons nobozo mHoxcecmaa M nonapro HecpagHuMblx 0B0UUHBIX CTI08.

<« [lockospky cii0Ba X € M HeCpaBHHMBI, COOTBETCTBYIOLIME MHOXECTBA Xy HE IIe-
peceKaoTCs U BepOSTHOCTH IIONAJaHUs B HUX B CyMMe He IIPEBOCXOAAT €IVHUILILL

C Opyroit cTOpOHH, IIycTh JIaHa IIPOM3BOJIbHAS liepednciuMas cepxy dyHkuusa K,
o0JIaJaolas YKa3aHHbIM B TeopeMe cBoicTBoM. HaM HyKHO onpedesuTh Hepedic/IuMyIo
CHW3Y TIOJTyMepy, KOTopast OblIa ObI He MeHbIle (MepeuncmMoit caimsy) Qyrkimm 2K,
Bametum, uto dynkrus 2K ne obsa3ana GpTE MOMYMepOIL, €8 3HAYEHMS HA CIOBAX X,
x0 u x1, BooOwe roBopsi, HUKaK He CBs3aHbl. [lodToMy €€ HajO yBEMUYUTD — B TOH
Mepe, B KOTOPOIl 5T0 HEM30€XKHO. A MMEHHO, IIOJIOKUM @ (X) PABHBIM TOYHOM BepxHEi
I'paHU BCEX CYMM BHJA

Z 2Ky

yeM

110 BeeM MHOXecTBaM M TONApHO HECPABHUMBIX POJIOJDKEHMI cjioBa x. JIerko Tpo-
BEPUTh, UTO DTO JIEWCTBUTENLHO Oy/leT MEPedncMMas CHU3y TIOJyMepa, KOTopas He
menbuie 2% | uro u TpeGosamocs. B>

byaem paccmarpuBate dyukimm b: = — [0, 1], obnapamoime Clieyromnmm
CBOVICTBOM: CYIIIECTBYeT Mepa Ha JiepeBe @, JUIs KoTopoil b(x) < a(x) mpH Beex X.

(a) Jokaxwure, 4To JiIodas MoJyMepa Ha AepeBe 00IaTaeT STUM CBOMCTBOM.

(0) Hokaxwure, 4To JIH0OAs NEPEUNCIIUMAS CHU3Y (DYHKLIMSI, 00JIaa0mas TUM CBO#M-
CTBOM, MAKOPHUPYETCA HEKOTOPOM INEPEUNCIMMOI CHU3Y IOJIYMEPOi Ha JEpeBe.

5.4. BoruncauMbie oTOOpaMeHHsd > — X

B ruiaBe 4 MblI paccMaTprBaii NPEPUKCHYIO CJIOKHOCTD, ONPEAEIEHHYIO B TEPMUHAX
KpaTyailluxX OIMCAHUI, ¥ AIPUOPHYIO BEPOSTHOCTH, ONIPEICJICHHYIO B TEPMUHAX BEPO-
SATHOCTHBIX MAIIMH — U 3TO OKA3aJIOCh OJHO U TO ke (C TOYHOCTBIO 10 KOHCTAHTHI).

B »T0i1 rmaBe MBI paccMOTpPEJIM IPYTrOd BapUAHT AllPUOPHON BEPOSITHOCTH, U BO3-
HUKACT €CTECTBEHHBIN BOMPOC: KakKasl CJIOXKHOCTb €l coOTBEeTCTBYeT? Takast CII0KHOCTP



5.4. Bviyucnumwsie omobpadsiceriuss 32 — % 145

JeICTBUTEJIBHO MOXKET OBITh €CTECTBEHHO OlIpe/ie/icHa 1 Ha3hIBAETC MOHOTOHHOM CJIOX-
HOCTBIO, TIPaB/a, OHA YK€ HE COBIIQ/IACT C JIOrapu(MOM arpHUOPHOI BEPOSTHOCTH Ha
nepese. Ho e€ onpenesnenne (cMm. gajiee paszges 5.5) TpeOyeT HEKOTOPOI MOATOTOBKH,
KOTOPOI U MOCBSIEH 3TOT pa3ie).

AsropurMbl (MALIMHBI), PACCMAaTPUBAEMBIC HAMU IIPU OLPEC/ICHAN AlIPUOPHON Be-
poATHOCTH (YHMBEPCATBLHOM TOJYyMEPHI) HA AEPEBE, COCTOAT M3 JBYX YACTEi: JaTdymKa
CJIyYaiHBIX YKCEJI, MOPOKJAIOLIETO MOCIeA0BATS/IBHOCTD CJIyYalHBIX OUTOB, U aJITOPUT-
Ma, KOTODBII OPOXIAeT BRIXOAHbIC OUTHI, HCIOJIB3YS 3Ty HocJegoBaTesIbHOCTh. Ceirdac
MBI U3Y9VM II0JPOOHEe 3TY BTOPYIO COCTABJISIONIYIO, BB/ IIOHATUE BBIYMCIUMOIO OTO-
OpaKeHUs IIPOCTPAHCTBa % (KOHEUYHBIX U OECKOHEUHBIX I10CJIE/I0BATEIHOCTEN HYJIEH U
emuHNL) B ceOs. OTMETHM, 9TO MBI PAcCMaTPUBAEM OTOOPAKEHUSI, ONPEACIECHHBIE Ha
BcEM X (3aTO CpelM 3HAYECHUIl MOKET OBITh IYCTOE CJIOBO, YTO B HEKOTOPOM CMBICJIE
3aMEHSET HEOIPEAEIEHHOCTD).

5.4.1. HempepbiBHbIE 0TOOpaskeHHs1 Y. — X

Iycts naHo otobpaxkeHme f: X — 3, ompenenéHHoe Ha BcEM Y. MBI OyeM HA3HI-
BaTh €r0 HENPEPbIGHbIM, €CIIU BBITIOJIHCHBI /B CBOMCTBA:

(1) oHO MOHOTOHHO: €CJM X € Y SIBJISIETCsl HavyayloM ¥ € X, 10 [(X) siBJjisiercsi Ha-
gasoM [ (y);

(2) sHaveHne otoOpakeHHs f Ha OCCKOHEUHON ITOCJIENOBATEJBHOCTH W SABJACTCS
o0be/HeHreM (HAMMEHBIIMM OOIIMM [TPO/I0/DKEHUEM) 3HavYeHuit f (X) Ha BCEX KOHEYHbIX
Havyajgax X MOCJIe/I0BaTeIbHOCTH ).

Mebl Gy/eM HCHONB30BaTh 00O3HAYEHHWE X =<V JUISL OTHOIICHUS «X SIBJISIETCSl Hava-
JIOM y»; TPEIINoJaraercsi, 4Yro X,y € 3 MOryT ObITh M KOHEUHBIMU, U OECKOHEYHBIMMU.
Ecu x < y ni1g OECKOHEUHOM 1OCJIeI0BATE/IbBHOCTH X, TO X = y. TpeOosanue (1) mpen-
cTaBjsieT coOOM MOHOTOHHOCTE f C TOYKM 3pPEHHS JaCTWYHOTO Mopsiika < Ha Y. OHO
rapaHTUpyeT, 9T0 3HadeHns f (X) Ha KOHEUHBIX HAYaIax X IIOCIICTOBATCIBHOCTY w OYAyT
MPOJOJDKATH JIPYT JPYra; uxX oObe/MHeHNe (TOYHAs BEPXHsIsl IPaHb B CMBICIE =<-TIOPSI/I-
Ka) corjiacHo Tpedosanuio (2) NOJDKHO coBnajgarh ¢ f(w).

IMokaxkute, UTO 3TO OHPEAEJICHUE COOTBETCTBYET CTAHAAPTHOMY MOHATHIO He-
TIPEPHIBHOCTH JIJIS1 OTOOPaKEHHI TOIOJIOTMYECKUX ITPOCTPAHCTB, €CM Y. CHAOAWTH TO-
nostorueit pasaesa 4.4.3 (c. 103). [YkasaHue: Cp. aHAJIOIMYHBIA PE3YJIBTAT JJIs1 HETIpe-
PBIBHBIX OTOOpPaKEHMEI ITPOCTPAHCTBA X B N| B TOM ke paszede.]

C KaxbIM HENPEPHIBHBIM OTOOpaxkeHueM [ : X — Y cpsikeM MHOXecTBO 'y, KOTO-
pOE €CTECTBEHHO HA3BaTh N002PAhuKoM OTOOPAKEHUS [; €ro DJIEMEHTAMM SIBJISIOTCS
mapsl CJIOB (X, y), T/Ie X, ¥ KOHEYHBIE CJIOBA, I KOTOPHIX y < f (x). UMeer mMecTo cite-
Jiyloliiee TIPOCToe HAGIIOACHNE: [UIst JII0OOTO HerpepriBHoro [ MHOKecTBO I'y 0Omasaer
CJIE/IYIOIMME TPEMSI CBONCTBAMU:

(1) (x,A) € Ty nns ymoGoro cijioga X;

(2) ecim (x,y) € I'y, 10 (x', ") € I'y npn mobe1x X' = x, y' < y;

(3) ecam (X, y1) U (x,y2) OpuHAgIexar ['y, To cjioBa y; U y, cpaBHUMEL (O1HO U3
HUX SIBJISIETCS HAYAJIOM JPYroro).
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[epBrie 1Ba CBOMCTBA OYCBHIHEI, TPEThE CJIEAYET W3 TOIO, YTO JBa CJIOBA, SIBJIA-
JolleCsT HA9JIaMH KOHEYHOH MM OECKOHEUHOM TT0CJICI0BATEIbHOCTH, CpaBHUMEL. Clie-
JyoIasi TeopeMa IMOKA3bIBACT, YTO HETNPEPHIBHBIC OTOOPAKEHUSI ONHO3HAUHO 3aJal0TCA
CBOMMM TOArpauKaMu.

Teopema 81. Coomeemcmsue [ — 'y signsemcs 63aumHo 00HO3HAYHBIM COOMEEM-
cmeuem MeHcoy HeNnPepvleHbIMU OMOOPANCEHUAMU Y. — Y. U MHOJCECMBAMU NAP CIl08,
obnadarowumu ceoticmeamu (1)—(3).

<« [lycts mano MHOXecTBO F map citoB, obmamaromiee cBovictBamu (1) —(3). Tpe-
6opammsa (1) —(3) rapaHTHUpPYIOT, YTO I JIOOOTO CJIOBA X MHOXECTBO T€X y, TIPH KO-
TOPBIX (X, y) € F, HEMyCTO M COCTOUT M3 CPABHUMBIX CJIOB. VX oObenuHeHne (TOYHYIO
BEPXHIOIO paHb) W OyneM cuurtath 3HaveHHeM f(x). CBoicTBO (2) rapaHtupyer, 4ro
x <X Baewdr [(x) < f(x') (C pocToM X PACCMOTPEHHOE MHOXECTBO CJIOB y TAKKE
pacrér). Tem caMbIM MOXXHO KOPPEKTHO oupenesuts f(w) kak oobenusenue f(x) s
BCEX CJIOB X < w. [locTpoenHoe otoOpaxeHne f OyJeT HENPEPHIBHO B CMBICIIC JAHHOTO
BHIIIEC Ompe/iesieHus. JIeTko MIPOBepUTh, IYTO IOCTPOECHHOE COOTBETCTRBUE F — [ 00paTHO
K f — Ff. >

HenpepbiBHoe oroOpaxcenue f: X — X OyJeM Has3bBaTh 8bIYUCAUMBIM, €CJIU COOT-
BETCTBYIOIIce MHOKECTBO [y mepedncimmo. (BoraucimMbie 0TOOpaKeHHA 110 OIpeeie-
HUIO BCET/[a HEIPEPHIBHAI. )

DopMaTbHO HAM He TPeOYeTCsl HUKAKOTO «OMPABIAHUSY JIJIA TOTO OIpee/ICHAS, U
BCE CKa3aHHOE JAJIBIE O «MAIIFHHO-3aBFICHMOIT» MHTEPIPETAIMN BRIYMCIUMEIX 0TOOpa-
SKEHHIT HUT/Ie He ToTpeOyeTcs. 'TeM He MeHee MOYyUUTEJIbHO MOHSTh, KAKOMY BHTy MalIVH
(IporpamMM) COOTBETCTBYET TaKO€ ONpE/EJICHNE.

5.4.2. MoHOTOHHbIE MAIUMHbI ¢ HEOJOKUPYIOIUMM YTE€HUEM

Bymem paccmarpuBath IIpOrpaMMbl, KOTOPBIE WCIIOJIB3YIOT HEOJIOKHMPYIONIee YTCHUE
co Bx07a (MOKHO MPOYECTh OUEPETHON OWUT M3 OdYepel BXOTHBIX OMTOB M IIPOBEPUTH,
IycTa JIX dTa o4yepenp). Takue mporpaMMsl IOPOOHO OOCYXAAHCh B pasaeie 4.4.2,
c¢. 101. Ho teneps Oyzaem cuMTaTh, YTO MAIIMHA CTPOUT BBIXOJ MO OMTAM, UMed KOMAH/TY
OutputBit(b) c GUTOBBIM apryMEHTOM.

BrIxoaHast MOC/IEI0BATEIBHOCTD TaKOM MIPOrPAMMBI MOXKET OBITh KOHEUHON WiIn Oec-
KOHEYHOI, W 3aBHCHUT, BOOOIIEC TOBOPs, HE TOJBKO OT BXOMHON MOCJICJOBATEIHHOCTH
OonToB (HaXaThIX Kiapd «0» 1 «1»), HO M OT MOMEHTOB HAKaTWs KJIaBUIl. BynaeM Hasbl-
BaTh [IPOIPaMMy KOPPEKMHOU, €CJIM TAKOW 3aBUCHMOCTA HET (MOMEHTHI HAXKATYSI KJIABHILL
MOTYT BIMATh HA MOMEHTHI MOSIBJICHHs] OMTOB HA BBIXO/IE, HO HE HA BBIXOHYIO MOCTEI0-
BaTEJbHOCTH). KoppexTHas mporpamma 3aaéT HEKOTOPOE OTOOPAKEHUE MHOXECTBA X
B ce0s.

Teopema 82. Jliobas koppekmHass npozpamma 3a0aém @viHuciumoe omoopadice-
Hue (8 ONUCAHHOM 8blle CMBICTIE); BCKOE BbIMUCIUMOE 0MoDpadcerue modxcem Ovlmy
3a0aHO HEKOMOpOil KOPPEeKmHOU Npo2pammou.

<« [lycts uMeeTcst HekoTOpas KOppeKTHASA IporpamMma M W JiBe BXOJHBIE ITOCJIEIO-
BaTeJbHOCTH X M X', mpuaéM x < x'. TTokaxeM, uro M (x) < M (x"), rue uepes M (z)
o0o3HaYaeTCst BHIXO/ rporpamMmbl M Ha Bxojie z (He 3aBUCSIIHIA, 110 [IPE/ITIOIONKEHHIO, OT
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MOMEHTOB BPEMEHH T10/1a91 Ha BXOJT OUTOB II0CJIE/I0BATEIBHOCTH z). [Ipy GeckoHeTHOM X
9T 3aBeIOMO Tak (HOCKOJIbKY X = x'). Tlycrs x koneuno. IMogagum X Ha BXOJ U Oy/eM
XJaTh, MOKA Ha BhIXOZE He nosBuTcs M (Xx). DTO PaHO WIM HO3IHO JOJDKHO CJIyYHThb-
cs1, ecsit M (x) KOHEYHO, HOCJIe 4ero Mbl MOJAJMM HAa BXOJl HEJOCTAIOIINE CHMBOJIbI U3
x'. TlonygeHnast mocJie STOro Ha BEIXO7E HocaenoBatesbHoCcTh M (x') HemsOesxHo Oymer
npomosnkeaneM M (x).

Ctou1p %€ SICHO, 9TO /i1 OECKOHEYHOro w 3HaveHue M (w) ecTh 0OBbeMHEHUE 3HA-
weHuit M (X) 11 KOHEUHBIX X < W, MOCKOJIBKY B KQK/bIiI MOMEHT BBIUKC/ICHHS HA BXOJ
TMOJIAHO JIMIIb KOHEYHOE YMCJI0 OUTOB I0CJIEA0OBATEIBHOCTH W.

MHoxecTBO Tap clioB (X, y), IUIg KOTOPLIX ¥ < M (X), HepedncinMo, Tak Kak ero
MOKHO TIEPEUYNCIIATh, MOJICTUpPYsl paboTy Manmeel M Ha BCEBO3MOXHBIX Bxoaax. Ta-
KM 00pa3oM, KaK0il KOPPEKTHOM MalllMHE COOTBETCTBYET HEKOTOPOE BBHIUMCINMOE (B
a0CTPAaKTHOM CMBICJIE) OTOOpaXEHHME.

Hampotus, nmycTb uMeeTcsi IPOU3BOJIBHOE BBIYUCINMOe oToOpaxenue f. [loctponm
MaumHy M, KOTOpast KOPPEKTHO BBIUMCJISET ero. A uMeHHo, M nepeunciisier noarpa-
¢ux 'y ¥ mapajUIesbsHo ¢ STHM 9UTaeT OMTEL co BXoma. Kak Tospko B I'y oOHapyxurcs
HEKOoTOpas mapa (X, y), Ui KOTOPOil X SBJISETCS HAYAIOM BXOIa, MBI BBIIAEM HEOCTa-
folvie OUTHI cioBa y (TpedoBanust (2) 1 (3) rapaHTHPYIOT, 9TO BCE OOHAPY>KMBAIOIAECST
cJ0Ba y OyAyT CPaBHHMMBI, TaK UTO OT3bIBATH OWTHI C BHIXOJA HE MPUAETCS). B

5.4.3. Ilepe4ncIMMOCTb MHOKECTBA BBIYHC/IMMBIX 0TOOpasKeHHIA

OrpesiesieHrie BRIYVUCIMMOCTA C KOPPEKTHHIMH TIPOTPaMMaMU KaKeTcsl Dojiee ecre-
CTBEHHBIM, HO OHO (Kak W JUIsI CiIy4asi Npe(PUKCHO KOPPEKTHBIX IIPOIPaMM) MUMEET BaXK-
HBIA HETOCTATOK: HET aJITOPUATMA, IO3BOJIAIONIEIO IO JAHHON IPOrpaMMe OIpeEAesTh,
OyneT M oHa KOPpeKTHOW. TeM He MeHee MOXHO aJTOPUTMHYECKN MpeoOpazoBaTh Ka-
IYI0 IPOrPAMMY B KOPPEKTHYIO: HAJI0 MEPEHTH OT HeE K MHOXECTBY Map, «CKOPPEKTH-
POBaTL» 3TO MHOXECTBO U 3aTeM 0OpaTHO nepeiity k mporpamme. Mel He Oyaem 310
OIMMCHIBATh TOIPOOHO, TIOCKOJBKY KOPPEKTHBIE MpPOTPAMMBI I HAC — BCETO JIMIID
MOTHBHPOBKA TIOHATHS BBIYMCJIMMOTO OTOOPaKCHVS, a OTPAHWUMMCS YTBEPXKICHUEM O
TIEPEUNCANMOCTA MHOXECTBA BEIUMICIVIMBIX OTOOPAsKEHMI, KOTOPOE HAM TIOHAJOOWUTCST B
JAJIbHEHIIEM.

Teopema 83. Cywecmsyem nepeuucnumoe muoxcecmeo U mpoex (n,x,y) (20e
n — HAmypanvHovle YUCAa, a X Uy — C1068a) C MAKUMU CEOUCMmEaMU:

(a) npu o6om n muoxcecmeo U, = {(x,y) | (n, x,y) € U} seasemecs noodzpagpu-
KOM HEKOmMOpO020 8bIHUCTUMO20 0mobpadiceHust u,: ¥ — % (mo ecmv yooenemsopsiem
ceoticmaam (1) —(3) meopemur 81);

(6) cpedu omobpadicenuil u, 8Cmpeuarmcst 6ce @uIUCAUMble Omobdpadiceus: Y. 8
ceost.

<« Paccmorpum yHuBepcasibHoe MHOkectBo W Tpoek Toro ke Buja, cpeau ceve-
Huit W, KOTOpOro BCTpevyaloTCs BCE IEPeUYMC/IMMBbIE MHOKECTBA nap cJjoB. Jlanee us-
MeunMm W, «ckoppektmpoBaBy Bce ceucHust W,. MBI XOoTHM, YTOOBI TIOCIIE KOPPEKIIH
CEeYeHMe 3aBe/IOMO YJOBJIeTBOPsIIo cBoticTBaM (1) — (3) (u TeM cambM Ob1JI0 OATpadm-
KOM BBIYHCIMOTO OTOOpakKeHVs 0 TeopeMe 81), M UTOOB KOPPEKTHBIE CEUYCHUS P
STOM HE MEHSIJINCE.
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KOppeKIms COCTOUT M3 JIBYX DTALOB: CHAYAJIA YCTPAHSIOTCH IIPOTUBOPEUMSI», a 3a-
TEM BOCIOJIHAIOTCS «IIPOGEsthl». [TpoTHBOpEeUre 00pasyioT IBe Taphl (X1, y1) U (X2, ¥2),
B KOTOPBIX X] CPABHUMO C Xp, & ¥ HE CPAaBHUMO C ;. (Jlerxko Bupetn, uto B moarpadu-
KE TAKUX 1ap ObITh He MOXKET.) [IpoTHBOpPEUns yCTPAHAIOTCS €CTECTBEHHBIM CIIOCOOOM:
BBIOPACHIBAIOTCS TIAPHI, HPOTHBOPEYAIIME PAHEE MOSBUBIIMMCS (M HE BHIOPOIICHHBIM).
TToJly9eHHOE MHOMKECTBO TIepedrcimMo. [1ocie STOro BOCIOIHSIOTCS TPOOETIBE: [00a-
BJSIIOTCSL BCE TIaphl Bjia (X, A); e/l B MHOXKECTBE €CTh Iapa (X, y), TO JOOaBJISIOTCS
Taxske 1 Bee mapel (x',¥") ¢ X’ = x u y' < y. BocrnoJiHeHHe POGEIIOB TAKKE COXPAHAET
NEPEUNCIIMMOCTD; JIETKO MPOBEPUTH, YTO NOJIYYEHHOE TIOCIE TOTO MHOXKECTBO Y/IOBJIE-
TBOPAET HAIMM TPEOOBAHUAM. P

DTO yTBEp)XKCHHUE, KOTOPOE MOXHO HA3BATh [IEPEUUCTAMOCTBIO MHOKECTBA BCEX BhI-
YUCJIMMbIX OTOOpaXkeHuil X B ceOst, Oy/JeT UCII0JIb30BAHO IIPU IIOCTPOCHUM MOHOTOHHOU
CJIOXKHOCTH B CJIEIYIOIIEM pasfeJie.

5.5. MoHOTOHHAA CJIOKHOCTH

Ilpu ornpe/ie/ieHMd MOHOTOHHON CJIOKHOCTH B KayecTBe cHoOco0OB ormcanus (jie-
KOMITPECCOPOB) PACCMATPUBAIOTCS BBHIUMCIUMEIE OTOOpaxenus D: Y. — Y. Mounomon-
HOTl CNOYICHOCMbIC CIIOBA X TIPU JTAHHOM CIIOCo0e ormcaHus [ HA3BIBACTCS HANMEHBIIAS
JJIAHA CI0Ba y, I KoToporo x < D(y). Ona odo3navaercsa KM p(x).

(Ot0 ompenesienne 0€30 BCAKMX M3MEHEHMI MEPEHOCUTCS M HA OECKOHEYHBIE TOC/IC-
JIOBATEJIHOCTUA X, HO MBI CJIEJyeM TPA/MLIMA U PACCMATPUBAEM JIMILIb JIBOUYHLIE CJIOBA,
€CJT 7TO HE OTOBOPEHO 0C000.)

Jlokaxxute, 9TO €CTECTBCHHBIM 0OPa30oM OIpPE/IeEHHAs CITOXKHOCTE OECKOHEU-
HOI TIOCJIE/IOBATETEHOCTH PABHA MPE/IEJTy HEeyOBIBAIOMIEH ITOCIEI0BATEIBHOCTH CJIOXKHO-
cTell €€ HAYAJIbHBIX OTPE3KOB.

Teopema 84. Cywecmayem onmumanabHblii Cnoco6 ONUCAHUSA, MO €CMb GbIMUCTU-
moe omobpasicenue D: 3 — 3, onsi komopozo KM p munumansna ¢ moyHocmyio 00
KOHCIMAHMbl: Oist 6CAK020 @biyucaumo2o D': X — X naiidémes makas KoHcmanma ¢,
ymo

KMp(x) < KMp(x)+c¢

ons 100020 cnosa x.

<« Ilycts U — MHOXeCTBO TPOCK, CEUCHISIMU KOTOPOTO SIBJIIOTCS BCE MOATPapIKH
BBIYMCJIMMBIX OTOOpaXKEHMII M ToJibko oHU (Teopema 83, c¢. 147). Ilycts D, — BbI-
4uCIMMOe 0TOOpaXeHue, cooTseTcTByoutee ceueHuo U,. Ompenesum oroOpaxenue D
(popmynoit

D(az) = Dy(2),

rae i — OecnpeUKCHBIN KO Yucia 1 (CKaXKeM, ero JBOMYHAsSI 3AlMCh C YABOCHHBIMH
wdpamu, 3a KoTopoit ciaegyer 01), a z — MPOU3BOJIBHBII 3JIEMEHT X.. B repMuHax noz-
rpaduka: PacCMOTPUM MHOXKECTBO BCex map (Au,v), mis koropuix (n, u,v) € U. Jler-
KO IIPOBEPHUTH, UTO JEUCTBUATEJILHO IIOJIyYaeTCs BBIYMCIIMOE OTOOpaKEHUE U YTO €CJII
criocod ormcanna D’ umeer nomep n (moarpadux D' cosmagaer ¢ Uy,), 10 KM p(x) <
< KM p (x) + (1) nipu BCex x. »
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Kak 00pr9H0, MBI (PMKCHPYyeM HEKOTOPHIM ONTUMAIPHBIN «MOHOTOHHEIN CITOCOO OIH-
canvst» (BhUMCIIMMOE oToOpaxkeHne D, I KOTOPOTO BHINOJHEHO YTBEPK/ICHHUE DTOM
TEOPEMbI) U MOHOMOHHOU CH0JCHOCMbIO cioBa X HasbiBaeM KM p(x). OGo3Havenume:
KM (x). (B aHIos3bI4HOIT JIuTepaType, B YaCTHOCTH, B kHure Jlu u Butanbu [83], uc-
moJib3yeTcst obosnadenne Km(x), a KM (x) obo3HaUaeT arpHOPHYIO CIIOKHOCTE, KA (X)
B HAIMAX O003HAYCHUSIX. )

Teopema 85. (a) Monomonnas cnoxcrnocmy moHomonua: KM (x) < KM (y) npu
X<y;

(6) ¢ynkyus KM nepeuucnuma ceepxy;

(8) KM (x) <1(x)+ O(1);

(r) KM (x) < KP(x) + O(1);

(m) KA (x) < KM (x) + O(1);

(e) beckoHeuras nociedo8amenbHOCMby Hyiell U eOUHUY BLIHUCAUMA MO20d U MOlb-
KO mo20a, Ko20a MOHOMOHHAS CNONCHOCHIb €€ HAUATIbHBIX OMPE3KO8 02PAHUYECHA;

(&) ecnu f: ¥ — X — ewviyucnumoe omoopascerue, mo KM (f (x)) < KM (x) +
+ OQ1) (ckpoimas ¢ O(1) xkoncmanma modcem 3asucems om f, HO He om X);

(k) ecau f: X — N — esvruciaumoe omobpancernue, mo KP(f(x)) < KM (x) +
+ OQ1) (cxpormas ¢ O(1) Koncmanma mooicem 3asucems om f, HO He om X).

[loyuuresibHO CPaBHUTH DTU YTBEPXK/IEHUSI CO CBOMCTBAMU AIIPUOPHOI CJIOXKHOCTH
(Teopema 79, c. 140). [TockobKy MOHOTOHHAsI CJIOKHOCTh HE MEHBIIE allpAOpHON (yT-
BepXjeHre (1)), HEKOTOPHIC CBOWICTBA AlPUOPHON CJIOKHOCTH CPazy Ke MepeHOCITCS
Ha MOHOTOHHYIO. B wactHOoCTH, MBI Tosyuyaem, urto KP(x|I(x)) < KM(x) + O(1) n
KP(x) < KM (x) + KP(l(x)) + O(1). Kpome TOro, 0OTMETUM, UTO JIjisi BHIUMCJIIMBIX
1I0CJIE/IOBATE/IbHOCTEN HECPABHMMBIX CJIOB IPE(UKCHAsI U AlIPUOPHAs CJI0OKHOCTU COBIIA-
JAI0T ¢ TOYHOCTHIO 710 O(1) — ¥ MOTOMY COBIAJAIOT C HAXO/ISIIEHCS MEXK/Ty HIMHA MOHO-
TOHHOM: €CJIM Xg, X1, - - . — TaKasl [IOCIEN0BATEILHOCTE, To KM (x;) = KA (x;) + O(1) =
= KP(x;) + O(1).

<« Y1Bepk/IeHre (a) HEMOCPEICTBCHHO ciieyeT W3 ompeaeicHus: ecau D(u) =y,
to u D(u) = x p1s moBoro Havasia x cJioBa y. MOXHO CKa3aTh, UTO IPU OIIPEIeIeHUH
MOHOTOHHOH CJIOKHOCTHM TpeOyeTCsl OmucaTh HE CaMo CJIOBO, a Jioboe U3 ero mpojoJi-
EHWU, W PN YAVIMHEHUN CJIOBa 3Ta 3a7]ada YCIOXKHSAETCS (MHOXECTBO IPOTOJIKCHUIL
CTaHOBUTCSI MCHEIIIE).

YrBepxaeHue (0) cpasy ciaeayeT U3 ONPEEICHHS: IO PadUK BEIYUCIIMOTO 0TOOpa-
KCHUS [IEPEUMCITUM, TIODTOMY TTEPEUNCTMMO U MHOXECTBO TPOEK (X, Y, F'), U1l KOTOPHIX
I(y) < r unapa (y, x) npuHajuiexut noarpadury D, a 3HAYMT, MEPEUNCIIUM U HAjpa-
¢ux pyaxkmmm KM kak Tpoeknys 3TOr0 MHOXECTBa.

UrobH 1oKa3ath (B), JOCTATOYHO 3aMETHTH, YTO TOKACCTBEHHOE OTOOpaxeHne ¥ —
— 3, Jutst Koroporo D(x) = x npu Bcex X € 3I, BHIYHCIHMO.

Yrober cpasauth KM u KP (riyHkr (r) T€0peMbl), JIOCTATOYHO 3aMETHUTh, YTO JIO-
60e BBHUHCIIMOE OToOpakeHWe Y — N MOXHO mepesienaTh B OTOOpPaXeHWE Y. — X
(otobpasue N; B X: nmemeHnT L mepexoauT B IycToe ciIoBo). Bosee dopmaibHO, ec-
i D — onTuMaIbHBINA PE(PUKCHO KOPPEKTHBIA CIIOCOO OIMCAHMS, UCIIOJIb3YEMBII IIPH
orpeniesiennt KP, To ero se MOKHO CUMTATh BHIUMCIMMBIM OTOOPaXKEHUEM X — X, 110~
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OITpE/IeJINB IICTHIM CJIOBOM Ha TeX apryMEHTax, r71e D He ObUT Olpe/iesiEH, 1 IPOIOKIB
Ha OECKOHEUHHIC TTOCJICTIOBATEIFHOCTH 110 HETTPEPHIBHOCTH.

Jlnsa cpaBuenuss KM u KA (myHkT (J1) TEOPEMBI) HAJ0 BCIIOMHHUTDL, C YEr0 Mbl Ha-
YUHAIN OOCYXKACHHE BBIYHCIUMBEIX OTOOPXECHUI: MBI TOBOPHJIM, 4TO BEPOSTHOCTHBIH
ITOPUTM TIPEJICTABIIACT COOOM ATUVK CJIYYalHBIX OMTOB, K BEIXOAY KOTOPOTO IIpHAMeE-
HSIETCSI BRIUMCJIIMOE OTOOpasKeHHe ITpocTpaHcTa X B ceOs. [lycts D — onTuMaisHbLL
CrI0co0 OIMCAHMSI, UCIIOJIB3YEMBII IIPU ONIPEAEICHUN MOHOTOHHOM CJIOKHOCTU. Paccmo-
TPUM BEPOSITHOCTHYIO MAIlIMHY, KOTOpasi COCTOMT B NpuMeHeHnu D K 1ocjieoBaTe ibHO-
CTU CJIyvaiiHbIX OuTOB. Hac MHTepecyeT BEpOSITHOCTD TOTO, UTO Ha €€ BBIXOJC MOSBUTCS
CJIOBO X WM KAKOE-TO €T0 TIPOIoJDKeHNe. SICHO, UTO 5Ta BEpPOATHOCTS He MeHbine 2|0
JUISL JIIOOOTO CJI0Ba y, TIpU KoTopoM D(y) = X, MOCKOJIBKY /aTUVK CJIyYafHBIX OUTOB C
BepoATHOCTEIO 2~ ') BRITACT MOCITEI0BATETHHOCTD, HAYMHAIONIYIOCA HA y, 2 TIPUMeHe-
Hue D 1mocjie 3TOro Jact IMocje0BaTe/IbHOCTh, HaunHaollyiocst Ha X. ([Togpoduee o
cpasHennu KM u KA oM. Gopmy/upoBKy TeopeMsl 87 U e€ oOCcysxaeHue.)

YrBepxacHUe (€) B OJHY CTOPOHY IHPSMO CJIECAYET U3 COOTBETCIBYIOILIEIO YTBEP-
KJICHUS TeopeMbl 79, a B JIPYI'yi0 OYEBHTHO: HadaJbHBIE OTPE3KU BBIUMCJIMMON IIOCHIC-
JIOBATEJIBHOCTH W WMEIOT OI'PAHMYECHHYI0O MOHOTOHHYIO CJIOXKHOCTB, ITOCKOJIBKY MOXHO
PacCMOTPETh BRIYMCIMMOE OTOOpaXKEHNE Y. — 3, PaBHOE w Ha BCEX apryMeHTax.

B mynkre (&) momyctiM u ciyvaii, koraa f(x) OeCKOHEYHO (eCu CTPEMUTLCS HTO-
ro u30eXarb, TO HAJI0 T'OBOPUTH O CJOKHOCTM BCEX KOHEeYHbIX Havasl f(x)). st jo-
Ka3aTeJIECTBA JOCTATOYHO PAacCMOTPETh CIIOCOO OMVICAHWIS, SIBJISIONVICS KOMITO3HITICH
OITAMATFHOTO (MCIOJIF30BAHHOTO TIPY OIIPEACICHIN MOHOTOHHON CJIOKHOCTH) CIOC00a
" 0TOOpakeHHs f .

Haxonewl, B niyHKTe (%) Hal0 3aMETUThb, YTO KOMIIO3ULIUS ONTUMAJIBHOIO JJ1s MOHO-
TOHHOM CJIOXKHOCTH CIIOCO0a OrMcaHust U f sBJsieTcs! IPePUKCHO KOPPEKTHBIM CIIOCOOOM
ormcanud. Kpome Toro, 3To MOXHO BBIBECTH U3 aHAJIOTMYHOTO YTBEPXKACHUS TIPO arlpy-
OPHYIO CJIO)KHOCTB. P

Hoxkaxure, aro KM (xy) < KP(x) + KM(y) + O(1) (3mech Xy — KOHKa-
TeHalms cJioB X U y). B wactHocru, KM (xy) < KP(x) + I(y) + O(1). [Ykazauue.
PaccvoTtpum ontumaneHb GecrpedyKeHbIl coco0 omicanus [, ¥ ONTUMAIBHBINA MO-
HOTOHHBI criocod ormcanus Dy,. Tenepnb nosokum D' (uv) = Dy (u)Dp(v) (xorga D,
TPOYNTACT BCE, UTO 3aXOUeT, HEIPOUMTAHHAS YaCcTh PACCMATPUBACTCS KaK BXON JJIsS
Dy).]

[Mokaxkure, 4T0 B TpebLIyINel 3ajadue MokHO 3amenuth KM (y) B npaBoit
YACTH HA YCJIOBHYI0» MOHOTOHHYIO CJ10%kHOCTE KM (¥ | X), onpene/us eé eCrecTBEHHbIM
00pazoM (MOHOTOHHOCTH IO apI'yMEHTY X He TpeOyeTcs; nogpoOHee CM. B riiase 6).

Hokaxkute, 9T0 yTBepKIacHUE (&) ocrarcs BepHBIM, ecid 3ameHuUTh KM
Ha KA (B obenx wactsax). [Ykazanue: oroOpaskeHue f MONKHO NPUMEHSTh K BBIXOY
BEPOSITHOCTHON MAIIMHBI; TIOJIyYUTCS] HOBAs BEPOSITHOCTHAS MAIMHA, KOTOPAs HE XyXe
OINTUMAJTLHOIA. |

OmpeaesieHre MOHOTOHHON CJIOKHOCTY MOXHO JaTh M (POPMajibHO 00Jiee IPOCTHIM
(XOTs, HA HANI B3[JISL/I, MCHEE ECTECTBEHHBIM) oOpa3oM. BoT kak 3To memaetcs. Haro-
MHIM, 9TO 9epe3 = MBI 0003HaYaeM MHOXECTBO BCEX JIBOMYHBIX CJIoB. Ha 3TOM MHO-
’KECTBE PACCMOTPHIM OTHOIICHHE «OBITh CPABHUMBIMY»: X CPABHUMO C ¥, €CI X < Y WJIN
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¥y < x. Ilepeuncimmoe otaomenne D C = X = Oy/ieM Ha3hIBaTh KOPPEKMHbIM, €CJIA OHO
00aaeT TaKVM CBOWCTBOM: JUIS BCEX X1, X2, V1, V2

(x1,m) €D, (x2,y) €D u (x cpaBHUMO C X;) = (y; CPABHHUMO C ¥;).

Jlajee MOHOTOHHYIO CJIOKHOCTB CJIOBA ¥ OTHOCHTEJIBHO [ omperieiiseM Kak MAHAMAJTb-
HYIO JUIMHY X, TIpY KoTopoM (X, ¥) € D, 1 J0Ka3kBaeM yTBEPXK/IEHHE O CYIICCTBOBAHUN
ONTHUMAJIBHOI'O KOPPEKTHOIO NEPEUUCAMMOrO OTHOLIECHUS.

IokaxknTe, 9TO TAaKOI MOAXOM NIPUBOAUT K BEJIMIMHE MOHOTOHHOM CIOKHOCTH,
OTJIMYAIONICHCS OT OIIPE/IE/IEHHO HaMy He OoJiee YeM Ha OrpaHIdcHHOE cilaraeMoe. [Yka-
3aiye. IToarpauk BCSIKOTO BBEIYUCIIIMOTO OTOOPKEHUS Y — X SIBJISETCS KOPPEKTHBIM
MHOXXCCTBOM B TOJIBKO YTO OIMMCAHHBLIM CMBICJIC. HaHPOTI/IB, ecJim MHOXeCTBO D KOp-
PEKTHO, TO TOCIE «BOCHOJHEHUS MPOOEJIOB» (CM. J0Ka3aTeIbCTBO TEOPEeMBI 83) OHO
MPEBPAILACTCS B NOArPa(UK BBIUUCIIMOIO OTOOPAKEHHUS. |

CpaBHHBas ATO OIpe/IeJIeHIE C ONPe/IeIeHEM OOBIYHOM KOJIMOTOPOBCKOM CJIOKHOCTH
(rze B kauectBe D OepyTtcst rpadMKy BBIYUC/IMMBIX (DYHKLIMI, TO €CTh NEPEUUC/IUMBIC U
O/IHO3HAYHBIE 110 BIOPOMY apIr'yMEHTY MHOXECTBA), MOXKHO YBWJIETh OTjinuust Mexy KS
u KM . B nannoM ciiygae MBI He TpeOyeM OJHO3HAYHOCTHU: IIPY OJTHOM U TOM ke X B D
MOTYT OBITH TIAPHL (X, ¥) C PasHBIMU y; HYXXHO JIMIIb, YTOOI BCE STU ¥ OBUIM COIJIACOBA-
HBI, TO €CTh OBIIM PA3JIMYHBIMI HAYaJAMU KaKOV-TO OJHOM IOCJICOBATCIBHOCTA HyJICH
W euHUIL. 3a CYET ATOro CJIOKHOCTh yMeHbllaercs. Harpumep, 510 1o3BoJisier BceM
HavyaJaMm [[aHHOI‘/'I BBIYUCJIAUMOI IIOCJICAOBATCJIBHOCTU UMETh OFpaHI/I‘{eHHy}O CJIOXKHOCTH
(ckaxxkem, KM (0") orpanuueno, B To BpeMs kak KS(0") = KS(n) MOXeT JI0CTHrath
Jiorapudma n).

C Jpyroii CTOPOHBI, MBI HAKJIAQ/BIBACM M JOIOJHHUTEIRHBIC OTPAHWYCHUS: €CJIA X
SABJISICTCS OIMUCAHHMECM KaKOI'O-TO y, TO CpaBHI/IMbIe C X CJIOBa MOFyT OIMINCHIBATH JIUIIIb
CJIOBA, CPAaBHUMEBIC C Y. 3a CUET ITOT0 CJIOXKHOCTh YBEJIMYMUBACTCA. DTO OCODOEHHO XO-
pO]_LIO BHU/IHO, KOI'/Ia MbI FOBOpI/IM (6] HeCpaBHI/IMbIX CJIOBax (SJ'ICMCHTEIX BbIYUCJIMMOM 110-
CJIeZIOBATEIIFHOCTH): MOHOTOHHASI CJIOKHOCTD TIPH DTOM 00pamaercs B MpeuKCHYIO0, U
PasHHIIA MEX/Ty Hell M1 OOBIYHOM CJIOKHOCTBIO TAKXKE MOKET OBITh IIPIMEPHO paBHa log n
JUIST CJIOB JIJTAHEBI 1.

Cymmupys 3Ti HaOmoieHns (M BCIIOMUHASL, YTO M AlIPHOPHAsT CJIOXKHOCTD, U OObIYHAS
CJIOKHOCTH OTJIMYAIOTCS OT HpeduKcHOil He BoJiee uem Ha O(log n) J1st CJIOB JUIMHBL 1),
TIPUXOJMM K TaKOMY YTBEPKICHUIO:

Teopema 86. Pasnuya meacdy KS (x) u KM (x) ne npesviuaem O(log n) onst cinog
Onumbl N u mosxcem oocmuzams logn — O(1) 8 0be cmopoHsl Onst €108 OnNUHBL N NPU
becKoHeuHo MHO2UX 1.

MEI BepHEMCS K BOMPOCY O CBS3U PA3JIMYHBIX BAPHAHTOB OIPEIEICHUS CJIOXHOCTH
B riase 6. Celfyac MBI NPUBEAEM JIMIIL OJTHO YTBEPXKACHUE TAKOTO POAa:

Teopema 87. Benuyuna KM (x) — KA (Xx) ue oepanuuena ceepxy; bonee mozo,
051 6EeCKOHEUHO MHO2UX N HAUO0emcst Ciiog0 OMUMbL N, Ol KOMOPO20 3MdA PA3HOCMb
docmuzaem loglogn — O(logloglog n).

Jt0 mokazan HemaBHO A. [leit [35], ycryme 6osee panHmii pe3yssrat I1. [aga o ToM,
YTO PA3HOCTh HE OrpaHuucHa ceepxy [44]. OOe pabOTH OCHOBAHBI HAa CBEJCHUM BOMIPOCA
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K HEKOTOpPOIl WI'pe, B KOTOPOM YKa3hIBACTCS BBIMIPBIIHASL CTPATETHS JIISI OJHOTO W3
WI'POKOB.

Berniomaum, uro u npu onpenesiennn KM (x), u npu onpenesiennn KA (x) BbIOU-
paeTcsi HEKOTOPOE BHIUKMCIMMOE HElpephiBHOE oToOparkeHue f: 3 — Y. 3arem paccma-
TPUBACTCSI TIPOOOPA3 MHOXECTBA BCEX MPOAOJDKEHHUI CI0BA X TPH 3TOM OTOOPAXECHUU.
Pasamiia Mexxny KA u KM cocTouT B TOM, UTO B IIEPBOM CJIyYac HAC MHTEPECYET Me-
pa ATOro mpoodpasa, a BO BTOPOM CJIydac — Mepa HAaHOOJBLIEro MHTEPBaJla BHIA X,
coziepXKalierocs B 3ToM Ipoodpase. 13 3Toro ormcanms suaHo, uto KA r < KM 7, 1 pas-
HUILIA MOXKET OBITH OOJIBIION, €CII MPO0DOPa3 «Pa3peKeHHbIy. Bompoc B TOM, HACKOJIBKO
STO BO3MOXKHO U1 ONTHMAJIBHOTO CIIOCO0A OMMCAHMS.

Amnasorn4Hast mpodJeMa BO3HMKAJIA MPH CPaBHEHUM NMPeUKCHOM CJIONKHOCTH C JIO-
rapu(h)mMmoM anpHOPHOI BEPOSTHOCTY HA M30JIMPOBAHHBIX 00BEKTax. Peus 1L1a 0 BHCIE-
HUM MecTa Ha otpeske [0, 1] cuéTHOMY UMCITy KJIMEHTOB, CM. JTOKA3aTesIbcTBa TeopeM 46
(c. 90) u 58 (c. 107). PasHuiia Mexxy NpehrKCHOM CJIONKHOCTBIO U JIOTApA(MOM allpy-
OpHOI BepoATHOCTH Ha N Taxke BO3HHKATa M3-32 TOTO, YTO B OHOM CJIydyae HAC HH-
TepecoBaJI OOIIMIA pasMep Mpoolpasa, a B IPYroM ciydyac — JUIFMHA HauOOJIBIIETO He-
MpepBIBHOrO yvacTka. OAHAKO TOrAa 3a CUE€T mepexoja K APYroMy CHOCOOY OIMCAHHS
yAaBaJIOCh OOOUTUCH JIMILIL OCTOSHHBIM MHOXHTEJICM.

Teneps 3a1aua yC/I0XKHSIETCS 3a CUET TOTO, YTO KJIMEHTBHI OOBEIMHEHBI B NepapXUye-
CKYIO CTPYKTypy THIA JiepeBa. M3-3a 3TOro JOHOJHUTEIBFHOE Y)KECTOUCHHE TPeOOBaHMI
(y2€T sy MaKCHMJIPHOTO HEHPEPHIBHOIO yUacTKa MaMsTH, a He oOIero e¢ KoJmrde-
CTBA) NPUBOAUT K OOJIBIIAM IOTEPSIM ITAMSITH.

5.5.1. Hdoxka3atesbcTBo Teopemsl laya — [lest

CHavajia aKKypaTHO ONPEICJIMM HCIIOJIb3YyEeMYI0 UI'DY JBYyX WIPOKOB: 3axasuuka w
Meneooicepa. Urobn onpenesiuts urpy, GUKCUpyeM HEKOTOPOE JIePEBO C KOPHEM U pa-
uoHasibHOe uncio d > 1. Kak/ioil BepiiuHe JiepeBa B KaX/(blii MOMEHT WMIPbI 110CTa-
BJIEHO B COOTBETCTBHE HEOTPHILIATENILHOE PAIMOHANLHOE YUCJIO, KOTOPOE MBI HAa3BIBAEM
3anpocom STOH BEpIIMHB! (B ATOT MOMeHT). [Ipy 3ToM 3ampoc Jmo0oi BEpIIMHEL Beer/ia
JIOJDKEH OBITh HE MEHBIIE CyMMBI 3aIIPOCOB BCEX €€ CBIHOBEHL, a 3allpoC KOPHS JIepeBa —
He Gostbiie 1/d.

3ampocHl fiestaeT 3aKazurk; B OTBET MeHemKep BBIACISCT MECTO B KAHTOPOBCKOM
MPOCTPAHCTBE. B KakIpIif MOMEHT WIPHI JJIsl KaX/IOW BEpLIMHBI JepeBa M3BECTHO, Ka-
KO€ TO/IMHOXECTBO MPOCTPAHCTBA ) €l BBIACJICHO. JTO MOJMHOMKECTBO JIOJDKHO OBITH
OO0BEIMHCHIEM KOHEYHOI'O 9HC/Ia MHTEPBAIOB (MHOXKECTB Buja §1,). MHOXeCTBO, BHI-
JIeJICHHOE BEPIIMHE, JOJDKHO COJAEPXKATh MHOXKECTBA, BBIJCJICHHBIE €€ JETSAM, a BTH IIo-
CJIeJIHVE He JOJDKHBI mepecekathes. (OTcioma CiieyeT, YTO HEeCPABHUIMBIM BEPHIMHAM
COOTBETCTBYIOT HETICPECEKAIONIIECS MHOXECTBA. )

WUrpoku pealoT xoAsl 1o ovyepenu. B Hauasie urpsl Bce 3arpockl paBHbI HyJir0. Ha
OUEepEeTHOM X0y 3aKa3urdK MOXKET YBEIMUYMTH 3aIpoc JIF000I BEPLIMHE AepeBa (WM cpa-
3y HECKOJIBKUX), COOJIONAsT OTPAHNYEHIS U3 TIPEIBITYINero ab3ala. YMEeHbIIATh 3alpOCk
Henb3d. B cBoro odepens, MeHekep MOXKET yBEJIMUYMBATh BBIIEJICHHBIE BEPHIMHAM MHO-
xecTBa. Llesb ero — yJOBJIETBOPUTH 3alIPOCHl B TAKOM CMBICJIE: BBIICJICHHOE BEPILUVHE
i MHOXECTBO JIOJKHO COJICp>KaTh MHTEPBAJ IJIMHBI HE MEHBIIE 3aIpOCa ITON BEPHIMHEL



5.5. Monomonnas cnosichocmo 153

(Kak MBI y>e TOBOpPIIIM, TYT BXHO He oOIlee BBIICJICHHOC MECTO, a CIDIONHASA €ro
YacTh.)

Menemkep IIPOUrpHIBACT, €CJIM B KAKOH-TO MOMEHT HE MOYKET YJOBJETBOPUThH OYe-
PEIHOIM 3aMpoc 3aKa3uMKa; €CJIM Urpa MpPOJO/IKAeTCs OSCKOHEUHO, MBI CUHMTAEM, UTO
MeHenxep BbIAIPaAL.

MoskHO npencTaBasTh ceOe 3aka3zuMKa KaK MEPapXUYeCKH YCTPOCHHYIO OpraHm3a-
10, KOTOPOl HY’XKHO MECTO: BCEll OpraHW3allil TpeOyeTcs CKOJIBKO-TO MeCTa, MpH
STOM W3BECTHO, CKOJIBKO W3 HETO HAJ0 OTJATh PasHBIM JadopatopusM. BHyTpm Mmecra
J71s JTabopaTOpUM HAJO BBIICJIATh MECTO /I €€ CEKTOPOB, BHYTPH MECTa /I KOKIOTO
CEKTOpa — MECTO JJIsl €r0 OTHAEJIOB, U T. A. [lepepacnpenessite MeCTO HeEJIb3s, U y4u-
TBIBAETCS TOJIBKO «CILIOIIHOE» IIPOCTPAHCTBO (MAKCUMAJIBHBIN Pa3sMEp MHTEpBAJIA, 4 HE
CyMMa HX pa3MepoB).

Teopema 88 (Taua—Jles). Jns kanxcoozo d > 1 onst depesa T enybunvt O(d) u
6emeieHus 8 Kaxcooll sepluune 20D Barasyuk umeem BHIMUCTIUMYIO SHIUPBIUHYIO
cmpamezuio.! (Boruucaumocms o3navaem, wmo ecmv an20pumm, KOMopwiii, noaydus
Ha 8x00 d, peanusyem >my cmpame2uio.)

[y rokasal aHAJIOTUYHBIA Pe3yJIbTaT /IS JepEBbeB DECKOHEUHOIO BETBJICHHU IJIyOu-
uel O(d), a Takske [J1s IePeBbEeB KOHEYHOT0, HO OYeHb 0OJIBLIOro BeTBJieHus. Bruian Jes
3aK/II0YACTCS B YJIyULICHUH KOHCTPYKUMH [aua, MO3BOJISIIONIEM 3HAUUTEIBHO YMEHBIINTh
CTEIEHb BETBJICHUS! JePEBa.

O0bsicuuM, kak m3 teopemsl [ada—/[lest cienyer teopema 87. M3 onmcaHus Urpel
BU/JHO, 4YTO YBEJMYeHHE BETBJICHHS M BBICOTHI JepeBa o0Jerdaer 3afady 3aKa3uMka.
Kpome Toro, BeTBJICHME MOMKHO 3aMEHMTh BBICOTOH: CKaKeM, JEpeBO ¢ KopHeM Hu 2"
€ro ChIHOBbAMHU MOKHO BJIOKUTH B OMHADHOE [EPEBO IVIyOUHEL 1 (CyMMUpYs 3allpOChI
JUIS1 IPOMEKYTOUHBIX BCIIOMOTaTeNbHBIX BepinH). Jlepeso n3 teopembl aua — Jles Mosx-
HO BJIOKUTL B OuHapHoe jepeso rybunst O(d)9@, tak uro u as1a 3T0ro GUHAPHOTO
JepeBa 3aKa3drK MOXKET BBITPATh.

[Mosnoxum d = 2°, Te ¢ — HeKoTopoe HaTypasbHoe uncio. 1o Teopeme lava — Tes
TIIpY TaKWAX 3HAYCHISIX [TapaMeTPOB 3aKa3yMK MMeET BEIYMCMMYIO BBIATPBHINIHYIO CTpaTe-
IO Ha OMHAPHOM Jepese rityommsr 20(¢2°)

3amycTiM 3Ty CTPaTerwio, a B Ka4eCTBe CTpaTernmy MeHeKepa IIPIMEHAM aJITOPUTM
HEePEUNCIICHNS TTOArPa(uKa ONTUMAIBHOTO BBHIYMC/INMOIO OTOOpPaXeHHus f: X — X u3
OITpe/iesIeHNsT MOHOTOHHOM CJI0XHOCTY. TodHee, 1o xoqy Urpsl MeHeKep nepednciiser
BCE Haphl (¥, X), ISt KOTOPBIX X < f(¥), TO €CTh y SIBJISECTCS OIMCAHUEM X, BBLICJIAS
BEPUIMHE X MHTEpBa] ), ¥ He oOpallas BHAMAHMs HA X 3a IpefeNaMy [epeBa (Korma
mmHa x 6osmbiie 20¢°27). Kak ToJIbKO Bee TEKyIIUE 3alpoCchl OKAXKYTCS YIOBJIETBOPEH-
HBIMH, OH COOOIIAET 3aKa34MKy, YTO X0/l C/IeJIaH (@ IOCsIe OTBETHOTO X0/a 3aKa3dnKa OH
MPOAOIKUT NIEPEUNCIICHNE U BBIICJICHUE MECTA, TIOKA He OyZET yIOBJIETBOPEH U HOBBIH
3anpoc). Eciu 3Toro (yaoBaeTBOPEHUST BCEX 3alIPOCOB) HE MPOM3OMAET, TO TO 3HAUUT,
4r0 MeHekep Tak M He CleJlaeT Xox | npourpaeT. (31a crparerust MeHemkepa, Tak

)0(4/) q40¢d)

"Bmecro 204 37€Ch MOKHO HammcaTh 0oJiee MpOCTOe BHPaXeHHe 2 . MH 3TOrO0 HE nenaeM,
nockosbKy npu d = 1 BTOpOE BbIPaXXeHHe PABHO 2, 2 IEPBOE MOXKET ObITh CKOJIb yroAHO GosbumM. C Apyroit
CTOpOHH, Mt d =1 AJIsi BHMIPHIIA JOCTATOYHO JEPeBa KOHEYHOW TIIYOMHBI M BETBJICHHS 2, TaK 9TO C

. 0(d)
(OPMAITEHOI TOUKH 3peHMs Teopema BepHa u s 29 .
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CKa3aTh, COOTBETCTBYET HleallaM IUTAHOBOTO XO3SMCTBA: HE NMEET 3SHAYCHMUSI, UTO MIPOCIT
MOTPEOUTENHN, TTPOMBINIJICHHOCTH JIJIAET TO, YTO 3alVIAHUPOBAHO, TTOKA MOTPeOUTE N He
OK2XKXYTCSl Y/IOBJIETBOPEHBI — €CJIM OKKYTCS. )

Teopema rapanrupyer, 4yro MeHe/pKep B HEKOTOPBI MOMEHT HE CMOXET CjleJsiarh
X0a. DTO O3HAYACT, UYTO CYIIECTBYeT CJIOBO X JUIMHHK He Gomsure, 20062 sampoc
KOTOPOTO B HEKOTOPHIA MOMeHT cTaHoBuTcs Ooupine 2~ KM C ppyroit croponsl, B
XOZI¢ WIPHI 3aKa34MK IICPEUMCIIIET CHU3Y HEKOTOPYIO IOJIyMEDY [i, Ha JiepeBe: 3Hade-
HUE HAa X PAaBHO BEPXHEW IPaHM BCEX 3alpOCOB BepHiMHbl X. [TockoJibky 3aka3uuk B
HEKOTOPHII MOMEHT BBHIMIPHIBAET, ISl DTOM HOJIYMEPHI /I HEKOTOPOIO X BBIIIOJIHE-
HO KM (x) > —log ptc(x). Cymma mosmymep fi. ¢ Becamu 2¢/ c? apnsercst TIePEINCIIN-
MOI cHM3Y moaymepoit. [losTomy ampuopHas IojiyMepa Ha JiepeBe HE MEHBINe, 9eM
epe(x)2°/ 2 (st HEKOTOPOI'0 IOJOXUTEJIBHOIO € M BCEX ¢, X). OTCI0Na clIeyer, 9ro
JUISL KXKJIOTO € HaliIeTCst CJIoBo X JumHbl He Gosbime 2027 | g kotoporo

KM(x) > KA (x) + ¢ —2logc — O(1).

O06o3HauMM JJIHHY HTOro citoBa yepes n. Toraa ¢ He Menblie loglog n — O(logloglog n),
A 3HAYUT

KM (x) > KA (x) 4+ loglogn — O(logloglog n).

3aMeTHM, 4TO MPUBEAEHHOE PACCYk/ICHHE MO3BOJISET MOCTPOUTH CJIOBO C HYSKHBIM
CBOIMCTBOM JIMLIBL /111 OECKOHEYHO MHOTHX M, HO HE JIJISl BCEX 1.

INokaxwure, 9TO I DECKOHEYHO MHOTHX 71 BBIIOJIHEHO TaKO€ CBOIMCTBO: JIJIS
BCceX CIoB X jaiauubl 1 pasHuua KM (x) — KA (x) He npesocxoant logloglog n. 3necs
TPOMHOI JIorapudM MOKHO 3aMEHUTh Ha JIO0YI0 HEYOBIBAIOIIYIO BEIYUCIUMYIO (DYHKLIHIO,
CTPEMSIINYIOCST K OECKOHEYHOCTH. [YKa3aHWe: ecJii OOBSBHUTH KAaKUE-TO OYCHb PEIKUC
JUIMHBL 0C000 BKHBIMU, TO IS CJIOB KXK/I0H M3 STHUX [JIMH MOKHO BBIIEJISITH MECTO TI0
OT/IETPHOCTH, U IIPEBBIIEHIE OY/IET HE OYEHb OOJIBIIIM. ]

« M3noxenne fokaszaTespcTBa TeopeMsl [ada—Jles HadHEM ¢ HeGOPMATIBHOTO 00-
cyxmaeHns. Kakast riaBHast TPy/THOCTh BO3HHMKAeT y MeHekepa Py BEICJICHAN MecTa?
Ilyctp 3akasumk 3ampociil OueHb HeOOJIBLIOEC (HO HEHYJIEBOE) MECTO JJIsi HEKOTOPOi
BepIIMHBL. Y MeHe[kepa ecTb BbIOOP: 103a00TUTHCS O TOM, YTOOBI PSJOM C BbI/JCJICH-
HBIM MECTOM OBLT 3aI1ac CBOOO/THOTO IPOCTPAHCTBA (COCETHIE MHTEPBAIH HE BHIJICJICHBI
HUKOMY JIPYTOMY), JUI HE JIeIaTh ITOTO.

B mepBoM cilygae €CThb PHUCK, YTO 3aKa34MK HE Oy/IET yBEJMUMBATh 3aIPOC I DTOH
BEPIIFHEI M IYCTOE MPOCTPAHCTBO PSJOM C €€ BJIAJICHUEM OKAXKCTCS MOTEPSIHHBIM —
IpeJICTaBUM ce0e, HAIIPUMEP, YTO B JAJIBHEHIIEM BCE 3arIpochl OyayT Oosiblie MO paszMe-
Py, 9EM DTOT CBOOO/IHBII KycodeK. Bo BTopoM ciydae, ecim 3aKka3dvk YBEJIMIUT 3aIIpocC
BEPIIHHEI, 3aHATHIE COCE/THYE YYACTKU ITOMENIAIOT PACHIMPUTH BBICJICHHOE [IPOCTPAHCTBO
7 OHO OK&KETCs IIOTPAYCHHBIM BILyCTYIO.

Hamra crparerust 6yaeT KCILIyaTUPOBATh 3Ty TPYAHOCTh, KOHTPOJIHMPYS PasMep €-0OK-
PECTHOCTHU BJIAJCHUI pa3imuHbx BepuuH. Ilycrs nano € < 1, sBastoweecs 1eJioi cre-
MIEHBIO JBOMKU. BysieM Ha3BIBAaTh €-OKpecmHOCMbio TOAMHOXECTBA X B KAaHTOPOBCKOM
TIPOCTPAHCTBE OOBENHEHUE BCEX NHTEPBAIOB JIJIVHBI €, TIEPECEKAIONINXCS C MHOXXECTBOM
X. 3akazumk OyzieT /00MBaThCsl, YTOOBI OTHOIICHHE OKPECTHOCTU BBIIEJICHHOTO IIPO-
CTpAHCTBA K 3arpocy ObLIO GOJBIM (CKaKeM, HE MEHBIIe HEKOTOPOro k); IMOCKOJIbKY
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pasMep okpecTHOCTH He GoJbiie 1, To 1pu 3ampoce oostbiiie 1/k MeHekep He CMOKET
STO TOACPKUBATh W TIPOUIPacT. B COOTBETCTBIM C ITMM TUIAHOM MHI OyJieM CTPOWTH
cTpaTeruy mJst 3akaszunka, A0OMBAIONIMECS TOTO, YTO B HEKOTOPBI MOMEHT WIPH 3a-
MPOC KOPHS HE MPEBOCXOJAUT HEKOTOPOro ¢, a JAJIMHA £-OKPECTHOCTU BJIAJICHUI KOPHS
HE MEHBIIIe HeKOTOporo (. (OTy OKPECTHOCTh MBI OyAeM Ha3hIBaTh «HATKYNICHHBIM TIPO-
CTPAHCTBOM» TI0 aHAJIOTWX ¢ (Pas3oil «He ChEM, TAK XOTh MOHAJKYCHIBAIO» M3 aHEKIOTA
PO KA/IAHY.)

bostee TOuHO, MBI OyAE€M CTPOWUTH CTPATETHM 3aKa3uMKa, MCXOs U3 CJASTYIONMX Ma-
paMeTpoB:

® /IepeBO, Ha KOTOPOM IPOVCXOTUT UIpa;
® &, YKa3hIBAIONINI, KaK U3MEPSIETCSI OKPECTHOCTh BBI/ICICHHOTO MHOXECTBA;
® MAKCHMAJIFHO Pa3peliéHHb 3aIpoc o /IS KOPHS;

o TpelyeMsblil pasmep 8 HAAKYIIEHHO YacTé (TO eCTh €-OKPECTHOCTU BBIJEJICHHOIO
IIPOCTPAHCTBA).

I1pu HEKOTOPEIX COOTHOIICHHUSIX MAPAMETPOB BHIMTPHILIHAS CTPATErvs /JIs 3aKa34rKa Cy-
IIECTBYET, TO €CTb OH MOXET JOOUTHCS, YTOOBI £-OKPECTHOCTb BBIACJICHHOrO MeHemrxe-
POM TTpocTpaHcTBa (JIJIs1 KOPHS JIepeBa — OCTaJIbHBIE BEPUIMHBI MOTYJAOT YacTH) OblIa
HE MEHBIIE 3, TIPH TOM 3alIpocC JUIS KOPHS HE IIPEBOCXONT «.

Ilpumep 1. Ilycrs € — creneHs ABOiKU, [ = €, a 3HAUCHUE O HIOJIOXKMTEIbHO U
MHOro MeHbllle §. Torga crparerus CylecTByeT, JaKe eCJIM JePEBO COCTOUT TOJIBKO U3
KODHSI: 3alIPOCHM (¢; 9TO OBl HAM HH BBIICJIWIU, TO HEIIyCTOE¢ MHOXECTBO OYyZEeT UMETh
€-OKPECTHOCTh Pa3sMEPa HE MCHBILE €.

TakiM 06pazoM, TOJIYINTh OOJIBIION KOI(DPUITMEHT «IIOJIC3HOTO EHCTBHS» (OTHOIIE-
Hue (/o) HecnoxkHo, ecyi B Mano. CIIOXHOCTh BO3HMKAET, KOI/IA 3 > €, U /IS 3TOro
HAM ITOHAI00UTECSI CTPOUTh CTPATETUH MHAYKTUBHO, COCAHMHSS CTPATETWH JJIS PasHBIX
JICPEBBEB M UCTIOJIb3YS] BHYTPU OJHOM CTPATErMM PEKYPCUBHBIC BBI30BBI APYrUX (HA MOJ-
JepeBbsix). [Ipy MHAYKTUBHOM TMOCTPOCHUM HaM Oy/eT TOJIE3HO YYWTHIBATh OT/IEIHHO
K03 PHIMEHT TIOJIC3HOTO JICHCTBUSL, JIOOABUB €IE OJMH IapaMeTp kK U Tpebysl, YToObI
OTHOIIICHHE HA/IKYIICHHOTO K 3allpollicHHOMY ObLTo He MeHbie k. Ilpu k < f/a »10
BBITIOJIHEHO aBTOMATHYECKN, HO HaM Oy/eT MOJIC3HO VIMETh CTPATeTHH, TapaHTUPYIOIINe
JAHHBII KO3((DULIMEHT MOJIC3HOTO JICHCTBYS, HO OCTABJIFIONIME HEKOTOPYIO CBOOOAY AJIS
pa3Mepa 3arpoLICHHOTO.

Ilpumep 2. Ilycts mepeBo T umMeeT m CBIHOBEH KOPHS, KQKABI M3 KOTOPBIX UMeeT
JBYX CBIHOBEH (BHYKOB KOpH#). IlycTh € — HekoTopasi cremneHb JBOMKH, o = 5 = me,
a k =3/2 (Tak 4TO B JaHHOM Cilydac Kk CYIIECTBEHHO: MBI HE 3HAEM TOUYHOTO pasMe-
pa 3aIIPOIIEHHOI0 M HAJKYIIEHHOI'0, HO 3HAEM, 4TO BIOpOE JO/DKHO OBITh MUHUMYM B
HOJITOPa pasa OOJIBIIE IIEPBOTO, a ME JOJDKHO JIEXKATbh MEX/Y HUMU).

Crparerust B 3ToM npuMepe CTPOUTCs Tak. UTo0bl mocTaButs MeHeakepa B TpyJHOE
TMOJIOKEHHME, BBIOEPEM Y KOKJOTO ChlIHA KOPHS IO OJHOMY CBHIHY M 3alpOCHM JJISl HUX
no /2. (MBl yka3bIBaeM 3alIpOCHl JJISL JIUCTBEB; [UIS OCTAJIBHBIX BEpLIMH OHU IIOJIyda-
I0TCA CJIOKEHUEM 3alIPOCOB UL IIOTOMKOB.) MeHe/kep 1oJDKeH OyAeT pellldTh, KOro U3
BHYKOB Pa3MelllaTh B IIape CO CBOUM JBOIOPOJHBIM OpaToM (BBLIEIMB UM II0 € /2 BHYTDH
OJJHOTO MHTEPBAJIA PA3Mepa €), a KOTO TIOMEIATh TIOOJAMHOYKE B [IBYXMECTHBII HOMEP»
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(coxpaHss COCeTHII HHTEePBAJI KaK pe3epB I OpaTa). [lIs TeX BHYKOB, Y KOTOPHIX HET
pesepsa, 3akakeM €/2 M JUIs UX POJIHBIX OpaTheB — TOIJIA 3aMPOC OTIA ITUX OpaTheB
JOCTUTHET € U MPUAETCS BBIACTUTH HOBBHIN MHTEPBAJI pasMepa € (IIOTOMY YTO B CTapOM
He ObLIO PE3ePBa; PE3EPBHI B IPYTMX MECTAX TOXKE Masibl). Taxum oOpaszom, ajist JIFOOro
CHIHA KOPHS TIPOWCXOMUT OJJHO W3 JIBYX: JIMOO TIPH 3aKase £/2 OBLIO BHIJICJICH pe3epB
€, MO0 TIPW 3aKa3e B € TMPHIIIOCHh BBAeUTh (3/2)e. B obomx ciaydyasx JOCTUTHYT
koa(duimenr 3/2.!

ITonpoOyeM Terepb COSAUHUTH ABE CTPATETMH C OJHUM U TeM K€ rapaHTUPOBAHHBIM
koddduLenTom noJiesHoro peicrsus k. (Hawa uesnp — coxpanurs 1ot koddduu-
€HT, HO YBEJIMYUTh pasMep 3allpollleHHOro U HajkylleHHoro.) [lycrs nepeso T' cocrout
w3 KopHA w3 JByX moxaaepeBbeB 17 m 15. Ilycts Ha pepese 1) mis kakux-To g, B, €
(u BBHIOpaHHOrO k) eCTh BHIMTPHINHAsK cTpaTerust (s 3akasumka, Kak Bcerja), a Ha
Aepee T, ecTb cTpaTerusi ¢ ApPyrUMMHU NapaMeTpamMu o, 3, U Temu xe € U k. bynem
HPUMEHATb STU CTPaTeruu M0CJIeJ0BaTe/IbHO: CHayaIa Ha 1) IPUMEHMM LIepPBYIO CTpaTe-
TH0, a Korja OyJeT HaJKyIIeHO JOCTaTOYHO (IIepBast CTpaTerys BBHIATPACT), IPUMEHUM
Ha T, Bropyio. (be3 orpanudeHust oOIHOCTA MOKHO CUMTaTh, 9YTO BO BpPeMs 3allPOCOB
Ha T} 718 BepluH U3 15 HUYEro HE BBIACAETCS, TaK KAaK BTO B JIOOOM CJIydae MOX-
HO OTJIOXWTh.) B Taxoi curyaumm oOwmmit 3ampoc Oyaer He Oosblie o + @2, TaK Kak
3AIIPOCHl CKJIAABIBAIOTCSA. beaa B TOM, 4TO HAAKYIIEHHOE [IPOCTPAHCTBO, B OTJIMYME OT
BBIJIEJICHHOTO, HE CKJIQ/IBIBACTCA: pasMep £-OKPECTHOCTH OOBEIUHEHHS JBYX MHOMKECTB
MOXET OBITh MEHBIIIE CYMMBI Pa3sMEPOB £-OKPECTHOCTH Kaxoro u3 Hux. Hanpumep, Bro-
pas CTpaTerus MOXKeET 3aHUMAaThb KaKHe-TO MEeCTa, HaJKyLIeHHbIE, HO He 3aHsATbIe IIePBOi
CTparerven.

OT0 MOXHO IIPEJOTBPAaTUTh, PACCMATPUBasi PA3HBIC 3HAYEHUS €1 U €y Ui IIEPBOR U
BTOPOI1 CTpaTeruu U B3sB €1 K €. Ecim 11pu 9T0M BTOpas crparerus OyAeT 3allpaliu-
BaTh TOJIbKO MHTEPBAJIBl pasMepa €; M OOJIblle, TO BHYTPU £1-OKPECTHOCTH BJIAJICHUIT
Jepesa T eil HUUYETO BbI/IEJICHO OBITH He MOXKeT. HedopManbHO roBops, Mbl HAKATUIMBA-
€M PE3epBbl HA Pa3HBIX YPOBHsIX (CHAYa/Ia MAJIOro pasMepa, noroM Oosbiioro). Ilpasaa,
ocTaércs IpobiieMa B 00paTHYIO CTOPOHY: XOTd BJIafieHUs 1, Teleph He HMepeceKaloT
€1-OKPECTHOCTb BJIaJeHMit 1), HO BJlajeHUA 1] BIIOJIHE MOTYT IIOLIAJaTh B €3-OKPECT-
HOCTb BJIaJIeHUil T, 1 CJI0AKEHUS OIATh He IOy InTCsl. YTOObI BHIATY U3 IIOJIOXKEHHMSI, MBI
CHOBa 0000IMM Urpy U Oy/ieM CUHMTATh, YTO Iepe]] HAuYaJOM Urpbl KAKOe-TO MOAMHOMKe-
ctBO A C £ cunTaeTCsl HEOOCHIYNHbIM MEHEIKEPY, W OLICHUBATh HO8ble HAIKYIICHHBIC
HHTepBaIbl. bosee TOYHO 3TO OIMUCHIBACTCS TaK.

B oxoHUATEJBHOM BapHaHTe UIpa 3aJa€TCsl TAKUMH NapaMeTpaMu:

e siepeBo ', HA KOTOPOM IPOVCXOUT UT'Pa;

o 1ojiMHOXKeCTBO A C Q) (HE/OCTYIIHOE MEHE/KEPY);

g MPUHIIAIE, TOCTUTHYTh Kod(dumuenta 3/2 nerko, 3anpocuB JUis KaKI0r0 CHiHA 4yTh Oousbine €/2:
TIOCKOJTBKY BEIZIEJISTH MOXHO TOJBKO WHTEPBAJH, VX PasMepH OyAyT CTENeHsIMH TBOMKH M MeHeIKepy NpHAET-
¢4 BhLaeJUTS €. OHAKO 3TOT 3P QEKT, B OTIIMYME OT OIUCAHHOTO BHIIIE, HE «MACLITAOUPYETCA» (He MO3BOJIAET
YBEJIMIMBATH KOD(PQUIIEHT 32 CUET PEKYPCHBHEIX BEI30BOB), TAK UTO MBI €r0 HCIOJB30BATE M O HEM TOBOPHTH
ue Oyaem. Emé moxHO Obu10 661 000MTHCH G€3 BHYKOB, CHAYa/Ia 3aKa3aB AJs JeTeil KOopHs 0o €/2, a noTomM
YBEJIMYMB 3aKa3 JO € B TeX BepIIMHAX, IJie HET pesepBa. MBI BHOpaIu BapUaHT ¢ BHYKaMU, TaK Kak OH 0OJIbIie
TTOX0 Ha OYAYIIYI0 KOHCTPYKIHMIO ISl OOIIETO CIydas.
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d (yKa3pIBAIONINM, KAaK M3MEPSETCS. OKPECTHOCTD HEOCTYIIHOIO MHOXECTBA);

o ¢ (YKa3bIBAIONINM, KaK M3MEPSETCS OKPECTHOCTD BBIICJICHHOIO MHOKECTBA);

e MAKCHMAJIbHO Pa3pelI€HHBIN (CyMMApHBI) 3aIIpoc

e Tpelyemblil pasmep [5;

o TpelyeMblil KO3(QULIMEHT [10Ie3HOTr0 AeiCcTBUS K.

3aka3urK yBeJMYMBAET 3arpockl Ha jepese T (0T HyJis1), MUHAMAJIBHBINA HEHYJICBOM
3armpoc ¢, IpPH STOM 3aIPOC KOPHS HE MOKET ObITh 00JIbIe . MEHEKEep BhIICIAET Me-
CTO B KAHTOPOBCKOM IIPOCTPAHCTBE, IIPA STOM HE HCIIOJIb3YS HHTCPBAJIbI, IIePECEKAOIIH-
ecs ¢ A. 3aKkasurK BHIATPHIBACT, €CIIA PA3MED CEEHCEHAOKYUeHHOl yacmu (&-0kpecn-
HOCMU 8bIOENIEHH020 MUHYC d-0kpecmuocms A) He meHvlue [, a €20 omHoweHue K
3anpocy KopHsi He mernbvuie k (mmm ecsim MeHemkep He CMOT CAeJIaTh X0/, He HapyIlHB
npasu/a urpsl). Kak u panelie, ysesimueHue JiepeBa U €, a TAKKE & YIPOIIAET 33/ady.
OHa yrponiaeTcs TaKKe U IpU yMeHblllernn 0, 8 wm k.

[Tpu TakoM olipeneieHAM OOCYK/ICHHE BBIIE JTaéT TaKOE YTBEPIKJICHIIE:

Jlemma o xomnosunuu. {Iycme 0dns depesa 11 u 11006020 HEOOCMYNnHO20 NOOMHO-
aicecmaa 3aKazuux moxcem biu2pamsy 8 uzpe ¢ napamempamu €1, 901, a1, 81, k1, a dna
oepesa Ty u 1106020 HEOOCMYNHO20 NOOMHONCECMBA OH MOXCEM SblU2PAMYb 8 U2pe C
napamempamu €,, 0z, s, Ba, ky. Hycmo npu smom €1 = 0, u ky = ky (obwee ux 3na-
yenue obosnayum k). To20a na depese T, cocmosimem u3 Kkopus u 08yx noodepesves
Ty u T, npu mobom HedocmynHoM NOOMHOJNCECMEE 3AKA3UUK MOJCem Gbluzpams 8
uzpe ¢ napamempamu 3,91, a1 + as, 81 + B2, k.

OCHOBHOI (HO HENOCPE/ICTBEHHO CJICAYIOUMI U3 OIPE/IE/ICHNE) MOMEHT 3/1eCh B TOM
YTO HaJ/IKyNICHHbIE (=«CBEXEHA/KYIIEHHbIE») B 00EUX MIPax YacTu He [1EPeCceKalorTcsl.

Ha camom neje, MBI Oy/ieM HCIIOTB30BaTh He OYKBAJIBHO YTBEPXKICHHC JICMMBI, a
IIPUMEHSTH Ty K€ WK B 9yTh DoJiee OOINell CUTyaIluu: JepeBbs He Oy/AyT 3a/IaHbl 3a-
paHee, a Oy/AyT BBHIOMPATHCS B XO7i¢ MIPHL (BBIOOD CJIEAYIONIETO JepeBa OYy/AeT 3aBUCETH
OT X0/a Urphl Ha npeablayem). Kpome Toro, Mel Oy/ieM COEMHATH HE JIBE CTPAaTeruu,
a MHOro. 3a 3T0 HaMm IPUAETCS 3aILIATUTh OOJIBINON PA3HULICH MEX/Y 3HAYCHUSIMU €
7 0 B PEe3yJIbTUPYIONICH UIPe: B KAKTON CIEAYIONICH UIPe 3HAYCHVE € YBEIMYUBACTCS
[0 CPABHEHMIO C MPEABIYINAM (KOTOpoe Ui He€ OyneT BXOTHBIM 3HAUeHVEeM ¢). 3a-
METUM TaKKe, YTO COCAMHEHVE CTPATErHil He IPUBOJUT K YBCJIMYCHUIO Kod(duimeHTa
TOJIE3HOTO JISHCTBUSI, KOTOPOTO HYKHO JIOOUTHCS KaK-TO MHAYE.

[lpesk/ie yeM oxasarh Ha IPUMEPE, KAK YBEJINUMBATE KOX(PULIMEHT T10JIE3HOTO JIeii-
CIBUSI, C/EJIAEM O/JHO IIPOCTOE TEXHUYECKOe 3amevanue. be3 orpanuyenus: obumoctu
MOKHO IOTPeBOBaTh, YTOOBI B KOHIIE UTPHI 3aIIPOC KOPHsI ObLIT He MeHbine 3/ k. B camom
JleTie, eCJId B pesyJIbTaTe KAaKOM-TO HETIpeIBAJICHHON SKOHOMUH OH OKA3aJICS MEHBIIE,
MOHO B KOHIIE MI'Phl UCKYCCTBEHHO YBEJIMYUTh 3aIlPOC, HE HAPYIIMB YCJIOBUI BBIUIPBI-
ma (B IJIAHOBON DKOHOMUKE DTOT MPUEM HA3BIBAJICS «OCBOCHUEM CPEACTBY).

IIpumep 3. Ilokaxkem, kKak MOXHO JOOMThCA KOD((PUIMEHTA TMOJIE3HOTO JCHCTBUS
k> 2. Mpl Oyziem JeiicTBOBAaTh KaKk B IIpUMepe 2, HO BMECTO MPSMOro 3akasa €/2 s
BHYKOB Mbl Oy/IeM PEKYPCHBHO BBI3BIBATh CTPATErMIO TOTO e IpuMepa 2.

[Mpex/e BCEro BCIIOMHMM, 9€TO MBI MOXEM JIOOUTBCS C IIOMOLIBIO CTPaTeruy IpuMe-
pa 2. /111 JaHHOTO < M CKOJIb YTOJHO MaJjIoro €, AEJISIIET0 ¢ HAIes0, MOKHO ITOCTPO-
UTh CTPATEryio HA AEPEeBe [IyOMHBI 2, KoTopas mpu § = ¢ /2 juis oboro MHOXeECTBA A
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TIO3BOJISIET TIOJIyYUTh HE MEHee & (CBEXe)HAJKYIICHHOTO IPH He OoJiee 4eM o 3aIpo-
HIEHHOTO € KOY(PHULIMEHTOM TIOJIE3HOTO JEUCTBUSA He MeHee 1,5. JIas 5Toro JoCTaTouHo
BCIIOMHUTb CTPATETHIO U MOHATH, UTO MPU & = £ /2 HaIMYKMe 3ampeIEHHOr0 MHOXECTBA
He nomemiaer. JlepeBo umeer m = o /€ CHIHOBEU KOPHS, KaX/Iblii U3 KOTOPBIX UMEET
JIByX CHIHOBE. YCJIOBHE JICJIMIMOCTY HaM B JTUTHHEHINICM HE ITOMEIIAeT, TaK KaK MBI OY-
JieM IIPUMEHAThH CTPAaTEruio IpUMepa 2 TOJBKO [UIS o, KPATHBIX €.

Ecym MBI XOTMM IpUMEHATH K TaKAM CTPATETUAM JIEMMY O KOMIIOBHLIAM, HAM IIpU-
JETCs M03a00TUTECS O COTJIACOBAHUY MAPAMETPOB €: B KAXJIOU CJICAYIONICH CTpaTeruu
mapaMeTp J0JDKeH ObITh B/ABOe OOJbllie, YeM B Ipeaplaymei. BaxkHo, yro mpu 3TOM
MBI MOXEM HCIOJIb30BATh OHO M TO K€ (¢, KOHCTPYKIMS IIprMepa 2 MO3BOJISIET Pa3Bs-
3aTh BBIOOD pasMepa 3allpoca M BHIOOP Maciitada M3MepeHus okpecTHocTH. Ecim 3HatTh
3apaHee MAKCHMAJIbHOE YUCJIO IIPUMEHEHUI (YHACIO CTPATErrid, ITOABEPracMbIX KOMIIO3H-
I[MH), TO MOXHO TIOHSITh, C KAKOTO 3HAYCHUS € HAUMHATH. Tereph 0 SHAYCHUM € JJISI TP
B KOMIIO3ULIAM YK€ MOXXHO HE TOBOPUTb, M MBI OyZeM HCIIOJIB30BATE € sl 0003HAYCHHUS
11apaMeTPOB OCHOBHOM MIphbl (IJIC Mbl XOTUM /JOCTHYb k > 2, u3MeEpsisi €-OKPECTHOCTh
BBIIEJIEHHOTO) .

B ocHoBHOIT mrpe MBI TOXE OyJeM JICHCTBOBATh 110 aHAIOIHMM C IpuMepoM 2. Mu
obecrieunM kod(pduieHT k > 2 nipy JII0OOOM 33J1aHHOM €, TIPH JIOOOM o = ME W TIpH
JOCTATOYHO MAJIOM 0, C MAKCUMAJIbHBIM PA3MEPOM 3alpPOCca ¥ MUHUMAIBHBIM Pa3MEpPOM
HA/IKyIICHHOIO, PABHBIM O = MIE.

Kak sxe mpI urpaem? KopeHb MMeeT m CHIHOBEW, Kak W paHblle. Teneph HaM IIO-
Ha/TI0OUTCS OOJIBIIC BHYKOB. JIOTOBOPHMCS, CKaXE€M, UTO KaXK/IBI CHIH KOPHS MMEET B
CBOIO ouepenb 12 CHIHOBEH (PTOro XBaTWT). BMecTo TOro, 4roOBl IPOCTO 3aKa3bIBATH
JIIS1 BHYKOB MHTEPBAJIBI KaKOTO-TO pa3Mepa, MBI OyJeM BBI3BIBATH /11 HUX PEKYPCUBHO
OIMMCAHHBIC BBIIE CTPATETUM: HAJ KKIABIM BHYKOM Oy/ET MOAAEPEBO BBHICOTHI 2, TAK UTO
BCETO BHICOTA JlepeBa OyeT 4.

Wrak, MBI B KaXJblil MOMEHT CMOTPUM, KaK/A€ W3 CHIHOBEH KOpPHS HE HMCIOT pe-
3epea, NOHMMasl 110/ PE3EPBOM MHTEPBAJl pPasMepa €, B KOTOPOM UM YTO-TO BBIJICJIEHO,
HIYEro He BBIACJCHO JPYTHM BepIMHAM (HE CUYMTAsl WX MOTOMKOB W MPEIKOB) M HET
TOYEK 3AIPEUIEHHOr0 MHOXECTBA. J|pyrMMH CJIOBaMH, pe3epB — 3TO UHTEPBAJI, KOTO-
polit (1) yxe JacTHUHO 3aHAT U (2) eme MOXET OBITh MCIIOJIB30BAaH B OyAyLIEeM, KOrja
3aIIpoC YBEJIMYUTCS /IO €. BriOepeM oiHOTO U3 TakwxX (HE MMEIOIMX PE3epBa) CHIHOBEH
7 3allyCcTVM Ha HEM (a TodHee, Ha HEKOTOPOM €lE He oOpabOTaHHOM €ro CHIHE) CTpa-
reruio ¢ « = /8. Tlpn 3ToM Oy/ier 3anpoiieHo He OOJIbIe & W, MOXHO CUMTATh, HE
menbie /1,5 =¢€/12 (cM. Bole 00 ocBoeHMH cpeicTB). MokeT GbITh, TOCJE ITOrO
MOSBUTCS Pe3epB (2 MOXET, U HE MOSBUTCS, €CJIU BBIJCJICHHBIE MHTEPBAJBI OyIyT ps-
JoM ¢ MHOkecTBoM A). Tak wim vHade, MBI IIOBTOPSIEM 3TO JICHICTBUE, TOKA IS BCEX
CBIHOBEI KOpHS HE IIOSIBATCSI PE3EPBEl — C OJHAM YTOUYHEHHEM: €CJIM YXKe 3allpollcH-
HOE KaKUM-TO W3 HUX MECTO MpeBBICKIIO (7/8)e M €CTh OMACHOCTD, 4TO CJEAYIONINI
3alpoc MepecevuéT rpaHuily B €, MBI HOBOT'O 3allpoca He JeJaeM, a Jo0rBaeMcs pesep-
Ba, MPOCTO YBEJMUYMB 3aKa3 ITOr0 MHTEepBajJa A0 €. IIoCKOJIbKY MpU KaKIOM BHI30BE
CTpaTeruy IS HEKOTOPOTO CHIHA €ro 3alpoc YBEIMYMBacTCsS He MeHee deM Ha £/12,
HaM XBaTWT JBEHA/IIATU CHIHOBEH y Ka/10ro chiHa kopHs. [lo »Toil ke mprumHe 00-
Iee KOJIMYECTBO BBI30BOB CTPATETHH OyAeT OrpPaHMYcHO HEKOTOPHIM 3apaHee M3BECTHBIM
yucaom (12m).
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[Mogemy 3Ta cTpaTerms AacT xoponmii pesyabrat? Jlas KakJoro chlHA KOpHS pac-
CMOTPHM TIOCJIe/IHEEe OOpallleHne K HeMy, TI0CJie KOTOPOTo 00pa3oBajICs pe3epB. OTOT
pe3epB HUMeeT pasMep € U 0 3TOro oOpalleHHsl pe3epBOM He ObUL. Pa3 oH cMor cTath
PEe3epBOM, 3HAUMT, HUUYErO MOCTOPOHHEro B HEM HET (M He OBLIO); pa3 OH Pe3epBOM He
ObLT, 3HAYNT, OH OBLT COBEPIICHHO ITyCTHIM. BBIBOJ: TO, 9TO OBUTO HATKYIICHO IIPU BCEX
He-TIOCJIeHIX O0PAIeHNAX, B pe3epBhl He Bonuio. OHO Aajio BHIATPHIII B TIOJATOpa pasa,
JIa TUTIOC €€ TIOYTH IyCThIC PE3EPBbl — B UTOT'e HOJIyYaeTCst BRI ¢ k = 20/9 > 2,
€CJIA TO/ICUNTATh AKKYPATHO.

Bot sToT noacuéT: 0003HAUMM Yepe3 7y oOLMit 3apoC MIPU He-MOCJIe THAX 00PalleHI-
ax. On 7aaér Briax (3/2)7 B HAKYIICHHOE, JISKAIIMI BHE PE3EPBOB, BCETO TOJIyYaeTCs
(3/2) + me HasIKyIMICHHOTO TIPY MakcUMyM ¥ + m(e/8) 3anpomentoro. (MoXHO cKa-
3aTh, YTO YACTH YBEJMUMBaeTCsS B 3/2 pasa, a 9acTh B 8 pa3, U IPUTOM BTOpas YACTh He
OUYeHb MaJIa TI0 CPABHEHMIO C TMEPBOI, TaK UTO B I1eJIOM KOI(PUIIMEHT YBEIMINBACTCS).
Texnnvecku, u3 y < me cieayer

{3 n } < 20[ n 5}
— me| > — m—
27 g 7T ™My

(4TO HEeTPYIAHO TIPOBEPUTH, PACKPHIB CKOOKH U TIPUBEAS TIOTOOHEIC WICHE). TakuM odpa-

30M, oOelaHHas cTparerust ¢ & = 8 = me u k = 20/9 > 2 nocrpoeHa.

Teneps oOas cxema JT0JbKHA OBITH yke OoJiee MM MeHee MoHATHA. VMest cTpaTeruo
¢ k =20/9, Mbl MOKeM €€ PEKYPCUBHO BBI3BIBATH IS JIUCTHEB (TEM CAMBIM IIEPEH/Is K
JiepeBy TUIyOMHBI 6 ¢ OOJBIIMM BETBJICHNEM — MOXHO JaXKe OLCHUTb, KaknM). Takoit
MePEX0/l, €CJIM JIeMCTBOBATh AKKyPaTHO, MOXKET yBesnuuth k moutn Ha 1. B camom
JieJIe, eCJIM B3SITh JIOCTaTOYHO MAJIYIO JI0JII0 € BMECTO €/8, TO LIOTEPSIMU Ha [10CJIC/HUX
marax (c oOpa3oBaHMEM pe3epBa) MOXXHO IIPEHEOPEYh, W MBI II0JIydacM PE3CepB ME B
JIOTIOJTHEHHE K MHYKTHUBHO TTOJYYEHHOMY YBEJINYEHHIO B k pas. [Ipu »ToM, ecim o0t
3arpoc 7y OJIM30K K MAKCUMYMY M€, TO pe3epB MPHOaRIISIeT K KO3 (UIMEHTY TTOIC3HOTO
JENCTBUS TIOUTH €IFHULLY, a €CJIM OOIMH 3alIpOC OKA3aJICSA MEHBIIE, TO HaM e JIydlle.
YToOBI OLICHUTH CBEPXY YHMCJIO BHYKOB KOPHS, HA10 BCIIOMHUTE, YTO MBI MOXEM (METOIOM
OCBOCHHSI CPE/ICTB) OOECIICYNTh YBEIMYCHHUE 3allpoca Ha HEKOTOPYIO (PMKCHPOBAHHYIO
Josno €. Takum o6pazom, nipu fAepese NyouHbl O (k) 1 JOCTATOYHO OOJIBIIOIO BETBICHUS
MBI MO’KEM OOCCIICYUTh IPEBBIIICHNE HAJKYIICHHOIO Haj 3alpOLICHHBIM B k pas, 4To
JIOCTATOYHO JUIst TeopeMbl [aya (HO He )Lleﬂ).1

Ocraérca GoJiee aKKypaTHO OOBSICHUTD JETAIM 3TOTO paccyxjaeHus. MHaykuumei mno
TIOJTYTIEJIBIM & > 1 MBI JTOKa3hIBaeM, 9TO JUIS JIEOOBIX CTEeNeHer MBOMKY € < o < 1 Haii-
JETCS CTEeleHb JIBOMKU § < € Takasl, 9TO 3aKa3UMK BBHIATPHIBACT B WIPE C MapaMeTpaMu
€,0, a, o, k 1 moOBIM HeToCTYITHBIM MeHeKepy MHOXKECTBOM Ha JiepeBe OeCKOHEYHOr o
BeTBJIeHUS TJ1youHsr 4(k — 1).

"Ha camom fiesie M ellie He /0 KOHIA JTOKa3ad TeopeMy Tada. MH MOCTPOMITH CTPATETHIO C POM3BOITh-
HBIM KOO PUUMEHTOM K, a Hy)XHA HAM CTPATErHMs CO CKOJb YIOAHO OOJIBIUIMM OTHOLIEHHEM [/Q:: HAM HAJ0
HAIKYCHTDH OOJblle 1 M TIPH 3TOM 3aNpocHTh He Gorbine 1/d. Takylo CTPaTEerdio JIETKO TOJYYHTH TOCIEN0-
BATEJIbHHM [PUMEHEHUEM [OCTPOEHHBIX CTPATEruil ¢ NOAXOAsMMU napamerpamu. Hanpumep, npumenss ee
¢ mapametpamn k = 2d w a = 1/4d mo ovepenm st KaXKIOTO W3 CHIHOBEH KOPHS WICXOHOTO JEpeBa 10
TEX LOP, [0KA 3a0poC KOpHs He npesbicut Buepsbie 1/d — 1/4d, Mbl nojy4um crparerdio ¢ napamerpamu
a=1/duf =2d(1/d —1/4d) = 3/2, dero BHOJHE ZOCTATOYHO. [|JIsI ATOIf CTPATETHH JOCTATOYHO JEPeBa
rry6naer 4(2d — 1) + 1.
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Baza unykimu (k = 1) odeBu/Ha. VHIyKTUBHBIIA IEPEXO/T: TIyCTh YTBEPK/ICHUE Bep-
HO /Uit kK v Hajgo Jokaszath ero juist k + 1/2. 3amycrum crpareruio u3 npumepa 3 Ha
Aepese T1y0Ounsl 4(k 4+ 1/2 — 1), TosibkO Ha 3TOT pa3 OyJAeM BO BHyKaX 3aIlyCKaTh CTpa-
TEruI0 C NapaMeTpPoM Kk, CyLIECTBYIOUIYIO 110 MH/YKTHBHOMY IPE/IIOJIONKEHHUIO (1y1yOuHa
JepeBa C KOPHEM BO BHYKaxX Kak pa3 paBHa 4(k — 1)). B kadectBe mapameTpa o TIpu
PEKYPCHUBHBIX BBI3OBAX BHIOEPEM CTEIICHB JIBOMKI, JIGXKAINYIO B MHTepBaie (¢/6k, €/3k].
(ITockompKy mpaBasi TpaHMIla MHTEPBAJIA BJBOE OOJIBIIE JIEBOM, B 9TOM MHTEPBAJIE 00-
3aTeJIBHO HAMJETCs CTETNeHb ABOMKM.) [1pH KaskJj0M PeKypCHBHOM BBEI3OBE 3aIIPOC KOPHS
YBEJIMUMBAETCS HE MeHee, yeM Ha €/6k2, 103TOMy OOlIEe KOJIMYECTBO PEKYPCHBHBIX
BBI30BOB MOXHO OTPAaHHYMTh 3apaHee — OHO He TIpeB3oiifer 6mk2. TeM caMBIM, MOX-
HO 3apaHee Mojio0paTh MapaMeTpsl €, d I BCEX PEKYPCHBHBIX BBI3OBOB. Kpome Toro,
MOXHO OIPAHMYMTh KOJIMYECTBO BHYKOB — KaKJOMY CHIHY JOCTaTO4HO Gk2 CHIHOBEH.
B MOMeHT, KOT/1a BCe CHIHOBBSI KOPHS CACJIQJIM PE3EPBHI, MBI JOCTUTJIN CBOEHt 1. B ca-
MOM [ieJie, 0D03HaYMM uepe3 -y OOLIMit 3ampoc KOPHS MPU HE-MOCISTHUX PEKYPCHUBHBIX
Bbi3oBax. OH 3T BRI/ Ky B HAJIKYIICHHOE, JISKAIIMI BHE PE3EPBOB, BCEI'O 110J1yYacT-
cs1 ky + me HaakymeHHOTO TIpU MakcuMyM Y + m(e/3k) zanporeHHoro. ITockoJIbKY
v < me, BeJMYMHA IEPBOro B k + 1/2 Gomblie BEJIMIUHBI BTOPOTO:

ky +me > (k+1/2)(y + me/3k),

YTO IPOBEPSIETCS IIPOCTHIM PACKPHITUEM CKOOOK.

Kak BUAHO M3 /10Ka3aTesIbCTBA, CTPATErHsI OYAET BHIMTPHIBATh U HA JEPEBbIX IJIyOu-
Hbl 4(k — 1) KOHEYHOrO BETBJICHMUSI, 3aBUCSILETO OT €, o, k. OJHAKO MOJIyYEHHAs! TAKUM
00pa3oM BEJMYMHA 3TOIO BETBJICHUS HAMHOIO XY)K€ YyKa3aHHOU B Teopeme 88. [losc-
HUM, TIOYEMYy TaK IIOJy4aeTcs. [lepeBo JIIsS CTpaTerud C HapaMeTpaMu €, &, k UMeeT
BETBJICHUE (/€ B KOPHE. B CHIHOBBSX KOPHSI BETBJICHHME Majo, M MM MOXHO IIpEHE-
Opedb. YUTOOBI OLIEHUTh BETBJICHME BO BHY